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Preface

Preface
C

ompressive Algorithms (CA) are a new approach to efficient adaptive computing and
take advantage of the property of solutions of certain PDE’s and variational problems to be
characterized by few major features, which are recovered by adaptive nonlinear iterations.
The approach to efficient computing via CA responds to the strong need of addressing very
large scale problems. CA are fast, tend to use the minimal number of degrees of freedom,
and are simple to implement. CA are very successfully applied in several problems. Their
numerical analysis is challenging.
Roughly speaking, CA are generically formulated as thresholded gradient iterations







(n+1) = H u(n) + L∗ (f − L u(n) ) ,

n∈N

n
γn 
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n
|
{z
}
(0.1)
gradient step



 Ln ≈ L, for n → ∞


(γn )n is a sequence of shape parameters ,
to solve exactly, for well-posed problems, or approximatively, for regularized ill-posed
problems, the equation
Lu = f.
Here L and Ln are suitable linear operators acting on the underlying solution space (usually a suitable Hilbert space), they depend on the particular problem at hand, f is the
datum of the problem. In several instances Ln is a suitable approximation to a preconditioned version of L. The nonlinear function Hγ acts as a thresholding operator, i.e.,
penalizes small/promotes relevant features of the solution, depends on the problem, and
on the “shape parameter” γ, which controls the thresholding type and level. Let us stress
from now that the “relevant features” might not be merely, e.g., large wavelet coefficients
(see, e.g. [CDD01, DDD04]), but they can be expressed in terms of more sophisticated
representations of the solution. For example, we will consider solutions of singular PDE’s
with discontinuities along curves, and these will be the interesting features to be recovered
during the solution process.
The main task in compressive algorithms is to predetermine or to adapt the shape parameters (γn )n and the approximations Ln in order to realize the best trade-off between rate
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of convergence to the solution and complexity.
Compressive algorithms have a long history of important successes. Their first formulations, starting with the concept of thresholding, can be traced back to the mid-nineties
with the pioneering work of Chambolle, DeVore, Lee, and Lucier [CDLL98], Donoho and
Johnstone [DJ94], Rudin, Osher, and Fatemi [ROF92]. Indeed, on the one side, the design
of bases (e.g., curvelets, local Fourier bases, wavelets) for sparse representations of digital
signals has led to extremely efficient compression methods, such as JPEG 2000 [Mal99].
Applications in signal de-noising appear in [Don92, Don95a]. On the other side, singular
elliptic PDE’s for anisotropic diffusion, as appearing in total variation minimization, were
also successfully applied for noise removal in digital images, since they essentially perform a suitable thresholding of derivatives and promote few edges. Singular PDE’s have
revolutionized image processing with an enormous impact and consequences [AK02].
In the late-nineties, the attention moved from the compressibility of signals to the compressibility of functions that are only implicitly given as solutions of equations. A new
generation of compressive algorithms was proposed by Cohen, Dahmen and DeVore in a
sequence of fundamental papers [CDD01, CDD02, CDD03a] for the computation of compressed solutions of differential and integral equations, exploiting adaptive and greedy
strategies. One of the strengths of their work is the a priori analysis of the optimality
of such an adaptive scheme. Since solutions can be compressed, hence only few relevant
degrees of freedom are sufficient to well-approximate it, one would like to have algorithms that approximate the solution performing a number of algebraic operations that
are asymptotically proportional to the number of degrees of freedom of the best approximation. Although they were mostly interested in approximations of solutions by means
of bases (e.g., wavelets), their work has recently influenced significantly also the approach
to the analysis of adaptive finite element methods and the understanding of their optimal
performances [BDD04, Ste04b, Ste07b]. The latter optimality was previously evaluated
only by a posteriori numerical tests [MNS02, pag. 634]. Hence, it is not exaggerate to
affirm that the compressive algorithm approach allowed to grab the essential properties of
adaptive schemes, previously unaccessible with less ambitious analyses.
The use of the compressibility in more general variational problems for signal recovery
and solution of nonlinear equations is the most recent step of this concept’s long career of “simplifying and understanding complexity”, with an enormous potential in applications [Ant05, CU04, CHR04, DM02, DT05, Don95b, LNDD07, SCD03, SNM03]. In
particular, the observation that it is possible to reconstruct compressible signals from
vastly incomplete information just seeking for the total variation or `1 -minimal solutions
[CT06, CRT06a, CRT06b, Don06, Rau07] has led to a new line of research called sparse
recovery or compressed sensing, with very fruitful mathematical and applied results. Again
compressive algorithms play a fundamental role in this context [DDD04, DTV07, Cha04,
CL97, Tib96, Ves01].
This historical excursus motivates our understanding that these instances of CA appear-
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ing in different contexts indeed belong to the same family of numerical methods with very
similar underlying concepts and technical approaches.
This work is a comprehensive analysis of these methods and a presentation of significant
examples of their most relevant applications. We explore in depth convergence properties and complexity. We particularly stress the variational nature of these algorithms,
which often can be derived as subgradient iterations in a minimization process. Another
specific aspect of our work is the development of variants of compressive algorithms via
multiple-minimization strategies: the initial variational problem is solved by the alternating minimization of a functional with multiple variables. Sometimes this strategy is
employed to perform the original minimization in an easier way by introducing useful auxiliary variables, whereas at other times we want to realize clever subspace corrections in
order to accelerate the convergence and to reduce the dimensionality of the problem.
We provide two types of results. The first is addressed in [1-4] to the optimal performances
of compressive algorithms. In particular, we consider the difficult task of realizing optimal approximations to solutions of elliptic operator equations discretized by redundant
decompositions (e.g., wavelet frames). The second type of results is addressed in [5-10]
to the formulation of new compressive algorithms for the solution of variational problems
involving sparsity constraints, and the analysis of their convergence properties. Sometimes
we can also provide rate of convergences of the latter algorithms, although the convergence
proofs are often derived by means of compactness arguments that do not allow in general
for such estimates.
In order to support the understanding of the impact of this work, we provide an extensive
collection of different applications and numerical examples in [2-3,5,8,10-12] for the adaptive solution of PDE’s, image processing, seismic and magnetic tomography. In particular,
solutions of real-life problems in image restoration are presented.
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Chapter 1

Summary
This work contributes to the most recent advances in compressive algorithms. We focus on
particular realizations of such algorithms that allow for the formulation of specific efficient
adaptive solvers in several problems in PDE’s and sparse optimization. By re-tracing the
state of the art more specifically, we illustrate below the main contributions of our work.
We start with an informal discussion which has the function of introducing the reader
to the general concepts, the different directions of the field, and specific results, without
exceedingly stressing the detail. Then, the following chapters will recall some of the most
important achievements of the work in depth, pointing out the most significant mathematical techniques, typologies of results, and samples of significant numerical experiments.
Due to the broad spectrum of different mathematical techniques and applications, we feel
that it is important to provide the reader, who might not be specifically familiar with
the different topics, with a proper guideline which cannot be found anywhere else in the
literature. However, we do not include in this overview all the results of our work, and we
refer to the included papers for the complete reading. We further warn the reader to pay
particular attention to notations. Due to the cumulative nature of this work and the fact
that we refer to several papers produced at different times and in different contexts, the
notations will not always be consistent, and a little effort of translation might be required.

1.1
1.1.1

Optimal Adaptive Frame Solvers for Operator Equations
The state of the art

As already mentioned in the short overview of the Preface, compressive algorithms were
proposed in order to compute optimally approximations to solutions of well-posed elliptic operator equations. They are generally realized by iterative adaptive gradient steps,
where the matrix-vector multiplications are performed taking advantage of the compress-
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Figure 1.1: We depict soft- and hard-thresholding curves, with solid and dashed lines
respectively. Small absolute values are mapped to zero, while values exciding in modulus
the threshold are slightly diminished and just kept respectively.

ibility of the stiffness matrices L resulting by discretizations via suitable bases, followed
by thresholding operations, called coarsening in this context,


u(n+1) = Hγn u(n) + β (n) (f − Ln u(n) ) ,

β (n) > 0,

n ∈ N.

(1.1)

The role of the latter operations is to enforce the elimination of negligible quantities and to
select the most relevant coordinates, eventually ensuring the right balance between number
of degrees of freedom/complexity and rate of convergence. The coarsening corresponds
to a hard-thresholding Hγn with threshold γn → 0 for n → ∞, see Figure 1.1 for an
illustrative explanation of soft- and hard-thresholding. This means that progressively
more and more details are retained. The optimality benchmark was mostly limited to best
approximations with respect to wavelet bases. Unfortunately, the efficient applicability of
these methods is spoiled by the crucial problem of constructing well-conditioned boundary
adapted bases especially on domains with complicated geometry or manifolds [CTU99,
DKU99, DS99a, DS99b, HS06, KS06, Ste07a], see also [Urb02, p. 104, sec. More General
Domains]. The wavelet bases constructed so far exhibit relatively high condition numbers
or limited smoothness. The patching used to construct global smooth wavelets by domain
decomposition techniques appears complicated and, in most cases, makes the conditioning
even worse. The global smoothness of the basis, when implementing adaptive schemes in
[CDD01, CDD02], is a necessary condition for getting compressibility (i.e., finitely banded
approximations) of (infinite) discretization matrices, especially for high order operators.
This bottleneck has led to generalizations of the wavelet approach. These generalizations
are based on frames, i.e., stable, redundant, non-orthogonal expansions [Ste03] [1], which
are simpler to construct, hence potentially more attractive to practitioners.

1.1. Optimal Adaptive Frame Solvers for Operator Equations

1.1.2

3

The frame discretization

Frame construction is usually implemented by Overlapping Domain Decompositions (ODD)
so no patching at the interfaces is needed to obtain global smoothness. Moreover, the use
of frames, due to their intrinsic redundancy, tends to improve the conditioning (meant as
the ratio between the largest and the smallest nonzero eigenvalue) of the corresponding
discretization matrices and do not spoil their compressibility. Let us recall shortly the
general setting.
Let Ω be a Lipschitz domain in Rd , possibly with re-entrant corners. H is a Hilbert space
with the following embeddings H ⊂ L2 (Ω) ⊂ H 0 . It is also useful to introduce shortly
the notations for sequence spaces. For a countable index set Λ (in the following we use
also
P N orpI as sets of indexes), 0 < p < ∞, we define the spaces `p (Λ) = {c = (cλ )λ∈Λ :
λ∈Λ |cλ | < ∞} endowed with the natural (quasi-)norm, and for p = ∞ we invoke the
usual modification. The operator L : H → H 0 is, e.g., linear, and elliptic. The Laplace
operator acting on H = H01 (Ω) is an appropriate example. The task to perform is to solve
adaptively Lu = f , for f ∈ H 0 , when u has limited Sobolev smoothness, whereas high
Besov regularity. P
In particular, the assumption is that the solution u? has compressible
?
expansions u = λ u?λ ψλ with respect to a frame Ψ = {ψλ } (e.g., wavelets, shearlets)
constructed, e.g., on overlapping domain decompositions. In particular we choose a frame
Ψ = {ψλ }λ∈Λ for H, i.e., kf kH 0 h khf, Ψik`2 (Λ) , and F ∗ : `2 (Λ) → H : c 7→ cT Ψ :=
P
F̃ : H → `2 (Λ) : u 7→ hu, Ψ̃i are bounded operators, Ψ̃ is a dual frame.
λ∈Λ cλ ψλ ,
With the frame we discretize the problem as follows:
Lu? = f ⇒ Lu? = f,


L := hLΨ, Ψi,
f := hf, Ψi.

For simplicity and with the hope not to create confusion in this informal discussion, we
used here u? and f both to indicate the function and the frame coefficients. The brackets
h·, ·i denote the duality between H 0 and H.
The construction of the frame by means of an overlapping domain decomposition can be
schematically described as follows:
S

For H = H0t (Ω), we fix a smooth reference Riesz basis Ψ2 ⊂ H0t (2), 2 := (0, 1)d , typically a wavelet basis
with complementary Dirichlet boundary conditions.
Given
Pn
a suitable overlapping decomposition Ω =
Ω
, and
i
i=1
κi : 2 → Ωi , C m -diffeomorphisms,S m ≥ t, an appropriate
lifting yields frames given by Ψ = ni=1 Ψi .

