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RESTORATION OF COLOR IMAGES BY VECTOR VALUED BV
FUNCTIONS AND VARIATIONAL CALCULUS∗
MASSIMO FORNASIER† AND RICCARDO MARCH‡
Abstract. We analyze a variational problem for the recovery of vector valued functions and
compute its numerical solution. The data of the problem are a small set of complete samples of the
vector valued function and some signiﬁcant incomplete information where the former are missing.
The incomplete information is assumed as the result of a distortion, with values in a lower dimensional manifold. For the recovery of the function we minimize a functional which is formed by the
discrepancy with respect to the data and total variation regularization constraints. We show the
existence of minimizers in the space of vector valued bounded variation functions. For the computation of minimizers we provide a stable and eﬃcient method. First, we approximate the functional by
coercive functionals on W 1,2 in terms of Γ-convergence. Then we realize approximations of minimizers of the latter functionals by an iterative procedure to solve the PDE system of the corresponding
Euler–Lagrange equations. The numerical implementation comes naturally by ﬁnite element discretization. We apply the algorithm to the restoration of color images from limited color information
and gray levels where the colors are missing. The numerical experiments show that this scheme is
very fast and robust. The reconstruction capabilities of the model are shown, also from very limited
(randomly distributed) color data. Several examples are included from the real restoration problem
of A. Mantegna’s art frescoes in Italy.
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1. Introduction and examples. This paper concerns the analysis and the
numerical implementation of a variational model for the restoration of vector valued
functions. The restoration is obtained from few and sparse complete samples of the
function and from signiﬁcant incomplete information. The latter is assumed as the
result of a nonlinear distortion and with values in a lower dimensional manifold.
The applications we consider are in the ﬁeld of digital signal and image restoration.
Therefore, we deal with functional analysis in the space of bounded variation (BV)
functions, which are actually considered a reasonable functional model for natural
images and signals, usually characterized by discontinuities and piecewise smooth
behavior. While in the literature on mathematical image processing mainly real valued
BV functions and associated variational problems are discussed (see, for example,
[7, 31]), in this contribution we consider vector valued functions.
Since the work of Mumford and Shah [29] and Rudin, Osher, and Fatemi [30],
variational calculus techniques have been applied in several image processing problems. We refer the reader to the introductory book [6] for a presentation of this ﬁeld,
more details, and an extended literature.
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Fig. 1.1. Fragments of A. Mantegna’s frescoes (1452), destroyed by a bombing in the Second
World War. Computer based reconstruction by using eﬃcient pattern matching techniques [24] is
shown.

Inspired by the fresco problem shown in Figure 1.1, a variational model has been
proposed by one of the authors in [21]. The problem consists in recovering color in
A. Mantegna’s frescoes, which were partially destroyed by a bombing in the Second
World War. Pieces of the frescoes with the original colors remain, while black and
white photos, taken before the war, of the full frescoes are available. Unfortunately,
the surface covered by the original fragments is only 77 m2 , while the original area
was of several hundreds. This means that what we can currently reconstruct is just
a fraction (estimated up to 8%) of what this inestimable artwork was. In particular,
for most of the frescoes, the original color of the blanks is not known. So, natural
questions arise: Is it possible to estimate mathematically the original colors of the
frescoes by using the known fragments’ information and the gray level of the pictures
taken before the damage? And, how faithful is this estimation?
We now introduce some notations. Let Ω be an open, bounded, and connected
subset of RN , and D ⊂ Ω. The fresco problem is modeled as the reconstruction/
restoration of a vector valued function u : Ω → RM from a given observed couple of
functions (ū, v̄). The observed function ū is assumed to represent correct information
on Ω\D, and v̄ is the result of a nonlinear distortion L : RM → R on D.
In particular, a digital image can be modeled as a function u : Ω ⊂ R2 →
3
R+ , so that, with each “point” x of the image, one associates the vector u(x) =
(r(x), g(x), b(x)) ∈ R3+ of the color represented by the diﬀerent channels: red, green,
and blue. In particular, a digitalization of the image u corresponds to its sampling on
a regular lattice τ Z2 , τ > 0. Let us again write u : N → R3+ , u(x) = (r(x), g(x), b(x))
for x ∈ N := Ω ∩ τ Z2 .
Usually the gray level of an image can be described as a submanifold M ⊂ R3 by
M := Mσ = {σ(x) : x = L(r, g, b) := L(αr + βg + γb), (r, g, b) ∈ R3+ },
where α, β, γ > 0, α + β + γ = 1, L : R → R is a nonnegative increasing function,
and σ : R+ → R3+ is a suitable section such that L ◦ σ = idR+ . The function L is
assumed smooth, nonlinear, and normally nonconvex and nonconcave. For example,
Figure 1.2 describes the typical shape of an L function, which is estimated by ﬁtting
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Fig. 1.2. Estimate of the nonlinear curve L from a distribution of points with coordinates given
by the linear combination αr + βg + γb of the (red, green, blue) color fragments (abscissa) and by
the corresponding underlying gray level of the original photographs dated to 1920 (ordinate). The
sensitivity parameters α, β, γ to the diﬀerent frequencies of red, green, and blue are chosen in order
to minimize the total variance of the ordinates.

a distribution of data from the real color fragments in Figure 1.1.
The variational problem proposed in [21] is the following:



arg inf
F (u) = μ
|u(x) − ū(x)|p dx + λ
|L(u(x)) − v̄(x)|p dx
u:Ω→RM

(1.1)

Ω\D

+

 
M



D

φ(|∇ui (x)|)dx ,

Ω i=1

where p ≥ 1. For example, Figure 1.1 illustrates a typical situation where this model
applies. In fact, in this case, there is an area Ω\D of the domain Ω ⊂ R2 of the image,
where some fragments with colors are placed and complete information is available,
and another area D (which we call the inpainting region), where only the gray-level
information is known, modeled as the image of L. The solution of the variational
problem (1.1) produces in this case a new color image that extends the colors of
the fragments in the gray region. Once the extended color image is transformed
by means of L, it is constrained to match the known gray level. We can consider
this problem as a generalization of the well-known image inpainting/disocclusion; see,
e.g., [3, 8, 9, 13, 14, 15, 16]. Several heuristic algorithms have been introduced for
colorization of gray images; we refer the reader to the recently appeared paper [33]
for related literature and to [26] for numerical examples. Nevertheless, our approach
is theoretically founded, more general, and ﬁts with many possible applications, for
example, the recovery of a transmitted multichannel signal aﬀected by a stationary
(nonlinear) distortion.
For N = p = 2, we can compute the Euler–Lagrange equations associated with
the functional F and obtain
 