κ1

Ψ(1)

Ω1
Ψ(2)

Ω2

Ψ
(0, 1)2

κ2

Certainly, an overlapping domain decomposition generates regions of the domain where

4

Summary

the side effect of the redundancy is that solutions are no longer uniquely representable
by the global frame system. At first sight, it may seem that redundancy contradicts the
minimality requirement on the amount of information being used to approximate the solution. Often accurate simulations already require processing a huge amount of data. How
can one attempt such computations if the degrees of freedom are also made redundant?
A figurative answer to this question is the so-called “dictionary example”: The larger and
richer is my dictionary the shorter are the phrases I compose. The use of the proper
terminology avoids long circumlocutions for describing an object. Of course, the key point
is the capability to choose the right terminology. Back to mathematical terms, the combination of adaptivity (i.e., the capability to choose the right terminology) and redundancy
(i.e., the richness or non-uniqueness of representations) indeed gives rise to compressed
and accurate approximations.

1.1.3

Optimality of adaptive frame approximations

Our main contribution in this setting was directed to the difficult estimate of the trade-off
between compressibility and adaptivity effort. While for bases the best n−term approximation is the optimal benchmark, for frames this concept is not well-defined, due to the
non-uniqueness of the expansion. Nevertheless, for frames constructed as a union of bases
of the same nature (e.g., wavelet bases), as we do by using overlapping domain decompositions, we have to expect that the performances cannot be better than using a unique global
basis. Hence, in these cases, again the best n−term approximation with respect to a certain specific representation of the solution constructed via suitable partitions of unity does
represent a good benchmark. The core of our work in this direction consists in the proof
that, despite the redundancy, compressive algorithms based on wavelet frames can perform
optimally [1-3]. Our results embrace coarsened adaptive Richardson and steepest descent
iterations in elliptic equations. The positive theoretical and numerical results in the latter
situation encouraged us to present and analyze adaptive schemes based on (wavelet) frame
discretizations also for certain nonlinear variational problems [4]. Such nonlinear problems correspond, for example, to well-posed quadratic saddle-point problems arising, e.g.,
in fluid dynamics and magnetohydrodynamics. In particular, the problem is transformed
again into an equivalent nonlinear discrete problem by using suitable frame expansions.
We show how the discrete problem can be solved adaptively by means of nested fixed point
and approximated Richardson iterations. Finally we investigate under which conditions
nearly-optimal computation can be expected.

1.1.4

Where no man has gone before

Our results are of interest per se, with the goal of addressing the following two general
questions:
1. is the redundancy of frames necessarily in opposition to optimality? Intuitively, as
already stated above, by increasing the redundancy of the representation of a function

1.2. Sparse Recovery and Variational Problems

5

via a frame, we potentially allow for more compressed approximations. The problem is
to choose the most representative frame elements adaptively and with a cost which is as
close as possible to optimal. The assessment of the trade-off between redundancy-based
compression and the cost for adaptive selection is a difficult problem;
2. does the flexibility due to redundancy allow for frame constructions in function spaces
where no bases are available?
Therefore, our work belongs to a longer research program. Let us stress, for example, that
for frames composed by elements of different kind, e.g., union of wavelets and local Fourier
bases, our understanding is still very limited and significant improvements are needed. It
is clear that more compressed solutions can be found with these hybrid approximations,
but the cost of the adaptivity is also expected to be higher. There are not yet solid tools to
estimate and to realize the optimal trade-off between these two important counteracting
forces in general cases. The investigations of the second part of this work, illustrated
below, are contributing to the first pioneering steps in this challenging direction.
Moreover, beyond classical elliptic problems, where wavelet methods are known not to
perform better than other competitive methods1 , e.g., adaptive finite element method, and
looking at more unexplored territories, a solid theory of adaptive approximations via frame
seems absolutely necessary where no bases are at disposal and other methods fail to have
good approximation properties. This is the case when we want to approximate solutions
with strong anisotropic behaviors, or even with discontinuities along curves, for example,
in singular PDE’s arising as Euler-Lagrange equations of non-smooth functionals or in
conservation laws. The best approximation performances of such solutions are realized by
means of so-called curvelets [CD04] and shearlets [GL07, KL]. Only frames of this type
are available presently.

1.2
1.2.1

Sparse Recovery and Variational Problems
`1 −minimization and iterative soft-thresholding algorithms

The minimization of the functional
J (u) := kLu − f k2`2 (Λ) + 2γkuk`1 (Λ) ,

γ>0

(1.2)

proved to be an extremely efficient alternative to the well-known Tikhonov regularization
[EHN96], whenever
Lu = f,
is an ill-posed problem on `2 (Λ) and the solution u is expected to be a vector with a moderate number of nonzero entries. Indeed, the imposition of the `1 −constraint does promote
1

Elliptic equations naturally propagate the information of the solution on the boundary to the interior
of the domain. An intuitive explanation of the relative less efficient numerical results of wavelet methods
in elliptic problems is indeed the more delicate adaptation to boundary conditions. In turn, the resulting
boundary adapted bases tend to have high condition numbers.
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a sparse solution. The restriction to problems on `2 (Λ) is just formal, this can always be
achieved by discretization via a suitable frame for the underlying Hilbert space. The use of
the `1 −norm as a sparsity-promoting functional can be found first in reflection seismology
and in deconvolution of seismic traces [CM73, SS86, TBM79]. In the last decade more
understanding of the deep motivations why `1 −minimization tends to promote sparse recovery was developed. Rigorous results began to appear in the late-1980’s, with Donoho
and Stark [DS89] and Donoho and Logan [DL92]. Applications for `1 −minimization in statistical estimation began in the mid-1990’s with the introduction of the LASSO algorithm
[Tib96] (iterative soft-thresholding). In signal processing, Basis Pursuit [CDS98] was proposed in compression applications for extracting the sparsest signal representation from
highly overcomplete frames. From these early steps the applications and understanding of
compressive `1 −minimization have continued to increase dramatically. It is now hard to
trace all the relevant results and applications and it is beyond the scope of this summary2 .
We may simply emphasize the importance of the study of `1 −minimization by saying that,
due to the surprisingly effectiveness in several applications, it can be considered today as
the “modern least squares”. From this lapidary statement it follows the clear need for
efficient algorithms for the minimization of J .
An iterative thresholding algorithm, realized by Richardson-Landweber steps followed by
a soft-thresholding, was proposed for this task [CW05, DDD04, DTV07, SCD03, Tib96],


u(n+1) = Hγ u(n) + L∗ (f − Lu(n) ) ,

n ∈ N,

(1.3)

here Hγ is indeed a soft-thresholding with a fixed threshold parameter γ > 0.
Unfortunately, despite its simplicity, which makes it very attractive to users, this algorithm
does not perform very well. We propose accelerations by means of projected steepest descent iterations [5], domain decomposition methods [6], and subspace corrections [7]. We
prove their effectiveness in accelerating the convergence. Unfortunately, this evidence is
currently only numerical; as stressed in the previous section, it is still very hard to assess the performances of these methods. Hence, differently from the results in adaptive
algorithms for well-posed problems where the analysis can more ambitiously obtain estimates of complexity, here we limit our exploration to the convergence of more efficient
algorithms and to the experimental evaluation of their behavior. Our results have to be
considered the first steps in this unexplored territory. However, it is worth to mention that
randomization of certain components of our algorithms, especially in subspace correction
methods, does allow to produce average estimates of the rate of convergence, similarly as
it was recently obtained for the Kaczmarz algorithm [SV07].
We briefly illustrate the general setting of the results in [5-7].
2
The reader can also find a sufficiently comprehensive collection of the ongoing recent developments at
the web-site http://www.dsp.ece.rice.edu/cs/.
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Accelerated projected gradient methods

A concrete recipe to identify adaptively good shape parameters γ = (γn )n in iterative
thresholding algorithms is by construction of a suitable convex set K and a projection
map PK such that PK (u) = Hγ (u) for an adaptive γ := γ(K, u). In the case of the specific
functional (1.2) the set K is an `1 -ball, while Hγn is the soft-thresholding operator. This
leads to the following accelerated projected gradient/steepest descent iteration, that turns
out to be several times faster than (1.3):
 (n+1)
u
= PK (u(n) + L∗n (f − Ln u(n) )),
(1.4)
Ln → L,
Note that, by definition of PK , it corresponds to a compressive algorithm where Hγn is
adapted at each iteration. Theoretical results of convergence are detailed in [5].

1.2.3

Domain decomposition methods

A different acceleration strategy is based on suitable domain decomposition methods and
it is analyzed in [6]. By splitting the index set Λ = Λ1 ∪ Λ2 , alternating and parallel
algorithms can be formulated:
 (n+1,`+1)
(n+1,`)
(n,M )
(n+1,`)

= Hγn (uΛ1
+ L∗n,Λ1 ((f − Ln,Λ2 uΛ2 ) − Ln,Λ1 uΛ1
)), ` = 0, . . . , L − 1,
 uΛ1
(n+1,m)
(n+1,L)
(n+1,m)
(n+1,m+1)
∗
+ Ln,Λ2 ((f − Ln,Λ1 uΛ1
) − Ln,Λ2 uΛ2
)), m = 0, . . . , M − 1.
uΛ2
= Hγn (uΛ2

 (n+1)
(n+1,L)
(n+1,M )
u
= uΛ1
+ uΛ2
.
(1.5)
Here we denoted uΛi any vector supported on Λi , and with Ln,Λi the submatrix of Ln where
only the columns corresponding to entries in Λi are considered. The latter algorithm is
(0,L)
derived as an instance of the following alternating minimization: Pick an initial uΛ1 +
(0,M )

uΛ2

:= u(0) ∈ `2 (Λ), for example u(0) = 0, and iterate
 (n+1,L)
(n,M )

≈ arg minsupp(v1 )⊂Λ1 J (v1 + uΛ2 )
 uΛ1
(n+1,M )
(n+1,L)
uΛ2
≈ arg minsupp(v2 )⊂Λ2 J (uΛ1
+ v2 )

 (n+1)
(n+1,L)
(n+1,M )
u
:= uΛ1
+ uΛ2
.

This is a first example of our more general approach by minimizations on several variables.

1.2.4

Subspace correction methods

Actually, the functional (1.2) is the prototype model of more general problems, that we
shall now describe. Let H be a real separable Hilbert space. We are interested in the
numerical minimization in H of the general form of functionals
J (u) := kLu − f k2H + 2γψ(u),

(1.6)
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where L ∈ L(H) is a bounded linear operator, f ∈ H is a datum, and γ > 0 is a fixed
constant. The function ψ : H → R+ ∪ {+∞} is a semi-norm for a suitable subspace Hψ
of H. An example of this setting is certainly (1.2), but we can also consider, for example,
H = L2 (Ω), ψ(u) := |Du|(Ω), the variation of u, and Hψ = BV (Ω), the space of functions
with bounded variation. In particular, we investigate splittings into arbitrary orthogonal
subspaces H = V1 ⊕ V2 for which we may have
ψ(πV1 (u) + πV2 (v)) 6= ψ(πV1 (u)) + ψ(πV2 (v)),

u, v ∈ H,

where πVi is the orthogonal projection onto Vi . With this splitting we want to minimize
J by suitable instances of the following alternating algorithm: Pick an initial V1 ⊕ V2 3
(0)
(0)
u1 + u2 := u(0) ∈ HΨ , for example u(0) = 0, and iterate
 (n+1)
(n)

≈ arg minv1 ∈V1 J (v1 + u2 )
 u1
(n+1)
(n+1)
u2
≈ arg minv2 ∈V2 J (u1
+ v2 )

 (n+1)
(n+1)
(n+1)
u
:= u1
+ u2
.
This algorithm is implemented by solving the subspace minimizations via an oblique thresholding iteration, which is defined by means of Lagrange multipliers. The attribute “oblique”
emphasizes the presence of a fixed additional subspace that contributes to the computation of the thresholded solution. In [7] we provide a detailed analysis of the convergence
properties of this sequential algorithm and of its modification for parallel computation.
We motivate this rather general approach by two relevant applications in domain decomposition methods for total variation minimization and singular elliptic PDE’s, and in
accelerated sparse recovery algorithms for `1 −minimization via arbitrary subspace corrections. Nevertheless, the applicability of our results reaches far beyond these two particular
examples.