φ (|∇ui |)
0 = −∇ ·
∇ui
|∇ui |
∂L
(1.2)
(u)1D := Ei (L, u),
+ 2μ(ui − ūi )1Ω\D + 2λ(L(u) − v̄)
∂ui
i = 1, . . . , M , where u = (u1 , . . . , uM ) are the components of the function u. This is
a system of coupled second order equations, and the analysis of the solutions itself
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constitutes a problem of independent interest. By using (1.2) and a ﬁnite diﬀerence
approximation, a steepest-descent algorithm can be formulated as in [21].
Encouraged by the numerical evidence in [21], we discuss the existence of minimizers of the functional F in the context of vector valued BV functions. Our second goal
is the formulation of eﬃcient and stable algorithms for the computation of minimizers. Although the steepest-descent scheme recalled above gives appreciable results, it
lacks a rigorous analysis and its convergence is usually very slow. For these reasons,
we introduce new coercive functionals Fh on W 1,2 which approximate F̄ (the relaxed
functional of F with respect to the BV weak-∗-topology) in terms of Γ-convergence.
The computation of minimizers of Fh is performed by an iterative double-minimization
algorithm; see also [12]. The reconstruction performances are very good, also from
very limited (randomly distributed) color data. The virtues of our scheme can be
summarized as follows.
1. It is derived as the minimization of a functional and its mathematical analysis
and foundations are well described.
2. It implements a total variation (TV) minimization. It is well known [14, 15]
that total variation inpainting is aﬀected by two major drawbacks. The ﬁrst
one is that the TV model is only a linear interpolant; i.e., the broken isophotes
are interpolated by straight lines. Thus it can generate corners along the
inpainting boundary. The second one is that TV often fails to connect widely
separated parts of a whole object, due to the high cost in TV measure of
making long-distance connections. Due to the constraint on the gray level in
the inpainting region, our scheme does not extend isophotes as straight lines
and does not violate the connectivity principle.
3. As pointed out in [11, 23], while it is relatively easy to recover at higher resolution image portions with relatively uniform color, it might be diﬃcult to
recover jumps correctly. Not only should we preserve the morphology and enhance the detail of the discontinuities, but these properties must ﬁt through
the diﬀerent color channels. An incorrect or uncoupled recovery in fact produces “rainbow eﬀects” around jumps. In our functional, the constraint on
the gray level in the inpainting region is formulated as a coupled combination of the color channels. In practice, this is suﬃcient to enforce the correct
coupling of the channels at edges.
4. The numerical implementation of our double-minimization scheme is very
simple. Its approximation by ﬁnite elements comes in a natural way. The
scheme is fast and stable.
The paper is organized as follows. In section 2 we introduce the mathematical
setting. We recall the main properties of BV functions and a deﬁnition of the space of
BV functions with vector values. Section 3 is dedicated to results on convex functions
and relaxed functionals of measures. In section 4 we collect the assumptions on the
nonlinear function L we will need in our analysis. In section 5 the representation of the
relaxed functional F̄ of F with respect to the BV topology is given, and the existence
and uniqueness of minimizers of F̄ are discussed. In section 6 we introduce coercive
functionals Fh on W 1,2 which are shown to Γ-converge to the relaxed functional
described above. The double-minimization algorithm to compute minimizers of Fh is
illustrated in section 7. Its numerical implementation is presented in section 8. We
include several numerical experiments and discuss their results.
2. Vector valued BV functions. In this section we want to introduce notations and preliminary results concerning vector valued BV functions.
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We denote by LN (and in the integrals dx) the Lebesgue N -dimensional measure
in RN and by Hα the α-dimensional Hausdorﬀ measure. Let Ω be an open, bounded,
and connected subset of RN . With B(Ω) we denote the family of Borel subsets of
Ω ⊂ RN . For a given vector valued measure μ : B(Ω) → RM , we denote by |μ| its
total variation, i.e., the ﬁnite positive measure
M 


M
|μ|(A) := sup
vj dμj : v = (v1 , . . . , vM ) ∈ C0 (A; R ), v ∞ ≤ 1 ,
j=1

Ω
·∞

, i.e., the sup-norm
for every open set A ⊂ Ω, where C0 (A; RM ) := Cc (A; RM )
closure of the space of continuous function with compact support in A and vector
values in RM . The set of the signed measures on Ω with bounded total variation is
denoted by M(Ω), coinciding in fact with the topological dual of (C0 (A; RM ), · ∞ ).
Thus, the usual
weak-∗-topology on M(Ω) is the weakest topology that makes the

maps μ → Ω f dμ continuous for every continuous function f ∈ C0 (A; RM ). In the
following we will make use of the notations x ∧ y := inf{x, y} and x ∨ y := sup{x, y}
for all x, y ∈ R.
We say that u ∈ L1 (Ω) is a real function of bounded variation if its distributional
derivative Du = (Dx1 u, . . . , DxN u) is in M(Ω). Then the space of bounded variation
functions is denoted by
BV (Ω) := {u ∈ L1 (Ω) : Du ∈ M(Ω)}
and, endowed with the norm u BV (Ω) := u 1 + |Du|(Ω), is a Banach space [20].
More generally, we are interested in vector valued functions with bounded variation
components, whose space is deﬁned by
BV (Ω; RM ) := {u = (u1 , . . . , uM ) ∈ L1 (Ω; RM ) : ui ∈ BV (Ω)}.
To this space it will turn out to be convenient to attach the norm u BV (Ω;RM ) :=
M
u L1 (Ω;RM ) + i=1 |Dui |(Ω). With a slight abuse of notation, for u ∈ BV (Ω; RM )
we denote
(2.1)

|Du| :=

M


|Dui |,

i=1

which again is a ﬁnite positive measure for Ω. The space (BV (Ω; RM ), · BV (Ω;RM ) )
is a Banach space. Of course BV (Ω; RM ) = BV (Ω) for M = 1, and our notations are
consistent with this case.
The product topology of the strong topology of L1 (Ω; RM ) for u and of the weak-∗topology of measures for Dui (for all i = 1, . . . , M ) will be called the weak-∗-topology
of BV (Ω; RM ) or the componentwise BV weak-∗-topology. In the following, whenever
the domain Ω and the dimension M will be clearly understood, we will write L1 instead
of L1 (Ω; RM ) and BV instead of BV (Ω; RM ).
We further recall the main structure properties of BV functions [1, 2, 20]. If
v ∈ BV (Ω), then the Lebesgue decomposition of Dv with respect to the Lebesgue
measure LN is given by
Dv = ∇v · LN + Ds v,
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where ∇u = d(Dv)
∈ L1 (Ω; RN ) is the Radon–Nikodym derivative of Dv and Ds v is
dx
singular with respect to LN .
For a function v ∈ L1 (Ω) one denotes by Sv the complement of the Lebesgue set
of v, i.e.,
Sv := {x ∈ Ω : v − (x) < v + (x)},
where
v + (x) := inf t ∈ R̄ : lim

LN ({v > t} ∩ B(x, ))
N

→0

=0

and
v − (x) := sup t ∈ R̄ : lim

LN ({v < t} ∩ B(x, ))
N

→0

=0 .