1.2.5

Joint sparsity and iterative firm-thresholding algorithms

Actually, total variation and `1 −constraints are only two possible ways to promote compressed solutions. In [8-9] we investigate more general forms of functionals that not only
generate different types of compressive algorithms, but also deal with vector-valued solutions with components coupled by identical sparsity patterns. Joint sparsity naturally
occurs, for instance, in color images, where, e.g., the three color channels RGB can usually
be well approximated by a jointly sparse wavelet or curvelet expansion since edges appear
at the same locations throughout all channels. However, the range of applicability of this
approach is not limited to color image restoration. Multimodal brain imaging, distributed
networks and compressed sensing, and several other problems with coupled vector valued
solutions are fields where one can expect fruitful applications. In this more general context we are given a Hilbert space H, and we assume that L is a linear operator mapping
`2 (Λ)M into H where M ∈ N indicates the number of vector components of the solution.
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We analyze the functional
(q)

J(u, v) = Jθ,ρ,ω (u, v) := kLu − f k2H +

X
λ∈Λ

vλ kuλ kq +

X

ωλ kuλ k22 +

λ∈Λ

X

θλ (ρλ − vλ )2 ,

λ∈Λ

(1.7)
where k · kq denotes the usual `q -norm on RM , q ∈ [1, ∞] and θ = (θλ ), ω = (ωλ ), ρ = (ρλ )
are suitable sequences of positive parameters. The variable u is assumed to be in `2 (Λ)M
and vλ ≥ 0 for all λ ∈ Λ. Observe, that uλ is a vector in RM .

(q)

Figure 1.2: For M = 1 and ω = 0, the thresholding function Hθ,ρ,ω acts componentwise
applying the firm-thresholding curve here depicted.
We are interested in the joint minimizer (u∗ , v ∗ ) of this functional, u∗ is then considered the
optimal solution. The variable v is an auxiliary variable that plays the role of an indicator
of the sparsity pattern. As argued in [8] J promotes joint sparsity, i.e., u∗ = (u∗ (`) )M
`=1 can
(`)
∗
be expected to be jointly sparse, supp(u ) ⊂ Λ0 , for all ` = 1, . . . , M , and for a fixed
Λ0 ⊂ Λ, #Λ0 < ∞.
In [8] we propose an iterative algorithm for computing the minimizer of J(u, v). It consists
of alternating a minimization with respect to u and v. More formally, for some initial choice
v (0) , for example v (0) = (ρλ )λ∈Λ , we define
u(n) := arg minu∈`2 (Λ)M J(u, v (n−1) ),
v (n) := arg minv≥0 J(u(n) , v).

(1.8)

Once again we see that an alternating minimization on several auxiliary variables plays a
useful role in order to generate compressive algorithms. The minimizer v (n) of J(u(n) , v),
for a fixed u(n) , can be computed explicitly by the formula
(
(n)
(n)
ρλ − 2θ1λ kuλ kq , kuλ kq < 2θλ ρλ ,
(n)
vλ =
λ ∈ Λ.
(1.9)
0,
otherwise ,
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The minimization of J(u, v (n−1) ) with respect to u and fixed v (n−1) can be done by a
thresholded Landweber iteration similar to the one analyzed in [DDD04]. We show in [8]
that, for suitable choices of the parameters θ, ρ, ω, the algorithm (3.25) converges to the
minimizer of the functional J and we show its linear convergence rate.
(q)

The functional J = Jθ,ρ,ω depends on several parameters. In the effort of clarifying their
role in shaping the optimal solution u∗ we discovered an intriguing relationship between
our new functional (3.24) and hard-thresholding, and more generally to the so-called firmthresholding. We find that different choices of the parameters θ = (θλ ), ω = (ωλ ) and
ρ = (ρλ ) do generate an entire family of thresholding algorithms, which perform the
corresponding minimization by the iteration
(q)

u(n) = Hθ,ρ,ω (u(n−1) + L∗ (f − Lu(n−1) )),

n ∈ N.

(1.10)

Actually, for the simplest case M = 1, i.e., in the scalar situation, the triple γ = (θ, ρ, ω)
very clearly defines a “shape parameter” since the form of the corresponding thresholding
(q)
function Hγ := Hθ,ρ,ω changes accordingly to it, see Figure 1.2. In [9] we provide the proof
of convergence of the latter algorithm to the minimizer u∗ . Note that in this case, the
auxiliary variable v does not play an explicit role anymore, although its presence implicitly contributes to the specific shape of the firm-thresholding function. Furthermore, by
employing techniques of Γ-convergence and variational limits, we study the dependence of
minimizers on the shape parameters θ = (θλ ), ω = (ωλ ), discovering that such dependence
is at least weakly-continuous.

1.2.6

Sparse recovery meets free discontinuity problems

As there exists a natural correspondence between total variation and `1 −minimizations,
there is a corresponding sparsity in terms of derivatives to the one promoted by firmthresholding algorithms. As we discovered recently, functionals of the type (3.24) are
discrete approximations of functionals modelling free-discontinuity problems. The terminology “free-discontinuity problems” was introduced by De Giorgi in the late-1980’s to
indicate a class of variational problems that consist in the minimization of a functional,
involving both volume and surface energies, depending on a closed set K, and a function
u usually smooth outside of K: typically
• K is not fixed a priori and it is an unknown of the problem;
• K is not a boundary in general, but a free-surface inside the domain of the problem.
For a broad overview on free-discontinuity problems and their analysis, we refer to [AFP00].
One of the most known examples of free-discontinuity problems is the one modelled by
the Mumford-Shah functional [MS89] defined by
Z


J(u, K) :=
|∇u|2 + α(u − g)2 dx + βHd−1 (K ∩ Ω).
Ω\K

1.3. Applications
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The set Ω is a bounded open subset of Rd , α, β > 0 are fixed parameters and g ∈ L∞ (Ω).
Here Hd denotes the d-dimensional Hausdorff measure. We seek for a function u ∈ W 1,2 (Ω\
K) that approximates the datum g, the function u is smooth out of the discontinuity set
K. In visual analysis g is a given noisy image that we want to approximate by u which is
instead smooth except for a rectifiable set K, the set K is also used in order to segment
the image into connected components. We do not want here to illustrate the details of the
connections between compressive algorithms and solution of free-discontinuity problems,
and we limit ourself to mentioning the relevant work by Chambolle et al. [BC00, Cha95,
CM99] in this direction.

1.3

Applications

Besides the analysis summarized above, we would like to emphasize the broad spectrum
of applications of compressive algorithms, including relevant real-life cases, where such
methods proved to be successful: Numerical results for the optimal adaptive solution of
well-posed elliptic PDE’s are extensively presented in [2-3]; applications in seismic tomography by means of projected gradient methods are described in [5]; domain decomposition
methods for singular elliptic PDE’s and applications in image inpainting are presented in
[7]; color image restoration problems are solved by means of compressive algorithms based
both on total variation and `1 -minimization in [8,10-11]; applications of the algorithms
proposed in [8-9] to magnetic tomography are shown in [12].
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Chapter 2

Adaptive Frame Methods for
Operator Equations
In this chapter we summarize the results of the papers [1-4]. For the sake of a concise
presentation and an easy access to this topic, we limit ourself to pointing out the relevant
mathematical concepts and results, and to show the numerical experiments which confirm
the theoretical achievements. Hence, we are not including all the results as in the papers,
in particular we completely skip proofs and the presentation of the results in [4], and we
refer the reader directly there for more details.

2.1

Introduction

In recent years, wavelet methods have become a very powerful mathematical tool with
many important applications, e.g., in the fields of signal analysis and numerical analysis.
In signal/image analysis/compression, wavelets are well-established by now, and very often
they outperform other classical methods. In numerical analysis, the most exciting results
have been obtained in the context of the numerical treatment of elliptic operator equations.
Indeed, the strong analytical properties of wavelets yield uniformly bounded condition
numbers of the associated stiffness matrices, they allow for very efficient compression
strategies, and, moreover, they can be used to derive adaptive numerical schemes that are
guaranteed to converge with optimal order [BBC+ 01, CDD01, DDHS97]. However, due
to a serious bottleneck, these impressive advantages of wavelet methods have not been
fully exploited yet. Usually, the operator equation is defined on a bounded domain or on
a closed manifold, and therefore a wavelet basis on this domain is needed. Although there
exist by now several constructions [CTU99, CM00, DS99a, DS99b, HS06, KS06], none
of them seems to be fully satisfying for the following reasons: one is usually faced with
relatively high condition numbers, very often the wavelet basis is not smooth enough, and
last, but not least, all the existing constructions are not easy to implement. One approach
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to ameliorate these problems is to use a weaker concept, i.e., to work with frames instead of
bases [1] [Ste03]. Indeed, contrary to the basis case, the construction of a smooth wavelet
frame is quite easy. One only has to construct an overlapping partition of the domain by
means of parametric images of the unit cube. Then, by lifting tensor product boundary
adapted wavelet bases on the unit cube to each subdomain and collecting everything
together, indeed a wavelet frame is obtained. For this construction, we call these frames
aggregated wavelet frames. Fortunately, in recent studies, it has been shown that all the
advantages of wavelet methods outlined above can also be established in the case of frames
[1] [Ste03].
Nevertheless, the use of frames introduces new problems that have to be specially addressed. The difficult issue to clarify in the case of frames is how to assess the optimality
of an adaptive scheme. Usually, the benchmark for adaptive schemes is the best n-term
approximation. For wavelets, norm equivalences imply that this approximation order is
completely determined by the regularity of the function one wants to approximate as
measured in a specific scale of Besov spaces. In the case of frames, such a complete characterization cannot be expected, since due to the redundancy of the frame a Bernstein
estimate often fails to hold. Nevertheless, a Jackson-type estimate can usually be shown,
so that at least an upper bound for best n-term approximation can be derived. In this
work, we define a proper benchmark in order to assess and prove optimality results for
frame approximations of the solutions to second order elliptic operator equations defined
in polygonal domains in R2 : we prove that if the solution is contained in a specific scale
of Besov spaces, then there exists a specific frame expansion (constructed by means of
partitions of unity) such that the associated frame coefficients show the same decay as for
the basis case, which implies that the best n-term frame approximation (with respect to
that specific frame expansion!) realizes the same approximation order. Consequently, an
optimal adaptive wavelet frame scheme should also converge at least with this order.
The second relevant issue is concerned with concrete applications and implementations of
adaptive frame schemes. We present compressive algorithms based on coarsened Richardson and steepest-descent iterations. Both are shown to behave with asymptotical optimal
rate of convergence and complexity. We compare their different fine quantitative performances.
Next, as outlined above, the basic ingredient for the construction of aggregated wavelet
frames is always a suitable wavelet basis on the unit cube, and the overall performance
of the algorithm directly depends on the properties of this basis. In practice, one is very
often faced with the problem that, e.g., the condition numbers of the bases are not as
low as desirable, especially for bases of higher order, and this drawback clearly diminishes
the efficient applicability of the whole machinery. Consequently, there is a urgent need
for much more stable boundary adapted wavelet bases. Quite recently, a very promising
approach has been developed in [Pri06]. Numerical tests indeed show that the condition
numbers associated with this basis are much lower compared to other existing approaches.
Therefore, in this work we present numerical experiments, which confirm the quantitative

2.2. Frame Discretization of Elliptic Problems

15

improvement with respect to the basis constructed, e.g., in [DS98].

2.2

Frame Discretization of Elliptic Problems

In this section, we briefly describe the basic concepts of frame discretization schemes for
linear elliptic operator equations
Lu = f,
(2.1)
where we assume L to be a boundedly invertible operator from some Hilbert space H into
its normed dual H 0 , i.e.,
(2.2)
kLukH 0 h kukH , u ∈ H.
Here and in the following ‘a h b’ means that both quantities can be uniformly bounded by
some constant multiple of each other. Likewise, ‘.’ indicates inequalities up to constant
factors. We write out such constants explicitly only when their values matter.
Since L is boundedly invertible, (2.1) has a unique solution u for any f ∈ H 0 . In the
sequel, we shall focus on the important special case where
a(v, w) := hLv, wi

(2.3)

defines a symmetric bilinear form on H, h·, ·i corresponding to the dual pairing of H 0 and
H. We will always assume that a(·, ·) is elliptic in the sense that
a(v, v) h kvk2H ,

(2.4)

which is easily seen to imply (2.2).
Typical examples are variational formulations of second order elliptic boundary value
problems on a domain Ω ⊂ Rn such as the Poisson equation
−4u = f
u = 0

in Ω,

(2.5)

on ∂Ω.

In this case, H = H01 (Ω), H 0 = H −1 (Ω), and the corresponding bilinear form is given by
Z
a(v, w) =
∇v · ∇w dx.
(2.6)
Ω

Thus typically H is a Sobolev space. Therefore, from now on, we will always assume that
H and H 0 , together with L2 (Ω), form a Gelfand triple, i.e.,
H ⊂ L2 (Ω) ⊂ H 0
with continuous and dense embeddings.

(2.7)

16

Summary

We are interested in the discretization of (2.1) using wavelet frames. To this end, recall
first that a subset F = {fn : n ∈ N } of a Hilbert space H is called a frame for H if
X
2
kf k2H h
hf, fn iH , for all f ∈ H.
(2.8)
n∈N

By (2.8), any frame F for H is automatically dense, which makes frames suitable for
the numerical discretization of, e.g., the operator equation (2.1). Moreover, the analysis
operator F := FF : H → `2 (N ) of a frame F, FF f = hf, fn iH n∈N , and the synthesis
P
operator F ∗ : `2 (N ) → H, F ∗ c = n∈N cn fn =: c> F are bounded. The frame operator
S := F ∗ F is positive and boundedly invertible on H, so that every f ∈ H possesses the
non–orthogonal expansions
X
X
f = SS −1 f =
hf, S −1 fn iH fn = S −1 Sf =
hf, fn iH S −1 fn .
(2.9)
n∈N

n∈N

The set F̃ = {S −1 fn : n ∈ N } is again a frame for H, the so-called canonical dual frame
with associated analysis operator FF̃ . In general, there exist many possible dual frames
{f˜n : n ∈ N } ⊂ H such that
X
X
f=
hf, f˜n iH fn =
hf, fn iH f˜n
(2.10)
n∈N

n∈N

with the norm equivalence kf kH h kFF̃ f k2 , but their construction might be less obvious.
A frame F is a Riesz basis for H if and only if ker(F ∗ ) = {0} and in such a case the dual
is uniquely determined.
Concerning the discretization of (2.1), it remains to specify a suitable frame F for the
solution space H. Here we are particularly interested in the class of wavelet frames. Due
to the fact that wavelet systems are typically constructed in L2 rather than in the solution
space H, we will consider frames that simultaneously allow expansions of the form (2.10)
in a Hilbert space H and in a densely embedded Hilbert space X ⊂ H. Here it is
X ⊂ H ' H0 ⊂ X 0 ,

(2.11)

such that (X , H, X 0 ) is a Gelfand triple. Frames tailored to this Gelfand triple situation
are given by the class of Gelfand frames, as introduced in [1]. A frame F for H with a
dual frame F̃ is a Gelfand frame for the Gelfand triple (X , H, X 0 ), if F ⊂ X , F̃ ⊂ X 0 and
there exists a Gelfand triple b, `2 (N ), b0 of sequence spaces such that
F ∗ : b → X , F ∗ c = c> F

and F̃ : X → b, F̃ f = hf, f˜n iX ×X 0


n∈N

(2.12)

are bounded operators. By duality, also the operators
F̃ ∗ : b0 → X 0 , F̃ ∗ c = c> F̃

and F : X 0 → b0 , F f = hf, fn iX 0 ×X


n∈N

(2.13)
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are bounded. In particular, the following reproducing formulas hold
X
f =
hf, f˜n iX ×X 0 fn for all f ∈ X

(2.14)

n

g =

X

hg, fn iX 0 ×X f˜n

for all g ∈ X 0 .

(2.15)

n

In the following, we will assume that the sequence spaces b and `2 (N ) can be identified
via an isomorphism D : b → `2 (N ). As a consequence, the system D−1 F is indeed a frame
for X , see [Raa07] for a proof. In all cases of practical interest, the sequence spaces b will
turn out to be suitable weighted `2 (N )–spaces.
For the applications we have in mind, clearly the case (X , H, X 0 ) = (H, L2 (Ω), H 0 ), where
H denotes some Sobolev space, is the most important one. One prominent example
[CTU99, DKU99, DS98, DS99a, DS99b, HS06, Ste07a] of a Gelfand frame is any wavelet
Riesz basis Ψ = {ψλ : λ ∈ I} in L2 (Ω), Ω ⊂ Rn , such that a range s ∈ (−γ̃, γ) of Sobolev
spaces H0s (Ω) can be characterized by weighted sequence norms of the primal wavelet
coefficient arrays
kf kH s (Ω) h

X

22|λ|s hf, ψ̃λ iL2 (Ω)


2 1/2

,

f ∈ H0s (Ω).

(2.16)

λ∈I

Here we have used that for wavelet systems, the scale mapping λ 7→ |λ| ∈ Z≥j0 is well–
defined. Any such wavelet Riesz basis Ψ is a Gelfand frame for (H0s (Ω), L2 (Ω), H −s (Ω))
for s ∈ (−γ̃, γ), with the weighted sequence spaces b := `2,2s (I) := `2,22|·|s (I). Here we use
the weighted `2 spaces
n
o
X
`2,w (I) := c = (cλ )λ∈I : kck2`2,w (I) :=
|cλ |2 w(λ) < ∞
(2.17)
λ∈I

for some weight function w : I → R+ .
Under the aforementioned assumptions on a Gelfand frame F for (H, L2 (Ω), H 0 ), the
following lemma holds [1] [Ste03], in analogy to the case of wavelet bases.
Lemma 2.2.1. Let F and F ∗ be the analysis and synthesis operators of a Gelfand frame
F associated to the Gelfand triple (H, L2 (Ω), H 0 ). Then, under the assumptions (2.3) and
(2.4) on L, the operator
L := (D∗ )−1 F LF ∗ D−1
(2.18)
is a bounded operator from `2 (N ) to `2 (N ). Moreover L = L∗ , and it is boundedly invertible on its range ran(L) = ran((D∗ )−1 F ).
With
f := (D∗ )−1 F f,

(2.19)
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we are therefore left with the problem to solve
Lu = f ,

(2.20)

because the solution u to (2.1) is obtained by the identity u = F ∗ D−1 u [1] [Ste03]. We
denote with L† the Moore-Penrose pseudo inverse of L, and
Q : `2 (N ) → ran L
is the orthogonal projector onto the range of L.

2.3
2.3.1

Gelfand Frames on Domains
The General Setting

We shall now be concerned with a straightforward construction of wavelet Gelfand frames
on a bounded domain Ω ⊂ Rn using a domain decomposition. To this end, we assume
that Ω is the union of overlapping patches C = {Ωi }m
i=1
Ω=

m
[

Ωi ,

(2.21)

i=1

where each patch Ωi is the image of the unit cube 2 = (0, 1)n under a suitable parametrization Ωi = κi (2). We assume furthermore that the parametrizations κi are C k –diffeomorphisms
and that
| det Dκi (x)| h 1, for x ∈ 2.
(2.22)
Clearly, the set of admissible domains Ω is restricted by raising these regularity conditions;
the boundary of Ω has to be piecewise smooth enough. However, the particularly attractive
case of polyhedral domains is still covered.
Given a reference wavelet Riesz basis Ψ2 = {ψµ : µ ∈ I 2 } ⊂ H0s (2) on the cube, s > 0,
we lift the system Ψ2 to Ωi by setting

ψµ2 κ−1
i (·)
(2.23)
ψi,µ :=
 1/2 .
det Dκi κ−1
i (·)
The denominator is chosen in such a way that kψλ kL2 (Ω) = kψµ2 kL2 (2) . Analogously, we
also lift the dual wavelets to Ωi :

ψ̃µ2 κ−1
i (·)
ψ̃i,µ :=
(2.24)
 1/2 .
det Dκi κ−1
(·)
i
Then it is immediate to see that the system Ψ(i) := {ψi,µ : µ ∈ I 2 } is a Riesz basis in
L2 (Ωi ) with dual Riesz basis Ψ̃(i) := {ψ̃λ : λ ∈ I 2 }, characterizing the corresponding scale
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of Sobolev spaces over Ωi . The most simple method to derive a wavelet Gelfand frame
over the domain Ω from the local bases Ψ(i) is to aggregate them by means of the zero
extension operators Ei : Ωi → Ω. Using the global index set
I :=

m
[

{i} × I 2 ,

(2.25)

i=1

with |λ| := |µ| for λ = (i, µ) ∈ I, we will consider the family
Ψ := {ψλ : λ ∈ I},

ψ(i,µ) := Ei ψi,µ ,

for (i, µ) ∈ I.

(2.26)

The operators Ei being bounded from H0s (Ωi ) to H0s (Ω), we have that Ψ ⊂ H0s (Ω) for s ≥ 0.
In the following we may omit Ei and we will assume that the functions are smoothly zeroextended to all Ω. Unfortunately, the global canonical dual of the frame Ψ is only implicitly
given and its properties are not obvious. In particular, it is not immediately clear how
to prove the corresponding Gelfand frame properties (2.12) for (H0s (Ω), L2 (Ω), H −s (Ω)).
As an alternative, we therefore propose toSwork with a non-canonical duals instead. As
soon as the particular decomposition Ω = m
i=1 Ωi admits the construction of a partition
of unity {σi }1≤i≤m subordinate to the patches Ωi , i.e.,
i) supp σi ⊂ Ω̄i ,
ii) σi u ∈ H0s (Ωi ), for all u ∈ H0s (Ω), i = 1, . . . , m, and
iii) kσi ukH s (Ωi ) . kukH s (Ω) holds uniformly in u ∈ H s (Ω),
we can immediately specify a non-canonical global dual frame for Ψ as is shown in the
following proposition, see also Subsection 4.4 of [Ste03].
Proposition 2.3.1. Let Ψ be defined as in (2.26) and assume that {σi }m
i=1 is a partition
of unity subordinate to the patches Ωi . Then, with ψ̃i,µ being the lifted local duals from
(2.24), the system
Ψ̃ := {ψ̃λ : λ ∈ I},

ψ̃(i,µ) := Ei (σi ψ̃i,µ ),

for (i, µ) ∈ I

(2.27)

is a non-canonical global dual frame for Ψ in L2 (Ω). More specific, Ψ and Ψ̃ form a
wavelet Gelfand frame for (H0s (Ω), L2 (Ω), H −s (Ω)) with respect to the Gelfand triple of
sequence spaces (`2,2s (I), `2 (I), `2,2−s (I)).
Thus, it remains to discuss the availability of a suitable partition of unity {σi }1≤i≤m with
properties i)-iii), which is not obvious in general.
S For instance, if we consider an arbitrary
domain with a reentrant corner and a covering m
i=1 Ωi which is chosen in such a way that
no subdomain contains an entire neighborhood of the reentrant corner, the functions σi
corresponding to the adjacent patches Ωi are definitely bound to have a singularity at the
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reentrant corner. Unfortunately, in a practical application, such situations cannot always
be avoided.
As a prototypical example, in the sequel, we analyze this problem for the special situation
of the L-shaped domain being decomposed into two overlapping patches. It is shown
that, despite the appearance of the mentioned singularities, all necessary properties of the
partition of unity can be preserved.