Then Sv is countably rectiﬁable, and for HN −1 -a.e. x ∈ Ω we can deﬁne the outer
normal ν(x). We denote by ṽ : Ω \ Sv → R the approximate limit of v deﬁned as
ṽ(x) = v + (x) = v − (x).
Following [1, 20] Ds v can be expressed by Ds v = Cv +Jv , where Jv = (v + −v − )ν ·
HN −1 |Sv is the jump part and Cv is the Cantor part of Dv. Therefore, we can express
the measure Dv by
(2.2)

Dv = ∇v · LN + Cv + (v + − v − )ν · HN −1 |Sv ,

and its total variation by


|∇v|dx +
(2.3)
|Dv|(E) =
E

E\Sv


|Cv | +

(v + − v − )dHN −1 ,

E∩Sv

for every Borel set E in the Borel σ-algebra B(Ω) of Ω. For major details we refer
the reader to [1]. By these properties of real BV functions, one obtains the following
result for vector valued BV functions.
Lemma 2.1 (Lebesgue decomposition for vector valued BV functions). For u ∈
BV (Ω; RN ), the positive measure |Du| as deﬁned in (2.1) has the following Lebesgue
decomposition:
|Du| = |Da u| + |Ds u|,

(2.4)
M

M

where |Da u| = i=1 |∇ui |LN is the absolutely continuous part and |Ds u| = i=1
M
−
|Cui | + i=1 (u+
i − ui )HN −1 |Sui is the singular part of |Du| with respect to the
Lebesgue measure LN .
M
Proof. By deﬁnition it is |Du| = i=1 |Dui | and by the Lebesgue decomposition
M
−
(2.3) for each |Dui | it is |Du| = i=1 |∇ui |LN + |Cui | + (u+
i − ui )HN −1 |Sui . Since
M
M
M
+
−
i=1 |∇ui |LN is absolutely continuous and
i=1 |Cui | +
i=1 (u − u )HN −1 |Sui
is singular with respect to LN , one concludes the proof by the uniqueness of the
Lebesgue decomposition.
3. Convex functions and functionals of measures. In the following and
throughout the paper we assume that
(A) φ : R → R+ is an even and convex function, nondecreasing in R+ , such that
the following hold:
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(i) φ(0) = 0;
(ii) there exist c > 0 and b ≥ 0 such that cz − b ≤ φ(z) ≤ cz + b for all z ∈ R.
Under such conditions the asymptotic recession function φ∞ deﬁned by
φ∞ (z) := lim

y→∞

φ(yz)
y

∞
∞
is well deﬁned and bounded. It is c = limy→∞ φ(y)
y = φ (1) and φ (z) = cz · sign(z).
Following [17, 25] we can deﬁne convex functions of measures. In particular, if
μ ∈ M(Ω), then we can deﬁne

φ(|μ|) = φ(|μa |)LN + φ∞ (1)|μs |,
where μa and μs are the absolutely continuous and singular parts of μ, respectively,
with respect to LN . Therefore, according to Lemma 2.1, if u ∈ BV (Ω; RM ), then
M


φ(|Dui |)

i=1

(3.1)

=

M


φ(|∇ui |)LN + φ∞ (1)

M


i=1

|Cui | +

i=1

M



(u+ − u− )HN −1 |Sui

.

i=1

Definition 3.1. Let (X, τ ) be a topological space satisfying the ﬁrst axiom of
countability and F : X → R̄. The relaxed functional of F with respect to the topology
τ is deﬁned for every x ∈ X as F̄ (x) := sup{G(x) : G is τ -lower semicontinuous and
G ≤ F }. In other words F̄ is the maximal τ -lower semicontinuous functional that is
smaller than F . We may also write


F̄ (u) =
inf τ
lim inf F (u(n) ) .
u(n) ∈X, u(n) →u

n

We have the following result.
Lemma 3.2. If u ∈ BV (Ω; RM ) and φ is as in assumption (A), then
E(u) :=

 
M
Ω i=1

=

 
M
Ω i=1

φ(|Dui |) :=

M


φ(|Dui |)(Ω)

i=1

φ(|∇ui |)dx + c

M 

i=1

Ω\Sui




|Cui | +

(u+
i

−

u−
i )dHN −1

Sui

is lower semicontinuous with respect to the componentwise BV
 weak-∗-topology.

Proof. It is known that ui → Ei (ui ) := Ω φ(|∇ui |)dx+c( Ω\Su |Cui |+ Su (u+
i −
i

i

u−
i )dHN −1 ) is lower semicontinuous for the BV weak-∗-topology on BV (Ω) [25]. One
M
concludes simply by observing that E(u) = i=1 Ei (ui ).
4. Assumptions on the evaluation map L. In the following we assume that
(L1) L : RM → R+ is a nondecreasing continuous function in the sense that
L(x) ≤ L(y) for any x, y ∈ RM such that |xi | ≤ |yi | for any i ∈ {1, . . . , M };
(L2) L(x) ≤ a + b|x|s for all x ∈ RM and for ﬁxed s ≥ p−1 , b > 0, and a ≥ 0.
Moreover, one of the two following conditions holds:
(L3-a) limx→∞ L(x) = +∞;
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(L3-b) L(x) = L(x1 , . . . , xM ) = L(( 1 ∧x1 ∨− 1 ), . . . , ( M ∧xM ∨− M )) for a suitable
ﬁxed vector = ( 1 , . . . , M ) ∈ RM
+.
Observe that condition (L3-a) is equivalent to saying that for every C > 0 the
set {L ≤ C} is bounded. Therefore, there exists A ∈ RM , with Ai ≥ 0 for any
M
i ∈ {1, . . . , M }, such that {L ≤ C} ⊆ i=1 [−Ai , Ai ].
In the following and throughout the paper D denotes a measurable subset of Ω,
and we are given the couple (ū, v̄) of bounded functions such that ū : Ω \ D → RM
and v̄ : D → R.
If condition (L3-a) holds, for any measurable function u : Ω → RM , we deﬁne the
truncation or clipping operator as follows:
(4.1) tr(u, ū, Ω, D)(x) := (( ūi |Ω \ D

∨ Ai ) ∧ ui (x) ∨ (− ūi |Ω \ D ∞ ∧ −Ai ))M
i=1 ,
M
where A ∈ RM is determined so that {L ≤ v̄|D ∞ } ⊆ i=1 [−Ai , Ai ]. Analogously
we deﬁne the truncation operator in the case of condition (L3-b):
∞

(4.2) tr(u, ū, v̄, Ω, D)(x) := (( ūi |Ω \ D

∞

∨ i ) ∧ ui (x) ∨ (− ūi |Ω \ D

∞

∧ − i ))M
i=1 .

In the case when it is clear which of the conditions (L3-a,b) holds and the set D and
the functions ū, v̄ are given, then it will be convenient to use the shorter notation
û := tr(u, ū, v̄, Ω, D).
For any measurable function u : Ω → RM we deﬁne

G1 (u) =
(4.3)
|u(x) − ū(x)|p dx,
Ω\D

G2 (u) =
(4.4)
|L(u(x)) − v̄(x)|p dx.
D

Lemma 4.1. For any u ∈ BV (Ω; RM ) the truncation operator has the property
that û ∈ BV (Ω; RM ), and
(4.5)

Gi (û) ≤ Gi (u),

i = 1, 2,

and E(û) ≤ E(u).

Proof. Let us assume that condition (L3-a) holds. If x ∈ Ω \ D, the deﬁnition
of the truncation operator implies that |û(x) − ū(x)| ≤ |u(x) − ū(x)|, from which it
M
follows that G1 (û) ≤ G1 (u). If x ∈ D is such that u(x) ∈ i=1 [− ūi |Ω \ D ∞ ∧ −Ai ,
M
ūi |Ω \ D ∞ ∨ Ai ], then û(x) = u(x). Otherwise, x ∈
/ i=1 [−Ai , Ai ] and |ui (x)| ≥
|ûi (x)| ≥ |ξi | for any ξ such that L(ξ) ≤ v̄|D ∞ and any i ∈ {1, . . . , M }. Therefore,
by the monotonicity assumption (L1) L(u(x)) ≥ L(û(x)) ≥ v̄|D ∞ , which implies
that |L(û(x)) − v̄(x)| ≤ |L(u(x)) − v̄(x)| for any x ∈ D, and G2 (û) ≤ G2 (u). The
proof is analogous if condition (L3-b) holds.
We now prove the corresponding statement for the functional E. Fix i ∈ {1, . . . , M }.
By deﬁnition of the truncation operator, we have ûi = gi ◦ ui , where gi : R → R is a
Lipschitz function such that
⎧
−ci ≤ t ≤ di ,
⎨ t,
t > di ,
di ,
gi (t) =
⎩
−ci , t < −ci ,
where ci , di > 0 are determined by (4.1), (4.2). Using the chain rule for real valued
BV functions (Theorem 3.99 of [2]), we have that û ∈ BV (Ω; RM ) and
−
Dûi = gi (ui )∇ui · LN + gi (ũi )Cui + gi (u+
i ) − gi (ui ) νi · HN −1 |Sui ,
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where ũi is the approximate limit of ui . Then ∇ûi (x) = ∇ui (x) if −ci < ui (x) < di ,
and ∇ûi (x) = 0 if either ui (x) > di or ui (x) < −ci . Moreover, by Proposition 3.73(c)
of [2] it follows that ∇ui (x) = 0 for a.e. x ∈ {ui (x) = di } and a.e. x ∈ {ui (x) = −ci }.
Hence |∇ûi (x)| ≤ |∇ui (x)| a.e., so that from assumption (A) of the function φ we get