2.3.2

Gelfand Frames on the L-shaped Domain

We shall now consider the special case that Ω := (−1, 1)2 \[0, 1)2 is the L-shaped domain in
R2 , decomposed into two overlapping subdomains Ω = Ω1 ∪Ω2 with Ω1 := (−1, 0)×(−1, 1)
and Ω2 := (−1, 1) × (−1, 0). Due to the reentrant corner at the origin, Ω can be seen as
a prototype for any non–convex polygonal domain in R2 . The particular overlapping
decomposition can be exploited in the construction of Gelfand frames on Ω as follows. Let
π
φ : [0, 3π
2 ] → R≥0 be a smooth function with φ(θ) = 1 for θ ≤ 2 and φ(θ) = 0 for θ ≥ π.
Then, with (r(x), θ(x)) being the polar coordinates of x with respect to the reentrant
corner, the functions σ1 := φ ◦ θ and σ2 := 1 − σ1 form a partition of unity subordinate to
the patches Ωi in the following sense, see also [1] for the special case s = 1. Despite the
arising singularities, we can show the following result which makes use of [Gri85, Theorem
1.4.4.4].
Lemma 2.3.2. For any u ∈ H0s (Ω), s ∈ N, it is σi u ∈ H0s (Ωi ) and
kσi ukH s (Ωi ) . kukH s (Ω) ,

2.4

i ∈ {1, 2}.

(2.28)

Nonlinear Approximation by Aggregated Gelfand Frames

In the context of adaptive algorithms for the solution of problem (2.1) naturally arises
the question which is the best convergence rate that can be obtained in terms of the
relation between the error of approximation and the number of unknowns. Typically, the
benchmark for this optimal rate is the convergence order of a best N –term approximation
of the solution u. Classical results in the context of discretizations with respect to wavelet
bases yield that this benchmark depends on the Besov regularity of u in a certain scale.
In this section, we analyze this coherence for the case of aggregated Gelfand frames on the
L-shaped domain from Section 2.3.2.
It can be easily deduced from the definition, that, if Ψ is a wavelet Gelfand frame for the
Gelfand triple (H0s (Ω), L2 (Ω), H −s (Ω)) with a dual frame Ψ̃, then we have the equivalence
kukH s (Ω) h kuk`2 (I) , for all u ∈ H0s (Ω),
(2.29)

where u = 2s|λ| hu, ψ̃λ iL2 . More general, if c = (cλ )λ∈I ∈ `2,2s (I) is any sequence of
coefficients such that c> Ψ = u with convergence in H0s (Ω), then one can only ensure
kukH s (Ω) . k(2s|λ| cλ )λ∈I k`2 (I) ,

(2.30)
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because of the boundedness of F ∗ : `2,2s (I) → H0s (Ω), but not vice versa. However, if
we intend to study the convergence rates of best N –term approximation in H0s (Ω), the
problem can be shifted to the coefficient level. That means one may study the properties of
a best N –term approximation of any sequence of expansion coefficients in `2 (I). Surely,
then the analysis still depends on the choice of the coefficients, and it is not a priori
clear whether other choices lead to better results. In this section, we will show that for
the coefficients of u with respect to the non-canonical dual frame given in (2.27), under
slightly stronger assumptions on u, similar results can be obtained as in the well–known
theory for the case of wavelet bases. Since it cannot be expected to obtain better rates of
approximation in the case of aggregated wavelet frames, this will be the justification for
our special choice of expansion coefficients for u.
In the following subsection, we briefly recall the concept of best N –term approximation
in `2 (I).

2.4.1

N −term Approximation

For N = 1, 2, . . . , let ΣN denote the nonlinear subspace of `2 (I) consisting of all vectors with at most N nonzero coordinates. Given v ∈ `2 (I), we introduce the error of
approximation
σN (v) := inf kv − wk`2 (I) .
(2.31)
w∈ΣN

Clearly, a best approximation to v from ΣN is obtained by taking a vector vN ∈ ΣN , which
agrees with v on those coordinates on which v takes its N largest values in modulus, and
which is zero everywhere else. Thus, vN is called a best N −term approximation to v.
Note that it is not necessarily unique.
The concept of best N −term approximation is closely related to the weak `τ –spaces `w
τ (I).
Given some 0 < τ < 2, `w
(I)
is
defined
as
τ
`w
:= sup k 1/τ |γk (c)| < ∞},
τ (I) := {c ∈ `2 (I) : |c|`w
τ

(2.32)

k∈N

where γk (c) is the kth largest coefficient in modulus of c. Then, for each s > 0,
sup N s σN (v) h |v|`wτ ,

(2.33)

N

where s and τ are related according to

τ=

1
s+
2

−1
.

Hence v ∈ `w
τ (I), if and only if the error of a best N −term approximation is of the order
O(N −s ). Note that `τ (I) ,→ `w
τ (I) ,→ `τ +γ (I), for a γ ∈ (0, 2 − τ ]. The expression |v|`w
τ
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defines only a quasi-norm since it does not necessarily satisfy the triangle inequality. Yet,
for each 0 < τ < 2, there exists a C(τ ) > 0 with

|v + w|`wτ ≤ C(τ ) |v|`wτ + |w|`wτ ,

v, w ∈ `w
τ (I).

(2.34)

We refer to [CDD01, DeV98] for further details on the quasi–Banach spaces `w
τ (I).
A classical result from the theory of nonlinear approximation with wavelet Riesz bases
reads as follows. Let (Ψ, Ψ̃) be a pair of biorthogonal wavelet Riesz bases for L2 (Ω) such
that Ψ gives rise for a characterization of the Sobolev space H0t (Ω), cf. (2.16), say for
a t > 0. Hence, with D = diag(2|λ|t )λ∈I , D−1 Ψ is actually a Riesz basis for H0t (Ω).
Further, let Ψ be of order d, meaning that locally polynomials up to degree d − 1 can be
represented. Then, it is well-known (see [Coh00]) that for sufficiently smooth wavelets,
and 0 < s < (d − t)/n, one has the relation


u ∈ Bτsn+t (Lτ (Ω)) if and only if DF̃ u = 2|λ|t hu, ψ̃λ iL2 (Ω)
∈ `τ (I),
(2.35)
λ∈I

where τ = (s + 21 )−1 , and DF̃ u are exactly the unique expansion coefficients of u with
respect to the Riesz basis D−1 Ψ in H0t (Ω). Here, as usual, Bτα (Lτ (Ω)) denotes the classical
Besov space measuring smoothness up to order α in Lτ (Ω). Consequently, since `τ (I) ,→
sn+t (L (Ω)), then the error of its best N -term approximation with respect
`w
τ
τ (I), if u ∈ Bτ
to k · kH t decays like N −s . In the next subsection, we want to show that the latter
statement can be carried over to case of aggregated wavelet frames on the L–shaped
domain by applying (2.35) separately on each patch Ωi .

2.4.2

The L-shaped Domain

In the sequel, our analysis will be restricted to the case of elliptic operator equations
Lu = f

(2.36)

of integer order 2t, t ≥ 1, where L : H0t (Ω) → H −t (Ω), on the L-shaped domain Ω
from Section 2.3.2, i.e., n = 2. We will consider a Gelfand frame Ψ = Ψ(1) ∪ Ψ(2) for
H0t (Ω), where the local bases Ψ(i) are chosen to be biorthogonal wavelet Riesz bases of
approximation order d ≥ t + 1 such that (2.35) holds for the pair (Ψ(i) , Ψ̃(i) ) in Ωi . A
sufficient smoothness of the wavelets will be tacitly assumed.
According to the remarks at the beginning of Section 2.4, first of all one has to choose
a representation of u with respect to Ψ. Proposition 2.3.1 implies that an arbitrary
u ∈ H0t (Ω) can be represented according to
u=

2 X
X
i=1 λ∈I 2

hu, σi ψ̃i,λ iL2 ψi,λ =

2 X
X
i=1 λ∈I 2

2t|λ| hu, σi ψ̃i,λ iL2 2−t|λ| ψi,λ ,
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with convergence of the series in H0t (Ω), where {σi }i=1,2 is the partition of unity given at
the beginning of Section 2.3.2. Throughout the rest of this chapter, the properties of a
best N –term approximation of the sequence of expansion coefficients
u = (2t|λ| hu, σi ψ̃i,λ i)λ∈I 2 ,i=1,2

(2.37)

shall be analyzed. Obviously, in order to be able to use (2.35), it will be necessary to
develop a Besov regularity analysis of the products σi u. To this end, it will turn out to
be beneficial to make the following assumption on the solution u of (2.36). Therein and
throughout the present section we denote with (r(x, y), θ(x, y)) polar coordinates with
respect to the reentrant corner.
Assumption 2.4.1. (i) Let the solution u to (2.36) be contained in H t+ν (Ω), for a ν > 0.
(ii) Let for all multi-indices α with |α| = j, j = 0, . . . , t, the solution u to (2.36) satisfy
Dα u(x, y) = O(r(x, y)βj ), for r(x, y) → 0, with βj > t − (j + 1).

(2.38)

Below, we state that for the solution of the Poisson equation on the L–shaped domain these
assumptions are actually satisfied, provided that the right-hand side f fulfills a rather mild
requirement on its Sobolev regularity.
Let us denote u1 = σ1 u = (φ ◦ θ)u and u2 = (1 − σ1 )u. We have the following Sobolev
regularity result.
Proposition 2.4.2. Let Assumption 2.4.1 be satisfied. Then, there exists a sufficiently
small η > 0 such that u1 and u2 are contained in H t+η (Ω).
We are now in the position to formulate the main result, stating that the frame coefficients
(2.37) of the solution u exhibit a certain decay, i.e., they must be contained in `τ (I), for
a certain range of 0 < τ < 2.
Theorem 2.4.3. Let u be the solution to (2.36), and let Assumption 2.4.1 be satisfied. For
s > t and δ ∈ (0, s−t), let u ∈ Bτs (Lτ (Ω)), where τ1 = s−(t+δ)
+ 12 . Then, there exists a suf2
ficiently small η > 0 such that the sequence of frame coefficients (2t|λ| hu, σi ψ̃i,λ i)λ∈I 2 ,i=1,2
0
∗
belongs to the space `τ0 (I), where τ10 = s 2−t + 21 , for all t < s0 < min{d, ηs+t−1
t+η−1 +t−1} =: s .
Here we have assumed that u is contained in a scale of Besov spaces which lies slightly
above the classical scale of spaces that governs the convergence rates for best N –term
approximation in H t (Ω), see the DeVore/Triebel–diagram in Figure 2.1. Under mild
regularity assumptions on the right-hand side f , also this requirement is satisfied for the
weak solutions of the Poisson equation with homogeneous Dirichlet boundary conditions.
The proof of Theorem 2.4.3 is based on well-known embedding theorems for Sobolev spaces
and on interpolation arguments between Sobolev and Besov spaces, see [Ada75, DeV98].
0
0
See also Figure 2.2. Eventually we show that ui is contained in Bτs (Lτ (Ωi )), τ1 = s 2−t + 12 ,
for all t < s0 < s∗ and then to employ (2.35) with respect to the local biorthogonal pairs
of wavelet bases (Ψ(i) , Ψ̃(i) ), i = 1, 2.
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1

Figure 2.1: Classical scale of Besov spaces governing best N –term approximation in H t (Ω)
w.r.t. wavelet bases (solid line), and the relevant scale for the case of aggregated wavelet
frames (dashed line).
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Figure 2.2: DeVore-Triebel diagram corresponding to the proof of Theorem 2.4.3.
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The Poisson Equation
Let us consider the Poisson equation with homogeneous boundary conditions on the Lshaped domain, t = 1. First of all, we state the following well-known theorem from
[Gri92, Chapter 2.7] which characterizes the weak solution to problem (2.5) on an arbitrary
polygonal domain.
Theorem 2.4.4. Let Ω ⊂ R2 be a polygonal domain with vertices Sl , l = 1 . . . , M . Let the
measures of the inner angles at Sl be denoted with ωl . With respect to polar coordinates
(rl , θl ) in the vicinity of each vertex Sl we introduce the functions
λ

Sl,m (rl , θl ) = ζl (rl )rl l,m sin(mπθl /ωl ), when λl,m = mπ/ωl is not an integer,(2.39)
λ

Sl,m (rl , θl ) = ζl (rl )rl l,m [log rl sin(mπθl /ωl ) + θl cos(mπθl /ωl )] otherwise.