(4.6)
φ(|∇ûi |)dx ≤
φ(|∇ui |)dx.
Ω

Ω

−
Since u+
i (x) ≥ ui (x) for any x ∈ Sui , by the deﬁnition of the function gi we have
−
+
−
gi (u+
i (x)) − gi (ui (x)) ≤ ui (x) − ui (x)

Sûi ⊆ Sui ,
Then it follows that

(4.7)

−
(û+
i − ûi )dHN −1 ≤

Sûi



for any x ∈ Sui .

−
(u+
i − ui )dHN −1 .

Sui

By the deﬁnition of gi we then have 0 ≤ gi (ũi (x)) ≤ 1 for any x ∈ {x : ũi (x) = di } ∩
{x : ũi (x) = −ci }. Moreover, by Proposition 3.92(c) of [2], the Cantor part Cui
vanishes on sets of the form ũ−1
i (Q) with Q ⊂ R, H1 (Q) = 0. It follows that Cui
vanishes on the set {x : ũi (x) = di } ∪ {x : ũi (x) = −ci }, so that we get |Cûi |(Ω) ≤
|Cui |(Ω), i.e.,


(4.8)
|Cûi | ≤
|Cui |.
Ω\Sûi

Ω\Sui

Collecting the inequalities (4.6)–(4.8) and summing over i = 1, . . . , M , we obtain
E(û) ≤ E(u), which concludes the proof.
Remark 4.2. The truncation operator maps C01 functions into W 1,q ; i.e., for
any u ∈ C01 (Ω; RM ) we have tr(u, ū, v̄, Ω, D) ∈ W 1,q (Ω; RM ) for any 1 ≤ q ≤ ∞.
5. Relaxation and existence of minimizers. The functional F is well deﬁned
in L∞ (Ω; RM ) ∩ W 1,1 (Ω; RM ). Since this space is not reﬂexive, and sequences that
are bounded in W 1,1 are also bounded in BV , we extend F to the space BV (Ω; RM )
in such a way that the extended functional is lower semicontinuous. By using the
relaxation method of the calculus of variations, the natural candidate for the extended
functional is the relaxed functional F̄ of F with respect to the componentwise BV
weak-∗-topology [6].
In the following, without loss of generality, we set μ = λ = 1.
5.1. Relaxation. We set X = {u ∈ BV (Ω; RM ) : ui ∞ ≤ Ki , i = 1, . . . , M },
where, for any i ∈ {1, . . . , M }, the constant Ki > 0 is deﬁned by Ki = max{Ai ,
ūi |Ω\D ∞ } if condition (L3-a) holds, and by Ki = max{ i , ūi |Ω\D ∞ } if condition
(L3-b) holds.
The following theorem extends to our case the relaxation result proved in [6,
Theorem 3.2.1].
Theorem 5.1. The relaxed functional of F in X with respect to the componentwise BV weak-∗-topology is given by


p
|u(x) − ū(x)| dx +
|L(u(x)) − v̄(x)|p dx
F̄ (u) =
D

Ω\D

+

 
M
Ω i=1

φ(|∇ui |)dx + c

M 

i=1

Ω\Sui




|Cui | +

(u+
i

−

u−
i )dHN −1

.

Sui
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Proof. Let us deﬁne
f (u) :=

F (u), u ∈ X ∩ W 1,1 (Ω; RM ),
+∞, u ∈ X \ W 1,1 (Ω; RM ).

Observe that f (u) = F̄ (u) for u ∈ W 1,1 (Ω; RM ).
By property (L2) we have that G1 (u), G2 (u) < +∞ for all u ∈ X. By using
Fatou’s lemma the functionals G1 and G2 are lower semicontinuous with respect to
the strong L1 topology and hence with respect to the componentwise BV weak-∗topology. Therefore, by Lemma 3.2, F̄ is lower semicontinuous in X with respect to
such topology.
Let f¯ denote the relaxed functional of f in X with respect to the same topology.
Since F̄ (u) ≤ f (u) for any u ∈ X, and f¯ is the greatest lower semicontinuous functional less than or equal to f , we have f¯(u) ≥ F̄ (u) for any u ∈ X. Then we have to
show that f¯(u) ≤ F̄ (u).
By [17, Theorems 2.2 and 2.3] for any u ∈ X there exists a sequence {u(n) }n ⊂
∞
C0 (Ω; RM ) ∩ W 1,1 (Ω; RM ) such that u(n) converges to u in the componentwise BV
weak-∗-topology and E(u) = limn E(u(n) ).
Let us now consider the sequence {û(n) }n of the truncated functions. By Lemma
4.1 we have
E(u) = lim E(u(n) ) ≥ lim sup E(û(n) ).

(5.1)

n

n

With similar computations as those in the proof of Lemma 4.1


(n)
|û (x) − u(x)|dx ≤
|u(n) (x) − u(x)|dx → 0,
Ω

n → ∞.

Ω

Moreover, since the truncated functions û(n) are uniformly bounded in L∞ (Ω; RM ),
then û(n) converges to u in Lq (Ω; RM ) for any 1 ≤ q < ∞.
Now the functional G1 is continuous with respect to the strong Lp (Ω \ D; RM )
topology. Moreover, since L is continuous, the functional G2 is continuous with respect
to the strong Lq (D; RM ) topology, with q = sp ≥ 1 (see [19, Chapter 9, Lemma 3.2]).
Then, using (5.1), the continuity properties of G1 and G2 , and Remark 4.2, we
have û(n) ∈ W 1,1 (Ω; RM ), F̄ (û(n) ) = f (û(n) ), and
F̄ (u) = G1 (u) + G2 (u) + E(u) ≥ lim(G1 (û(n) ) + G2 (û(n) )) + lim sup E(û(n) )
n
n


(n)
(n)
(n)
≥ lim sup f (û ) ≥ lim inf f (û ) ≥
lim
inf
inf
f
(u
)
= f¯(u).
∗
n

n

u(n) ∈BV, u(n)

BV −w

→

u

n

Then we have F̄ (u) = f¯(u) and the statement is proved.
5.2. Existence and uniqueness of minimizers. In this section we shall prove
the existence of minimizers of F̄ in X and state the conditions for the uniqueness.
Theorem 5.2. There exists a solution of the following variational problem:



|u(x) − ū(x)|p dx +

min F̄ (u) =

u∈X

D

Ω\D

+

 
M
Ω i=1

|L(u(x)) − v̄(x)|p dx

φ(|∇ui |)dx + c

M 

i=1

Ω\Sui




|Cui | +

(u+
i

−

u−
i )dHN −1

Sui
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In particular, we have
min F̄ (u) = inf F (u).

u∈X

u∈X

Moreover, if D  Ω and G2 is a strictly convex functional, then the solution is unique.
Proof. Let {u(n) }n be a minimizing sequence in BV . By assumption (A)(ii) in
section 3, there exists a constant C > 0 such that |Du(n) |(Ω) ≤ C uniformly with
respect to n. By Lemma 4.1 we can modify the minimizing sequence by truncation,
obtaining a new minimizing sequence {û(n) }n ⊂ X. By Lemma 4.1 this sequence is
uniformly bounded in BV (Ω; RM ), i.e.,
û(n)

∞

≤

max Ki ,

i=1,...,M

|Dû(n) |(Ω) ≤ C

for any n. Therefore, there exists a subsequence {û(nk ) }k converging with respect
to the componentwise BV weak-∗-topology to a function u ∈ X. Since the relaxed
functional F̄ is lower semicontinuous in X with respect to such a topology, we have
F̄ (u) ≤ lim inf F̄ (u(nk ) ).
k

From the compactness and lower semicontinuity properties of F̄ it follows that u ∈ X
is a minimizer of F̄ . Moreover, if D  Ω and G2 is a strictly convex functional, then F̄
is strictly convex and the solution u is unique. Since F is coercive in X, one concludes
by an application of [27, Theorem 3.8].
6. Approximation by Γ-convergence. In this section we endow the space X
with the L1 strong topology, and we show that minimizers of F̄ can be approximated
in X by minimum points of functionals that are deﬁned in W 1,2 (Ω; RM ).
For a positive decreasing sequence {εh }h∈N such that limh→∞ εh = 0, and for
φ ∈ C 1 (R), we deﬁne
⎧
 
M
⎪
⎨ G (u) + G (u) +
φh (|∇ui (x)|)dx, u ∈ W 1,2 (Ω; RM ),
1
2
(6.1) Fh (u) =
Ω i=1
⎪
⎩
+∞,
u ∈ X \ W 1,2 (Ω; RM ),
where
⎧ 
φ (εh ) 2
εh φ (εh )
⎪
⎪
,
0 ≤ z ≤ εh ,
z
+
φ(ε
)
−
h
⎪
⎪
2εh
2
⎪
⎪
⎨
1
φ(z),
εh ≤ z ≤
,
φh (z) =
εh
⎪
⎪


⎪
⎪
φ (1/εh )
1
1
ε φ (1/εh ) 2
⎪
⎪
⎩ h
−
, z≥
.
z +φ
2
εh
2εh
εh


If z → φ z(z) is continuously decreasing, then φh (z) ≥ φ(z) ≥ 0 for any h and any z,
and limh φh (z) = φ(z) for any z.
By means of standard arguments we have that for any h the functional Fh has a
minimizer in X ∩ W 1,2 (Ω; RM ); see, e.g., [31, Proposition 6.1]. Moreover, if D  Ω
and G2 is a strictly convex functional, then the minimizer is unique. The following
theorem extends to our case the Γ-convergence result proved in [31, Proposition 6.1];
see also Theorem 3.2.3 of [6]. We do not introduce the concept of Γ-convergence which
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is used here only as an auxiliary tool. We refer the reader to [27] and the relevant
results therein for more details, in particular, [27, Proposition 5.7, Theorem 7.8,
Corollary 7.20, Corollary 7.24].
Theorem 6.1. Let {u(h) }h be a sequence of minimizers of Fh . Then {u(h) }h is
relatively compact in L1 (Ω; RM ), each of its limit points minimizes the functional F̄ ,
and
min F̄ (u) = lim

min

h→∞ u∈X∩W 1,2

u∈X

Fh (u).

Moreover, if D  Ω and G2 is a strictly convex functional, we have
(6.2)

lim u(h) = u(∞) in X,

h→∞

lim Fh (u(h) ) = F̄ (u(∞) ),

h→∞

where u(∞) is the unique minimizer of F̄ in X.
Proof. We deﬁne
g(u) =

F (u),
+∞,

u ∈ X ∩ W 1,2 (Ω; RM ),
u ∈ X \ W 1,2 (Ω; RM ).

Observe that g is the restriction of F to functions u ∈ W 1,2 (Ω; RM ).
By construction we have that {Fh }h is a decreasing sequence of functionals that
converges pointwise to g in X ∩ W 1,2 (Ω; RM ). Therefore, by [27, Proposition 5.7],
Fh Γ-converges to the relaxed functional ḡ of g in X with respect to the L1 (Ω; RM )
topology. Then we have to show that F̄ = ḡ.
Let {u(n) }n ⊂ X be a sequence such that u(n) → u in L1 (Ω; RM ) and lim inf n
(n)
F̄ (u ) < +∞. Up to the extraction of a subsequence we may assume that lim inf n
F̄ (u(n) ) = limn F̄ (u(n) ). Then F̄ (u(n) ) is uniformly bounded with respect to n, so
that {u(n) }n is uniformly bounded in BV . Then, up to a subsequence, u(n) converges to u in the componentwise BV weak-∗-topology and, by Theorem 5.1, we have
lim inf n F̄ (u(n) ) ≥ F̄ (u). Hence F̄ is lower semicontinuous in X with respect to the
L1 (Ω; RM ) topology.
Then, arguing as in the proof of Theorem 5.1, for any function u ∈ X there exists
a sequence of truncated functions û(n) ∈ W 1,2 (Ω; RM ) ∩ X such that
(6.3)

û(n) → u in L1 (Ω; RM )

and F̄ (u) ≥ lim inf g(û(n) ).
n→∞

Since g ≥ F̄ , property (6.3) implies that F̄ ≥ ḡ. Then, by the lower semicontinuity of
F̄ with respect to the L1 (Ω; RM ) topology, we have F̄ = ḡ. Therefore, Fh Γ-converges
to F̄ .
By construction φh (z) ≥ φ(z) for any z ≥ 0, so that Fh (u) ≥ F̄ (u) for any
h and any u ∈ X. Since F̄ is coercive and lower semicontinuous in L1 (Ω; RM ), it
follows that the sequence {Fh }h is equicoercive in L1 (Ω; RM ). In particular, any
family {u(h) }h of minimizers of Fh is relatively compact in L1 (Ω; RM ). Then, using
[27, Theorem 7.8], the limit points of sequences of minimizers of Fh minimize F̄ and
minu∈X F̄ (u) = limh minu∈W 1,2 Fh (u).
Finally, if D  Ω and G2 is a strictly convex functional, by Theorem 5.2 there
exists a unique minimizer of F̄ in X. Therefore the limits (6.2) follow from Corollary 7.24 of [27].
Remark 6.2. So far we have considered evaluation maps L : RM → R. However, the whole analysis can be generalized to the case L : RM → M, L(x) =
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(L1 (x), . . . , LD (x)), where M ⊂ RM is a (D ≤ M )-dimensional submanifold. However, for D = 1 and L usually being an invertible map, it is possible to “reequalize”
1
the gray level so that L(x) = M
(x1 + · · · + xM ). Later in this paper, for simplicity
purposes in numerical implementation, we will use such linearization for L.
7. Euler–Lagrange equations and a relaxation algorithm. In this section
we want to provide an algorithm to compute eﬃciently minimizers of the approximating functionals Fh . First, we want to derive the Euler–Lagrange equations associated
with Fh . In the following we assume that both φh and L are continuously diﬀerentiable and that Ω is an open, bounded, and connected subset of RN with Lipschitz
boundary ∂Ω. Moreover, p = 2 if N = 1 and p = NN−1 for N > 1, 1/p + 1/p = 1. By
standard arguments we have the following result.
Proposition 7.1. If u is a minimizer in W 1,2 (Ω; RM ) of Fh , then u solves the
following system of Euler–Lagrange equations:
⎧
 