(2.40)

Here ζl denotes a suitable C ∞ truncation function, and m ≥ 1 is an integer. Then, for a
given f ∈ H s (Ω), s ≥ −1, the corresponding variational solution to (2.5) has an expansion
u = uR + uS , where uR ∈ H s+2 (Ω) and
uS =

M
X

X

cl,m Sl,m ,

(2.41)

l=1 0<λl,m <s+1

provided that no λl,m is equal to s + 1.
Usually uS and uR are called singular and regular part of the solution, respectively. For
the special case of the L-shaped domain, at the reentrant corner the measure of the inner
angle is 32 π, while at all other vertices we have ωl = π2 . Using [Gri92, Theorem 1.2.18],
it can be easily inferred that in this case uS is contained in H α (Ω), for any α < 5/3.
Therefore, with f ∈ H µ (Ω) for a µ > −1, Assumption 2.4.1 (i) is surely satisfied. For the
verification of the second part of the assumption, we state the following lemma.
Lemma 2.4.5. Let u be the variational solution to (2.5) with a right-hand side f ∈ H µ (Ω)
for some µ > 0. Then, we have uR (x, y) = O(r(x, y)), and ∇uR (x, y) = O(1), for r → 0.
Moreover, the singular part satisfies uS (x, y) = O(r(x, y)2/3 ), as well as ∇uS (x, y) =
O(r(x, y)−1/3 ), for r → 0.
Moreover, [Dah99, Theorem 2.4] implies that the variational solution u to (2.5) is contained
1
µ
in Bτα (Lτ (Ω)), for all 32 < α < µ+2, τ1 = α−3/2
2 + 2 , if f ∈ H (Ω), for µ > −1/2. Therefore,
the assumption in Theorem 2.4.3 is fulfilled by the choice δ = 1/2 and s < µ + 2.
Hence, we arrive at the following special result, which is a direct consequence of the latter
observations and Theorem 2.4.3 for t = 1.
Corollary 2.4.6. Let u be the variational solution to (2.5). Let the right-hand side f be
contained in H µ (Ω) for a µ > 0. Then, the sequence of frame coefficients (2|λ| hu, σi ψ̃i,λ i)λ∈I 2 ,i=1,2
1
belongs to the space `τ0 (I), where τ10 = s−1
2 + 2 , for all 1 < s < min{d, µ + 2}.
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It is important to stress the fact that in the case of a wavelet basis with similar regularity and approximation properties, for the unique expansion coefficients, the analogous
statement holds under the only slightly milder requirement f ∈ H µ (Ω), µ > −1/2.
Example 2.4.1. Consider the case u = uS , uS as in (2.41), and f = −∆uS . In [Dah99]
it has been shown that for any α > 0 each function Sl,m , and thus also uS is contained in
Bτα (Lτ (Ω)), τ1 = α2 + 12 . Together with the fact that uS ∈ H ω (Ω), with ω < 5/3, this implies
that in this case the assumption of Theorem 2.4.3 is satisfied for any s > 1. Moreover,
the right-hand side f vanishes in a vicinity of the reentrant corner and is contained in
C ∞ (Ω̄). Consequently, the sequence of frame coefficients (2|λ| hu, σi ψ̃i,λ i)λ∈I 2 ,i=1,2 belongs
γ−1
1
1
to `τ (I), and thus to `w
τ (I), for τ = 2 + 2 and for all 1 < γ < d. This means that the
convergence order of the best N −term approximation is O(N −(γ−1)/2 ), for any 1 < γ < d,
so that in principle the order of convergence is only limited by the order d of the wavelets.
Similar results are derived for the solutions of the biharmonic equation on the L–shaped
domain, see [3, Section 4.2.2].

2.5

Adaptive Numerical Frame Schemes

We estimated above the performances we have to require to an adaptive compressive algorithm based on frame approximations in order to compute optimally solutions of elliptic
equations. We are now concerned with the concrete realizability of such compressive algorithms.

2.5.1

An Adaptive Steepest Descent Scheme

In [1-2] [Ste03] it has been shown that, in principle, the infinite linear system (2.20) can be
solved with well known iterative methods such as the damped Richardson or the steepest
descent iteration. In this summary, we focus on the latter method, which, for a starting
vector w(0) ∈ `2 (I), reads as follows
for n = 0, . . . ,
r(n) := f − Gw(n) ;
w(n+1) := w(n) +
n = n + 1;
endfor.

hr(n) ,r(n) i (n)
r ;
hLr(n) ,r(n) i

Due to the redundancy of a frame, although we assumed the operator L to be boundedly
invertible, the discrete operator L generally has a nontrivial kernel, and thus the system
(2.20) is underdetermined. But since, by Lemma 2.2.1, L is boundedly invertible on its
range, there exists a unique solution u∗ ∈ ran(L). Moreover, it is easy to prove that for
w(0) ∈ ran(L), the ideal iterates w(n) indeed converge to u∗ ∈ ran(L).
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Obviously, the steepest descent scheme cannot be implemented since neither infinite sequences nor biinfinite matrices can be handled computationally. Therefore our aim is to
replace the exact scheme by an implementable one. The guideline is to approximate the
infinite expressions by finite ones within a certain, sufficiently small, relative tolerance.
To this end and for s∗ larger than any s > 0 for which
sup N s σN (u) < ∞,
N ∈N

we assume the existence of the following three subroutines:
• APPLY[w, ε] → zε . Determines, for ε > 0 and a finitely supported w, a finitely
supported zε with
kLw − zε k ≤ ε.
(2.42)
1/s

Moreover, for any s < s∗ , #supp zε . ε−1/s |w|`w , where the number of arithmetic
τ
operations and storage locations used by this call is bounded by some absolute
1/s
multiple of ε−1/s |w|`w + #supp w + 1.
τ

• RHS[ε] → fε . Determines, for ε > 0, a finitely supported fε with kf − fε k ≤ ε.
−1/s |u|1/s , where the
Moreover, for any s < s∗ , if u ∈ `w
τ (N ), then #supp fε . ε
`w
τ
number of arithmetic operations and storage locations used by the call is bounded
1/s
by some absolute multiple of ε−1/s |u|`w + 1.
τ

• COARSE[w, ε] → wε . Determines, for a finitely supported w, a finitely supported
wε , such that
kw − wε k ≤ ε.
(2.43)
Moreover, #supp wε . inf{N : σN (w) ≤ ε}, and COARSE can be arranged to
take a number of arithmetic operations and storage locations that is bounded by an
absolute multiple of #supp w + max{log(ε−1 kwk), 1}.
Using that L : `2 (N ) → `2 (N ) is bounded, the properties of APPLY imply the following:
w
Proposition 2.5.1. For any s ∈ (0, s∗ ), L : `w
τ (N ) → `τ (N ) is bounded.

Let us briefly discuss the assumptions we made on APPLY, RHS and COARSE, and the
existence of concrete implementations. The approximate matrix-vector product APPLY
can be implemented in the way introduced in [CDD01, §6.4]. Then the question whether
APPLY has the assumed properties reduces to the question as to how well L can be
approximated by sparse matrices constructed by dropping small entries. This can be
quantified by the concept of s∗ -compressibility, meaning that if L is s∗ -compressible, then
APPLY has the assumed properties with that value of s∗ . For the case of a basis, for both
differential operators and singular integral operators, and for sufficiently smooth wavelets
with sufficiently many vanishing moments in relation to their approximation order, it was
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shown in [Ste04a] that L is s∗ -compressible with s∗ larger than any s = 1/τ − 1/2 for
which u ∈ `w
τ (N ) can be expected. This result extends to aggregated wavelet frames (see
[Ste03] for details).
Above, we implicitly assumed that the remaining entries from the sparse approximations
for L are exactly available. Generally, however, these entries have to be approximated by
numerical quadrature. For the case of a basis, in [GS04, GS06] it was verified that these
remaining entries can be approximated within a sufficiently small tolerance by quadrature rules that, on average over each row and column, take only O(1) operations per
entry, showing that the “fully discrete” version of APPLY has the required properties.
The development of suitable numerical quadrature is more complicated in the case of an
aggregated wavelet frame and corresponding results appear in [SW07].
Concerning RHS, for some s < s∗ , let u ∈ `w
τ (N ). Then Proposition 2.5.1 shows that
w
w
f = Lu ∈ `w
(N
)
with
|f
|
.
|u|
.
So
(2.33)
shows that for any ε > 0, there exists an
`τ
`τ
τ
1/s

fε with kf − fε k ≤ ε and #supp fε . ε−1/s |u|`w . The question how to construct such an
τ

1/s

fε in O(ε−1/s |u|`w + 1) operations cannot be answered in general, as it depends on the
τ
right-hand side at hand.
Finally, the routine COARSE with the aforementioned properties can be based on binary
binning (see [Bar05, Ste03] for details). It can be interpreted as a fast approximation of a
hard-thresholding operation.
We are going to solve Lu = f with an approximate steepest descent method. Unless
F is a basis, L has a non-trivial kernel, meaning that, as with any iterative method,
a component of the error in a current approximation w that is in ker(L) will never be
reduced in subsequent iterations. Although such components do not influence the resulting
approximation w := F ∗ DB−1 w because ker(F ∗ DB−1 ) = ker(L), in principle they may cause
an unbounded increase of |w|`wτ as the iteration proceeds, making the cost of calls of
APPLY possibly uncontrollable. Under the assumption given below, we will nevertheless
be able to control this cost, which allows us to show optimality of the method.
Assumption 2.5.2. For any s ∈ (0, s∗ ), Q is bounded on `w
τ (N ).
This assumption has been verified for the special case that H = L2 (Ω), the wavelet bases
making up the aggregated frame are L2 (Ω)-orthonormal, and some damping is applied to
the wavelets near the interior boundaries, see [Ste03] for details.
The general proof of the boundedness assumption 2.5.2 on Q is a difficult open problem.
Its validity can be indirectly verified by numerical experiments, like those in Section 2.6.4.
∗
According to [Ste03, Remark 3.13], the boundedness of Q on `w
τ (N ) for all s ∈ (0, s ) is
(almost) a necessary requirement for the scheme to behave optimally.
Moreover, not restricting our analysis to wavelet frames and to differential equations, there
exist other frames, for example time–frequency localized Gabor frames (and more generally
all intrinsically polynomially localized frames, cf. [1]), for which the boundedness of the
corresponding Q has been proven rigorously (see [1, Section 7, Theorem 7.1]). Therefore,
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for specific operator equations, optimality of the adaptive algorithm introduced below
based on, e.g., Gabor frame discretizations, is justified theoretically.
Remark 2.5.1. For cases in which Assumption 2.5.2 might not be valid, one can apply a
modified algorithm that contains a recurrent inexact application of a projector to reduce
components in ker(L), similar to the algorithm modSOLVE in [Ste03] based on Richardson iteration. Although for this algorithm optimal computational complexity can also be
shown, even with a simpler proof, we focus on the algorithm without this projector, since
we expect it to have better quantitative properties.
Let w be an approximation for u with r := f −Lw 6= 0, and let us denote κ(L) := kLkkL† k.
1
We set hh·, ·ii := hL·, ·i and the semi–norm ||| · ||| := hh·, ·ii 2 . Since we want to replace the
infinite sequences by finite ones without destroying the overall convergence of the scheme,
the basic tool for this is the following perturbation result. It clarifies the approximations
we need in order not to spoil the convergence.
Proposition 2.5.3. For any λ ∈ ( κ(L)−1
κ(L)+1 , 1), there exists a δ = δ(λ) > 0 small enough,
such that if kr̃ − rk ≤ δkr̃k and kz − Lr̃k ≤ δkr̃k, then with
w̃ := w +