φh (|∇ui |)
⎪
0
=
−
div
+ p|u − ū|p−2 (ui − ūi )1Ω\D + p|L(u)
∇u
⎪
i
⎪
|∇ui |
⎨
⎪
⎪
⎪
⎩

∂L
− v̄|p−2 (L(u) − v̄) ∂u
(u)1D ,
i

φh (|∇ui |)
|∇ui |

∂ui
∂ν

= 0 on ∂Ω,

i = 1, . . . , M.


The former equalities hold in the sense of distributions and in Lp (Ω; RM ).
The previous equations yield a necessary condition for the computation of minimizers of Fh . Again we are not ensured of the uniqueness in general, unless G2 is
strictly convex. The system is composed of M second order nonlinear equations which
φ (|∇u |)
are coupled on terms of order 0. Both the nonlinear term div h|∇ui |i ∇ui and the
coupled terms of order 0 constitute a complication for the numerical solution of these
equations.
Based on the work [12, 18, 32], we propose in the following a method to compute
eﬃciently solutions of the Euler–Lagrange equations, which simpliﬁes the problem of
the nonlinearity. Since we want to illustrate concrete applications for color image
recovery, for simplicity, we limit our analysis to the case N = p = 2 and φ(t) = |t| for
all t ∈ R. Let us introduce a new functional given by
(7.1)

Eh (u, w) := 2 (G1 (u) + G2 (u)) +

 
M 
Ω i=1

wi |∇ui (x)|2 +

1
wi


dx,

where u ∈ W 1,2 (Ω; RM ), and w ∈ L2 (Ω; RM ) is such that εh ≤ wi ≤ ε1h , i = 1, . . . , M .
While the variable u again is the function to be reconstructed, we call the variable w
the gradient weight. In the following, since we assume h ﬁxed, we drop the index h
from the functional Eh .
For any given u(0) ∈ X ∩ W 1,2 (Ω; RM ) and w(0) ∈ L2 (Ω; RM ) (for example,
(0)
w := 1), we deﬁne the following iterative double-minimization algorithm:
⎧ (n+1)
= arg
min
E(u, w(n) ),
⎪
⎨ u
u∈W 1,2 (Ω;RM )
(7.2)
(n+1)
⎪
= arg min 1 E(u(n+1) , w).
⎩ w
εh ≤w≤ ε

h

We have the following convergence result.
Theorem 7.2. The sequence {u(n) }n∈N has subsequences that converge strongly
in L2 (Ω; RM ) and weakly in W 1,2 (Ω; RM ) to a stationary point u(∞) of Fh ; i.e., u(∞)
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solves the Euler–Lagrange equations in Proposition 7.1. Moreover, if Fh has a unique
minimizer u∗ , then u(∞) = u∗ and the full sequence {u(n) }n∈N converges to u∗ .
Proof. Observe that


E(u(n) , w(n) ) − E(u(n+1) , w(n+1) ) = E(u(n) , w(n) ) − E(u(n+1) , w(n) )





An

+ E(u


(n+1)

,w

(n)


) − E(u(n+1) , w(n+1) ) ≥ 0.


Bn

Therefore, E(u(n) , w(n) ) is a nonincreasing sequence and, moreover, it is bounded from
below, since
 
M 

inf

εh ≤w≤1/εh

wi |∇ui (x)|2 +

Ω i=1

1
wi


dx ≥ 0.

This implies that E(u(n) , w(n) ) converges. Moreover, we can write
Bn =

 
M

(n)

(n+1)

c(wi (x), |∇ui

(n+1)

(x)|) − c(wi

(n+1)

(x), |∇ui

(x)|)dx,

Ω i=1

where c(t, z) := tz 2 + 1t . By Taylor’s formula, we have
(n)

(n+1)

, z) +

(n)

(n+1)

c(wi , z) = c(wi

∂c (n+1)
1 ∂2c
(n)
(n+1)
(n)
(n+1) 2
, z)(wi − wi
)+
(ξ, z)|wi − wi
|
(wi
∂t
2 ∂t2
(n+1)

for ξ ∈ conv(wi , wi
). By deﬁnition of wi
(n+1)
≤ ε1h , we have
εh ≤ wi

and taking into account that

∂c (n+1)
(n+1)
(n)
(n+1)
(w
, |∇ui
(x)|)(wi − wi
) ≥ 0,
∂t i
∂2c
(t, z)
∂t2

and

=

2
t3

≥ 2ε3h , for any t ≤ 1/εh . This implies that

E(u(n) , w(n) ) − E(u(n+1) , w(n+1) ) ≥ Bn ≥ ε3h

 
M

(n)

(n+1)

(x)|2 dx,

(n)

(n+1)

(x)|2 dx → 0

|wi (x) − wi

Ω i=1

and since E(u(n) , w(n) ) is convergent, we have
for n → ∞. In fact it holds that
(7.3)

(n)

wi

(n+1)

− wi

Lq

→ 0,

M 
i=1 Ω

|wi (x) − wi

i = 1, . . . , M,

for n → ∞ and for any 1 ≤ q < ∞. Since u(n+1) is a minimizer of E(u, w(n) ), it solves
the following system of variational equations:
 
(n)
(n+1)
(n+1)
wi ∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
(n+1)
+ 2(L(u
(7.4)
(x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx = 0
∂ui
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for i = 1, . . . , M and for all ϕ ∈ W 1,2 (Ω; RM ). Therefore, we can write
 
(n+1)
(n+1)
(n+1)
wi
∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
(n+1)
+ 2(L(u
(x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx
∂ui

(n+1)
(n)
(n+1)
=
(wi
− wi )∇ui
(x) · ∇ϕi (x)dx.
Ω

For

1
q

+

1
q

+

1
2

= 1, we have

 

(n+1)
(n+1)
(n+1)

wi
∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)

Ω



∂L (n+1)
(n+1)
+ 2(L(u
(x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx
∂ui
(n+1)

≤ wi

(n)

− wi

Lq

(n+1)

∇ui

Lq

∇ϕi

L2 .