hr̃, r̃i
r̃,
hz, r̃i

we have
|||u − w̃||| ≤ λ|||u − w|||,
hr̃,r̃i
| . 1.
and | hz,r̃i

Now we are in the position to formulate our inexact steepest descent scheme. The first
step is to establish a routine that computes an approximate residual of the current approximation w for u within a sufficiently small tolerance ζ such that either, in view of
Proposition 2.5.3, the relative error in this approximate residual is below some prescribed
tolerance δ, or the residual itself, being a measure of the error in w, is below some other
prescribed tolerance ε. In view of controlling the components of the approximations in
ker(L), the tolerance ζ should be in anyway below some third input parameter ξ.
RES[w, ξ, δ, ε] → [r̃, ν]:
ζ := 2ξ
do ζ := ζ/2
r̃ := RHS[ζ/2] − APPLY[w, ζ/2]
until ν := kr̃k + ζ ≤ ε or ζ ≤ δkr̃k
The routine RES has the property that [r̃, ν] = RES[w, ξ, δ, ε] terminates with ν ≥ krk,
ν & min{ξ, ε} and kr − r̃k ≤ ξ. In addition, if RES terminates with ν > ε, then
kr − r̃k ≤ δkr̃k, ν ≤ (1 + δ)kr̃k, and ν ≤ 1+δ
1−δ krk.
With this routine at hand we can formulate the compressive algorithm which reads as
follows.
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Algorithm 2.5.4. SOLVE[ω, ε] → w:
% Input should satisfy ω ≥ kQuk.
% Let λ and δ = δ(λ) be constants as in Proposition 2.5.3.
% Fix some constants µ > 1, β ∈ (0, 1).
β
% Let K, M be the smallest integers with β K ω ≤ ε, λM ≤ 1−δ
1+δ (1+3µ)κ(L) , respectively.
w0 := 0; ω0 := ω
for i := 1 to K do
ωi
% C3 from Proposition 2.5.3
w̄i := wi−1 ; ωi := βωi−1 ; ξi := (1+3µ)C
3M
ωi
ωi
while with [r̃i , νi ] := RES[w̄i , ξi , δ, (1+3µ)kL
† k ], νi > (1+3µ)kL† k do
zi := APPLY[r̃i , δkr̃i k]
hr̃i ,r̃i i
r̃i
w̄i := w̄i + hz
i ,r̃i i
enddo
3µωi
]
wi := COARSE[w̄i , 1+3µ
endfor
It turns out that Algorithm 2.5.4 indeed converges with the optimal order.
Theorem 2.5.5.
w)k ≤ ε.

i) If ω ≥ kQuk, then w := SOLVE[ω, ε] terminates with kQ(u −

ii) For any η ∈ (0, s∗ ), let s̆ = s∗ − η2 , τ̆ = ( 12 + s̆)−1 , and let the constant β inside
SOLVE satisfy
β < min{1, [C1 (τ̆ )C2 (τ̆ )|I − Q|`wτ̆ →`wτ̆ ]2(s

∗ −η)/η

}.
1/s

−1/s |u|
Then, if for some s ∈ (0, s∗ − η], u ∈ `w
and, when
τ (N ), then #supp w . ε
`w
τ
ε . ω . kuk, the number of arithmetic operations and storage locations required by
the call is bounded by some absolute multiple of the same expression.

2.6

Numerical experiments

After the construction of a convergent and asymptotically optimal steepest descent algorithm, we now report the numerical results. We want to compare it with the adaptive
scheme based on the damped Richardson iteration. The version of the latter scheme appearing in [1] [Ste03] has been proven to converge and, under Assumption 2.5.2, to be
also asymptotically optimal. Unfortunately its concrete implementation has shown it to
be rather inefficient and therefore not well suited for comparisons. For this reason, we
compare the results of our adaptive frame algorithm SOLVE with those obtained with
the Richardson iteration based method from [CDD02]. This scheme can be shown to converge also in the case of a wavelet frame discretization, but a proof of its optimality has
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Figure 2.3: Exact solution (solid line) for the one–dimensional example being the sum of
the dashed and dash–dotted functions.
not been achieved yet. Still its quantitative performances are competitive and we see that
it is in fact optimal in practice. Again the routines RHS, APPLY, and COARSE are
the basic building blocks for its implementation which reads as follows.
Algorithm 2.6.1. CDD2SOLVE[η, ε] → w:
% Input should satisfy η ≥ kQuk.
2
% Define the parameters αopt := kLk+kL
† k−1 and ρ :=
K
% Let θ and K be constants with 2ρ < θ < 1/2.

κ(L)−1
κ(L)+1 .

w := 0;
while η > ε do
for j := 1 to K do

ρj η
ρj η
w := w + αopt RHS[ 2αK
] − APPLY[w, 2αK
] ;
endfor
η := 2ρK η/θ;
w := COARSE[w, (1 − θ)η];
enddo
For the discretization we use aggregated wavelet frames on suitable overlapping domain
decompositions, as the union of local wavelet bases lifted to the subdomains. As such
local bases we use piecewise linear and piecewise quadratic wavelets with complementary
boundary conditions from [DS98], with order of polynomial exactness d = 2 or d = 3
and with d˜ = 2 or d˜ = 5 vanishing moments respectively. In particular, we impose here
homogenous boundary conditions on the primal wavelets and free boundary conditions on
the duals. We test the algorithms on both 1D and 2D Poisson problems.
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Figure 2.4: Left: Convergence histories of SOLVE and CDD2SOLVE with respect to
CPU time. Two tests for CDD2SOLVE with different fixed damping parameters are
shown. Right: Convergence histories with respect to the support size of the iterands.

2.6.1

Poisson Equation on the Interval

We consider the variational formulation of the following problem of order 2t = 2 on the
interval Ω = (0, 1), i.e., n = 1, with homogenous boundary conditions
−u00 = f

on Ω,

u(0) = u(1) = 0.

The right-hand side f is given as the functional defined by f (v) := 4v( 21 ) +
where
g(x) = −9π 2 sin(3πx) − 4.

(2.44)
R1
0

g(x)v(x)dx,

The solution is consequently given by

u(x) = − sin(3πx) +

2x2
, x ∈ [0, 12 )
,
2(1 − x)2 , x ∈ [ 21 , 1]

see Figure 2.3.
As an overlapping domain decomposition we choose Ω = Ω1 ∪ Ω2 ,
where Ω1 = (0, 0.7) and Ω2 = (0.3, 1). Associated to this decomposition we construct our
aggregated wavelet frames just as the union of the local bases. It is shown in [1] [Ste03]
that such a system is a (Gelfand) frame for H0t (Ω) and that it can provide a suitable
characterization of Besov spaces in terms of wavelet coefficients. Hence, in this case the
sophisticated analysis of the previous sections is not needed, whereas it will be necessary
for the 2D problem.
On the one hand, the solution u is contained in H0s+1 (Ω) only for s < 21 . This means that
linear methods can only converge with limited order. On the other hand, it can be shown
that u ∈ Bτs (Lτ (Ω)) for any s > 0, 1/τ = s − 1/2, so that the wavelet frame coefficients u
d−t
associated with u define a sequence in `w
τ for any s < n (see [DeV98, Ste03]). This ensures
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Ω1 = (0, 0.7) and Ω2 = (0.3, 1)

Figure 2.5: Distribution of active wavelet frame elements in Ω1 and Ω2 .
that the choice of wavelets with suitable order d can allow for any order of convergence in
adaptive schemes like that presented in this paper, in the sense that the error is O(N −s )
where N is the number of unknowns. Due to our choice of piecewise linear wavelets with
order d = 2, the optimal rate of convergence is expected to be s = d−t
n = 1. We show that
the numerical experiments confirm this expected rate.
We tested the adaptive wavelet algorithms CDD2SOLVE with parameters αopt ≈ 0.52,
θ = 2/7, K = 83, and with initial η = 64.8861, and SOLVE with parameters δ = 1,
µ = 1.0001, β = 0.9, M = C3 = 1, K = 134, ω0 = 64.8861. The parameters M, C3
have been chosen so as to produce an optimal response of the numerical results. The
numerical results in Figure 2.4 illustrate the optimal computational complexity of the two
schemes. In particular, we show that for a suboptimal choice of the damping parameter
(α∗ = 0.2 ≤ αopt ≈ 0.52 in this specific test) SOLVE outperforms CDD2SOLVE. In
practice, the wrong guess of the damping parameter can even spoil convergence and/or
optimality. Finally, Figure 2.5 illustrates the distribution of the active wavelet frame
elements used by the steepest descent scheme, each of them corresponding to a colored
rectangle. The two overlapping subintervals are shown separately. For both patches one
observes that the adaptive scheme detects the singularity of the solution. The chosen frame
elements arrange in a tree–like structure with large coefficients around the singularity,
while on the smooth parts the coefficients are uniformly distributed, and along a fixed
level they are of similar size here.

2.6.2

Towards domain decomposition methods

Figure 2.5 is also very useful in order to highlight a fundamental behavior of SOLVE and
CDD2SOLVE. In the overlapping region nearly the same wavelet coefficients related to
both patches are simultaneously activated. This means that these algorithms are unable
to eliminate the frame redundancy and to compute the very sparsest representation of the
solution. This problem can be solved by realizing a coarsening that does not just threshold
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Figure 2.6: Exact solution (left) and right–hand side for the two–dimensional Poisson
equation in an L–shaped domain.
coefficients but really promotes very sparse representations. However, such a procedure
needs to implement a basis pursuit strategy which can be computationally expensive. A
more promising direction is to implement a Schwarz alternating method, as proposed, e.g.,
in [Osw97a, Osw97b]. A recent exploration of this idea [Wer] confirms that this domain
decomposition strategy indeed promote sparser solutions, hence it is computationally more
advantageous. Indeed the wavelet coefficients activated in one patch contribute to the datum of the problem to be solved on the other patch, and are not going to re-activated
again there. We do not include here these preliminary results. We limit ourself to addressing the attention of the reader to the papers [6-7] where compressive algorithms based on
domain decompositions and subspace corrections for variational problems with sparsity
constraints are analyzed, see Section 3.3.

2.6.3

Poisson Equation on the L-shaped Domain

We consider the model problem of the variational formulation of Poisson’s equation in two
spatial dimensions:
−∆u = f in Ω, u|∂Ω = 0.
(2.45)
The problem will be chosen in such a way that the application of adaptive algorithms pays
off most, as is the case for domains with reentrant corners. Here, the reentrant corners
themselves lead to singular parts in the solutions, forcing them to have a limited Sobolev
regularity, even for smooth right–hand sides f . We use
2
S(r, θ) := ζ(r)r2/3 sin( θ),
3
as the exact solution, which is shown together with the corresponding right–hand side
in Figure 2.6. It is well-known that S ∈ H s (Ω) for s < 5/3 only, but it is contained
in every Besov space Bτs (Lτ (Ω)), where s > 0, 1/τ = (s − 1)/2 + 1/2 (see [Dah99]).
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Figure 2.7: Approximations and corresponding pointwise errors produced by the adaptive
steepest descent algorithm, using piecewise quadratic frame elements. Upper part: Approximations with 167, 898, and 2351 frame elements. Lower part: Approximations with
2934, 3532, and 4648 frame elements.

36

Summary

Figure 2.8: Convergence histories of SOLVE and CDD2SOLVE with respect to CPU
time using piecewise quadratic frame elements (d = 3, d˜ = 5).
As has been previously noted, the convergence rate of a uniform refinement strategy is
determined by the Sobolev regularity of the solution, while in the context of adaptive
schemes it depends on the Besov regularity (cf. [DDD97]). In particular, considering
piecewise quadratic approximation, the best possible convergence rate in the H 1 (Ω)-norm
5
for uniform refinement strategies is O(N −( 3 −1)/2 ), with N being the number of unknowns,
whereas our adaptive frame scheme gives the optimal rate O(N −1 ). For our numerical
experiments, we use an aggregated wavelet frame. With Ω1 = (−1, 0) × (−1, 1), Ω2 =
(−1, 1) × (−1, 0), and 2 = (0, 1)2 , let κi be affine bijections between 2 and Ωi (i = 1, 2).
For Ψ2 being a piecewise quadratic wavelet basis for H01 (2), where d = 3 and d˜ = 5,
we set F = ∪2i=1 κi (Ψ2 ). We tested the adaptive wavelet algorithms CDD2SOLVE with
parameters αopt ≈ 0.15, θ = 2/7, K = 80, and with initial η = 70.1, and SOLVE with
parameters δ = 1, µ = 1.0001, β = 0.9, M = C3 = 1, K = 150, ω0 = 70.1.
In Figure 2.7 we show some of the approximations and the corresponding pointwise differences to the exact solution produced by our steepest descent scheme using piecewise
quadratic frame elements. The numerical results in Figure 2.8 illustrate the optimal convergence of the two schemes.