Since u(n+1) is a minimizer of E(u, w(n) ), we may assume without loss of gener(n+1)
(n+1)
ality that ûi
= ui
for all i = 1, . . . , M , where ˆ· is the truncation operator.
(n+1)
Consequently ui
∞ ≤ C < +∞ uniformly with respect to n. We can use the
results in [28] to show that there exists q  > 2 such that
(n+1)

∇ui

Lq

≤ C < +∞

uniformly with respect to n (see also [4, 5, 12] for similar arguments). Therefore,
using (7.3), we can conclude that


∂L (n+1)
(n+1)
(n+1)
(n+1)
− div(wi
∇ui
) + 2 (ui
− ūi )1Ω\D + (L(u(n+1) ) − v̄)
(u
)1D → 0,
∂ui
for n → ∞, in (W 1,2 (Ω; RM )) . This also shows that {u(n) }n is uniformly bounded in
W 1,2 (Ω; RM ). Therefore, there exists a subsequence {u(nk ) }k that converges strongly
(n+1)
in L2 and weakly in W 1,2 (Ω; RM ) to a function u(∞) ∈ W 1,2 (Ω; RM ). Since wi
=
φh (|∇ui

(n+1)

(n+1)
|∇ui
|

|)

, with standard arguments for monotone operators (see the proof of [12,

Proposition 3.1] and [10]), we show that in fact
(7.5) 



(∞)
φh (|∇ui |)
∂L (∞)
(∞)
(∞)
(∞)
− div
= 0,
+2
(u
−
ū
)1
+(L(u
)−
v̄)
(u
)1
∇u
i Ω\D
D
i
i
(∞)
∂ui
|∇ui |
for i = 1, . . . , M , in (W 1,2 (Ω; RM )) . The latter are the Euler–Lagrange equations
associated with the functional Fh , and therefore u(∞) is a stationary point for Fh .
Assume now that Fh has a unique minimizer u∗ . Then necessarily u(∞) = u∗ .
Since every subsequence of {u(n) }n has a subsequence converging to u∗ , the full sequence {u(n) }n converges to u∗ .
Since both Fh and Eh (·, w) admit minimizers, their uniqueness is equivalent to
the uniqueness of the solutions of the corresponding Euler–Lagrange equations. If
uniqueness of the solution is satisﬁed, then the algorithm (7.2) can be reformulated
equivalently as the following two-step iterative procedure:
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Fig. 7.1. The datum (ū, v̄) is illustrated in the top-left position. The image has dimensions
64 × 78 pixels. The ﬁrst four iterations of the algorithms are listed from left to right, starting from
the ﬁrst row. The original color image (A. Mantegna’s frescoes, photo by Alinari dated to 1940) to
be reconstructed is illustrated in the bottom-right position. This image serves as a ground truth for
the numerical experiments. The parameters we have used are εh = 10−4 , λ = μ = 150.

• Find u(n+1) , which solves
 
(n)
(n+1)
(n+1)
wi (x)∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
(n+1)
+ 2(L(u
(x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx = 0
∂ui
for i = 1, . . . , M and for all ϕ ∈ W 1,2 (Ω; RM ).
• Compute directly w(n+1) by
(n+1)

wi

= εh ∨

1
(n+1)
|∇ui
|

∧

1
,
εh

i = 1, . . . , M.

There are cases for which one can ensure uniqueness of solutions:
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1. If G2 is strictly convex, then the minimizers are unique as well as the solutions
of the equations.
2. Modify the equations by again inserting the parameters λ, μ > 0:
 
(n)
(n+1)
(n+1)
wi ∇ui
(x) · ∇ϕi (x) + 2μ(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
+ 2λ(L(u(n+1) (x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx = 0
∂ui
for i = 1, . . . , M and for all ϕ ∈ W 1,2 (Ω; RM ). By a standard ﬁxed point argument,
it is not diﬃcult to show that for μ ∼ λ ∼ εh the solution of the previous equations
is unique. Unfortunately the condition μ ∼ λ ∼ εh is acceptable only for those
applications where the constraints on the data are weak, for example, when the data
are aﬀected by a strong noise.
3. In the following section we illustrate the ﬁnite element approximation of the
Euler–Lagrange equations. Since we are interested in color image applications, we
restrict the numerical experiments to the case L(u1 , u2 , u3 ) = 13 (u1 + u2 + u3 ). By
this choice, the numerical results conﬁrm that the linear systems arising from the
ﬁnite element discretization are uniquely solvable for a rather large set of possible
parameters λ, μ.
8. Numerical implementation and results. In this section we want to present
the numerical implementation of the iterative double-minimization algorithm (7.2) for
color image restoration. As the second step of the scheme (which amounts to the update of the gradient weight) can be explicitly done once u(n+1) is computed, we are left
essentially to provide a numerical implementation of the ﬁrst step, i.e., the solution
of the Euler–Lagrange equations.
8.1. Finite element approximation of the Euler–Lagrange equations.
For the solution of the Euler–Lagrange equations we use a ﬁnite element approximation. We illustrate the implementation with the concrete aim of the reconstruction
of a digital color image supported in Ω = [0, 1]2 from few color fragments supported
in Ω \ D and the gray-level information where colors are missing. By the nature of
this problem, we can choose a regular triangulation T of the domain Ω with nodes
distributed on a regular grid N := τ Z2 ∩ Ω, corresponding to the pixels of the image.
Associated with T we ﬁx the following ﬁnite element spaces:
U = {u ∈ C 0 (Ω) : u|T ∈ P1 , T ∈ T },
V = {w ∈ L2 (Ω) : w|T ∈ P0 , T ∈ T }.
The space U induces the ﬁnite element space of color images given by
U := {u ∈ W 1,2 (Ω, R3 ) : ui ∈ U, i = 1, 2, 3}.
The space V induces the ﬁnite element space of gradient weights given by
V := {w ∈ L2 (Ω, R3 ) : wi ∈ V, i = 1, 2, 3}.
In order to avoid the nonlinearity in the coupled terms of order 0, we restrict our
functional to the case L(u1 , u2 , u3 ) = 13 (u1 + u2 + u3 ). For further simplicity we have
not considered truncations which in fact are not necessary in practice.
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For a given w(n) ∈ V , the ﬁrst step of our approximation of the double-minimization
scheme amounts to the computation of u(n+1) ∈ U , which solves, using (7.4),
 
(n)
(n+1)
(n+1)
wi (x)∇ui
(x) · ∇ϕi (x) + 2μ(ui
(x) − ūi (x))1Ω\D (x)
Ω



1 (n+1)
2
(n+1)
(n+1)
(u
(8.1) + λ
(x) + u2
(x) + u3
(x)) − v̄(x) 1D (x) ϕi (x)dx = 0
3
3 1
for i = 1, 2, 3 and for all ϕ ∈ U . To the spaces U and V are attached the corresponding
nodal bases {ϕk }k∈N and {χk }k∈N , respectively. Therefore, we also have that
⎧
⎫
⎧
⎫




⎨
⎬
⎨
⎬


U = u:u=
, V = w:w=
.
ui,k ϕk
wi,k χk
⎩
⎭
⎩
⎭
k∈N

k∈N

i=1,2,3

i=1,2,3

With these bases we can construct the following matrices:


(n+1)
(n)
:=
(8.2)
wi (x)∇ϕk (x) · ∇ϕh (x)dx
Ki

MΩ\D :=

(8.3)





2μ


MD :=

(8.4)

Ω

,

1Ω\D (x)ϕk (x)ϕh (x)dx
Ω

2λ
9

,
k,h∈N

k,h∈N





1D (x)ϕk (x)ϕh (x)dx
Ω

.
k,h∈N

By these building blocks, we can assemble
⎛
⎜
K(n+1) := ⎝

and

(n+1)

K1

+ MΩ\D + MD
MD
MD

MD
(n+1)
K2
+ MΩ\D + MD
MD

⎛

(8.5)

MΩ\D + MD
MD
M := ⎝
MD

MD
MΩ\D + MD
MD

⎞
MD
⎟
MD
⎠
(n+1)
K3
+ MΩ\D + MD

⎞
MD
⎠.
MD
MΩ\D + MD

Furthermore, let us denote the vector of the nodal values of the solution by
(8.6)

(n+1)

(n+1)

(n+1)

(n+1)

(n+1)

(n+1)

u(n+1) = (u1,k1 , . . . , u1,k#N , u2,k1 , . . . , u2,k#N , u3,k1 , . . . , u3,k#N )T

assembled as a column vector containing the nodal values of each channel in order,
where ki ∈ N are nodes which are suitably ordered. In a similar way the nodal values
of the data ū, v̄ are assembled in the vector
(8.7)

ū = (ū1,k1 , . . . , ū1,kj , v̄1,kj+1 , . . . , v̄1,k#N , ū2,k1 , . . . , ū2,kj , v̄2,kj+1 , . . . , v̄2,k#N ,
ū3,k1 , . . . , ū3,kj , v̄3,kj+1 , . . . , v̄3,k#N )T .

For the right-hand side we have the additional requirement that v̄i,k = v̄ ,k for
i = , representing the gray-level values. Moreover, the order of the nodes {kl :
l = 1, . . . , #N } is such that




ūi
0
T
(MΩ\D + MD )(ūi,k1 , . . . , ūi,kj , v̄i,kj+1 , . . . , v̄i,k#N ) = MΩ\D
.
+ MD
v̄i
0
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With these notations and conventions, the solution of the system of equations (8.1)
is equivalent to the solution of the following algebraic linear system:
K(n+1) u(n+1) = Mū.

(8.8)

8.2. Numerical implementation of the double-minimization algorithm.
We have now all the ingredients to assemble our numerical scheme into the following
algorithm.
Algorithm 1. DOUBLE MINIMIZATION
(0)
Input:
Data vector ū, εh > 0, initial gradient weight w(0) with εh ≤ wi,k ≤
1/εh , number nmax of outer iterations.
Parameters: Positive weights λ, μ ≥ 0.
Output:
Approximation u∗ of the minimizer of Fh
(0)
u := 0;
f := Mū;
for n := 0 to nmax do
Assemble the matrix K(n+1) as in (8.2);
Compute u(n+1) such that K(n+1) u(n+1) := f ;
(n+1)
Assemble the solution u(n+1) = ( k∈N ui,k ϕk )i=1,2,3 ;
(n+1)
Compute the gradient ∇u(n+1) = ( k∈N ui,k ∇ϕk )i=1,2,3 ;
(n+1)
1
1
wi
:= εh ∨
i = 1, . . . , M ;
(n+1) ∧ ε ,
h
|∇ui

|

endfor
u∗ := u(n+1) .
8.3. Numerical experiments in color image restoration and results. In
this section we show numerical results dealing with applications of the algorithm
to color image restoration. We assume as in Figure 1.1 to have available few color
fragments of the image and the gray levels of the missing parts. In all the experiments
we report, we also furnish a corresponding ground truth image for comparison. The
support of the image is Ω = [0, 1]2 , where we construct a grid of dimensions h×w, and
w and h are the width and height of the image in pixels, respectively. On this grid a
regular triangulation is deﬁned. The values of the images are in [0, 255] channelwise.
The algorithm converges to a stationary situation in a limited number of iterations. In our numerical tests 3–4 iterations are suﬃcient; see Figures 7.1 and 8.4.
The quality of the reconstruction increases for increasing the amount of correct color
information of the datum. Nevertheless we observe that the geometrical distribution
of the color datum is more crucial for a better reconstruction. A remarkable result is
illustrated in Figures 8.1 and 8.2. In the bottom-left positions we illustrate data with
only 3% of the original color information, randomly distributed. From this very limited complete information the algorithm still produces a rather good reconstruction
of the original color images. Let us emphasize this once more:
It is suﬃcient to have a very limited guess of possible colors which are nicely
distributed in the image to recolor all of the image.
This result has a signiﬁcant impact for several possible applications. Besides the
problem of the restoration of the fresco colors (where we have available 8% of the
total color surface), we can use this algorithm in old black and white video and image
restoration and for extreme compression of color images. For the sake of further reference, in Figure 8.3 we illustrate a comparison between the algorithm proposed in [26]
and our reconstruction. In our experiments the results appear visually equivalent, although our method tends to reproduce more accurately the luminosity of the image,
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Fig. 8.1. The ﬁrst column illustrates a sequence of diﬀerent data. The second column illustrates
the corresponding 10th iteration of the algorithm. The original color image to be reconstructed is
illustrated in Figure 7.1 in the bottom-right position. The parameters we have used are εh = 10−4 ,
λ = μ = 150. In the bottom-left position we illustrate a datum with only 3% of the original color
information, randomly distributed.

because of the enforced constraint of the gray-level reproduction in the inpainting
region. The method proposed in [26] can perform slightly better pick signal-to-noise
ratios (PSNRs), though in most of the cases they do not diﬀer signiﬁcantly. For a
more speciﬁc discussion on ﬁdelity in recolorization, we refer the reader to [22]. We
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Fig. 8.2. The ﬁrst column illustrates a sequence of diﬀerent data. The second column illustrates
the corresponding 10th iteration of the algorithm. The parameters we have used are εh = 10−4 ,
λ = μ = 150. In the bottom-left position we illustrate a datum with only 3% of the original color
information, randomly distributed. The original color image to be reconstructed is illustrated in the
top-right position of Figure 8.3. This image serves as a ground truth for the numerical experiments.

conclude with a brief discussion on the parameters λ, μ, εh . In Figure 8.4 we show
the history of the residual error with respect to the original color image for increasing
choices of the parameters λ, μ. These numerical results conﬁrm the regularization effect due to the total variation constraint. The choice of εh has a twofold function. It
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Fig. 8.3. The ﬁgure on the top-left reports the initial data, and on the top-right we have
the original image. The ﬁgure on the bottom-left is the recolorization by means of the algorithm
presented in [26] generated by the MATLAB code provided at http://www.cs.huji.ac.il/∼yweiss/
Colorization/colorization.zip. On the bottom-right we again report the reconstruction due to our
algorithm. The PSNR of a color image u with respect to a ground truth image ū is deﬁned by
2552
PSNR = 10 log10
1
3
2 , where h, w are the height and width of the image, respec3hw

i=1

ui −ūi 2

tively. Although the PSNRs are 31.61 dB and 29.48 dB, respectively, particularly visible is a more
accurate luminosity restoration, e.g., in the yellow region, due to our algorithm.

serves as a regularization parameter; i.e., the visual smoothness of the reconstruction
depends on εh . The larger values of εh give smoother reconstructed images. This
eﬀect is due to the fact that if εh gets large, then the corresponding diﬀerential operφ (|∇u |)
ator ∇ · h|∇ui |i ∇ui becomes more and more isotropic. Moreover, since in discrete
images the gradients are always bounded, if εh is smaller than a threshold T > 0
depending on the mesh size τ —in our experiments T = (255 max{h, w})−1 —then the
lower bound on the gradient weight becomes irrelevant in the algorithm. However, the
second purpose of this parameter is also for the sake of numerical stability. Depending
on the size of the image, this parameter cannot be too small (i.e., minimal); otherwise
the corresponding stiﬀness matrices K(n) might be signiﬁcantly ill-conditioned, and
suitable preconditioners (multigrid and subspace correction/domain decomposition
methods) should be invoked in this case.
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Fig. 8.4. The plots illustrate the PSNR for diﬀerent iterations of the algorithm applied to the
image in Figure 7.1 and for diﬀerent values of the parameters λ, μ.
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