2.6.4

Basis improvement

So far, we restricted our numerical tests to piecewise linear and quadratic wavelets with
complementary boundary conditions as defined in [DS98]. Of course, one may consider
higher order wavelets, but one would encounter the following drawback. For the wavelet
bases constructed in [DKU99, DS98], as soon as the order increases, their condition number
increases also rather significantly, spoiling the benefits due to adaptivity. Nevertheless,
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Figure 2.9: Convergence histories of the adaptive steepest descent method with respect to
the support size of the iterates (left column) or CPU time (right column) for d = d˜ = 3.
The algorithm has been tested with aggregated frames based on interval bases from [3]
(solid line) and [DS98] (dashed line).
very recently new bases have been constructed [3] [Pri06] that exhibit significantly better
condition numbers and they allow for more efficient implementations with high order
bases. The intention of this section is to compare the quantitative numerical performance
of an adaptive numerical frame scheme for the solution of elliptic operator equations, when
either the new wavelet bases from [3] or the bases constructed in [DS98] are employed as
a building block for the construction of an aggregated Gelfand frame. As such reference
systems, tensor products of the biorthogonal spline wavelet bases of order d = 3 with
complementary boundary conditions from [3] and [DS98] will be employed, such that the
primal wavelets have d˜ = 3 vanishing moments. We apply the routine SOLVE for the 1D
situation on the interval and the 2D situation on the L-shaped domain as already done
before.
In the 1D case, the left diagram in Figure 2.9 demonstrates the decrease of the `2 -error
of an iterate uε of SOLVE with respect to # supp uε . Indeed, the optimal convergence
rate d − 1 = 2 can be observed for both types of bases on the interval. Due to the smaller
spectral condition number of L, the basis from [3] performs quantitatively better. The
right diagram addresses the relation between `2 -error and CPU time. Because of the
generally smaller supports of the iterates and the smaller number of iterations needed,
here, a remarkable discrepancy between the performances of SOLVE can be observed. In
particular, in order to attain the same accuracy, when our new bases are employed, about
ten times less CPU time is needed compared to the bases from [DS98].
In the 2D case, considering linear approximation with piecewise quadratic spline wavelets
(d = 3), the best possible convergence rate in the H 1 (Ω)-norm for uniform refinement
5
strategies is O(N −( 3 −1)/2 ), with N being the number of unknowns, whereas our adaptive
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Figure 2.10: Convergence histories of the adaptive steepest descent method with respect
to the support size of the iterates (left column) or CPU time (right column) for d = d˜ = 3.
The algorithm has been tested with aggregated frames based on interval bases from [3]
(solid line) and [DS98] (dashed line).
frame scheme gives the optimal rate O(N −1 ).
In Figure 2.10 we collected the convergence histories of SOLVE for both types of biorthogonal wavelets on the interval. Again quantitatively better results are obtained for our new
basis in terms of the degrees of freedom N and the CPU time spent.

2.7

Adaptive Frame Methods for Nonlinear Variational Problems

The analysis and the compressive algorithms presented in [4] can be used for the numerical
treatment of several classical nonlinear problems corresponding to well-posed quadratic
saddle-point problems arising, e.g., in fluid dynamics [GR86] and magnetohydrodynamics
[CMS04, MS99].
The above mentioned physical problems fit the following abstract setting: There exist
separable Hilbert spaces V and H such that V ⊂ H ⊂ V0 with bounded and dense
inclusions. There exists an operator A : V → V0 such that hAv, wiV0 ×V := a(v, w) defines
an elliptic bilinear form, i.e., there exist positive constants α, β such that αkvk2V ≤
a(v, v) ≤ βkvk2V for all v ∈ V. The ellipticity of a implies that kAvkV0 ∼ kvkV and that
A is a boundedly invertible operator with kA−1 k ≤ α−1 . We also assume that there exists
a trilinear form a1 inducing a bounded bilinear operator A1 : V × V → V0 , defined by
hA1 (v, w), ziV0 ×V := a1 (v, w, z) for v, w, z ∈ V.
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In [4] we study the following abstract problem:
Find u ∈ V such that
Au + A1 (u, u) = `,

(2.46)

where ` ∈ V0 is a functional on V.

The local solvability of (2.46) is ensured by the following well-known result.
Theorem 2.7.1. Let H : V → V be given by H(v) := A−1 (` − A1 (v, v) ). The following
hold true
α
(a) If 0 < r < 2kA
, then H|Br is a contraction with Lipschitz constant L :=
1k
where Br is the closed ball of radius r centered in 0;

(b) If 0 < r <

α
kA1 k

2kA1 kr
,
α

and k`kV0 ≤ r(α − kA1 kr), then H|Br : Br → Br ;

2

α
, then the equation (2.46) has a unique solution u ∈ V with kuk <
(c) If k`kV0 ≤ 4kA
1k
α
2kA1 k and the solution is computable by the fixed point iteration

un+1 = Hun ,
u =

u0 = 0,

n ∈ N0 ,

(2.47)

lim un .

n→∞

Note that (2.47) is equivalent to
Aun+1 = ` − A1 (un , un ),

n ∈ N0 ,

u0 = 0.

(2.48)

Under our assumptions on A, the equations in (2.48) are elliptic operator equations. In
[4] we derive a discrete problem equivalent to the abstract nonlinear problem in (2.46)
and prove that the solution of the discrete problem exists and is unique under certain assumptions on the parameters of the original problem and frames chosen for discretization.
The discrete problem is indeed obtained using suitable Gelfand frames for the Gelfand
triple (V, H, V0 ). We also show that the derived discrete fixed point iteration can be realized efficiently using the key routine CDD2SOLVE to approximate the solution of the
elliptic problems in (2.48) adaptively. Complexity estimates of the resulting compressive
algorithms are obtained making use of the results in [BD04, CDD03a, CDD03b] for the
efficient treatment of the nonlinearity. A key role is played by the concept of best–tree
approximation which is also generalized to frame approximations.
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Chapter 3

Fast Algorithms for Variational
Problems with Sparsity
Constraints
In this chapter we summarize the results of the papers [5-9]. Again we limit ourself to
pointing out the relevant mathematical concepts and results, and to show few significant
numerical experiments which confirm the theoretical achievements. We avoid technicalities
and we do not include neither the proofs nor all the results. In particular we completely
skip those of the paper [6], and we refer the reader directly there for more details.

3.1

Introduction

Often in applications the quantity of interest is not given explicitly, but only indirect
observations are furnished by measurements. Although complex phenomena are often
governed by nonlinear rules, still the assumption of linear dependence of the observations
on the quantity of interest covers many interesting problems and surprisingly works well
also for certain nonlinear situations. In this overview we are concerned with linear inverse
problems although most of our results can be generalized to nonlinear problems too, see
for instance [CW05, RT05, RT06].
Let K and H be (separable) Hilbert spaces and A : K → H a bounded linear operator.
Assume we are given (observations) data g ∈ H,
g = Af.
Then our goal consists in reconstructing the (unknown) element f ∈ K. We are interested
in particular in the situation when the corresponding linear mapping from the vector f
to the vector g is not invertible or ill-conditioned. Moreover, we may assume that the
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data g are corrupted by noise. Thus, in order to deal with our reconstruction problem a
regularization is required [EHN96].
Of course, with incomplete data (i.e., few measurements) and noise disturbance, it is
impossible to recover f without imposing further constraints which help to shape the
solution of the problem. Therefore our main assumption is that f is sparse with respect to
a pre-assigned frame or basis (for the Hilbert space K). Our aim is to model the sparsity
constraint within a regularization term. Let us clarify what we do mean with sparsity in
this context.
We assume that we have given a suitable frame {ψλ : λ ∈ Λ} ⊂ K indexed by a countable
set Λ. This means that there exist constants 0 < c1 ≤ c2 < ∞ such that
X
c1 kf k2K ≤
|hf, ψλ i|2 ≤ c2 kf k2K
for all f ∈ K.
(3.1)
λ∈Λ

As mentioned in the previous chapter, frames allow for a (stable) series expansion of any
f ∈ K of the form
X
f = F ∗ u :=
uλ ψλ
(3.2)
λ∈Λ

where u = (uλ )λ∈Λ ∈ `2 (Λ). The bounded linear operator F ∗ : `2 (Λ) → K is again the
frame synthesis map.
For f to be compressible with respect to the frame {ψλ }, we mean that f can be wellapproximated by a sparse series of the form (3.2) with only a small number of nonvanishing coefficients uλ . Sparsity also means that only few information is conveyed by f .
It is reasonable to expect that only few suitable measurements, although incomplete to
identify an arbitrary element in K, might be sufficient to characterize and to reconstruct
f . Sparsity is an effective quality for the characterization of the solution f whenever it
can be compressed by means of a suitable frame expansion, e.g., natural images, audio
signals, biological signals etc. This explains the incredible success of this new regularization
approach in a variety of applications.
It is now established that sparsity can be modelled as the sequence u having a small `1 (Λ)
norm. Indeed, the minimization of the `1 (Λ) norm promotes that only few entries are
non-zero.
On the basis of these considerations, several authors, e.g., [EHJT04, FN03, SCD03,
SNM03, Tib96], proposed independently the regularized functional
X
J (u) = kg − T uk2H + τ kuk1 = kg − T uk2H + τ
|uλ |,
(3.3)
λ∈Λ

which has to be minimized with respect to the vector of coefficients u = (uλ )λ∈Λ . Here we
introduced the operator T = A ◦ F ∗ : `2 (Λ) → H, which combines the frame synthesis map
with the original model A. The `1 norm in this functional represents the regularization
term, see [DDD04] for precise statements. Once the minimizer u = (uλ ) is determined
we
P
obtain a reconstruction of the vectors of interest by means of f = F ∗ u = λ uλ ψλ . A
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compressive algorithm can be taken to perform the minimization with respect to u: Pick
an initial u(0) ∈ `2 (Λ) (u(0) = 0 is a good choice) and iterate
u(n+1) = Sτ (u(n) + T ∗ (g − T u(n) )),

n ≥ 0.

(3.4)

where Sτ is the so-called soft-thresholding operator, which acts componentwise Sτ v =
(Sτ vλ )λ∈Λ and defined by

Sτ (x) =

x − sign(x) τ2 , |x| > τ2
0,
otherwise.

As pointed out in [CW05], the iteration (3.4) combines a forward step, addressed to the
minimization of kg − T uk2H in the direction of its gradient, and a backward step which
promotes the `1 -minimization via thresholding. In [DDD04] the algorithm in (3.4) was
analyzed and the authors proved that it converges strongly to a minimizer u∗ of the functional J . The proof of this result is based on the application of the Opial’s fixed point
theorem which implies the weak convergence, and on specific properties of the thresholding
operator which allow to turn the weak convergence into strong. Besides the elegant mathematics needed for the convergence proof, one of the major advantages of this algorithm
is its simplicity, also in terms of implementation. Unfortunately, no rate of convergence
is ensured for the algorithm in (3.4). In practice, the algorithm converges relatively fast
for few very initial iterations, but after this short transition, it starts dramatically to slow
down. These effects are very well documented in the paper [5], see also [LNDD07] for a
discussion in applications. In particular, in [5] an alternative approach is proposed towards
projected gradient methods where the iteration (3.4) is substituted with
u(n+1) = PR (u(n) + β (n) T ∗ (g − T u(n) )),

n ≥ 0.

(3.5)

where PR is the projection onto the `1 -ball of radius R > 0, and β (n) > 0 are suitable
descent parameters. Again, this latter algorithm converges strongly to a minimizer of J
where τ = τ (R) is chosen according to R. Indeed, in this case the convergence is much
faster in practice. Nevertheless, as soon as the dimension of the problem is very large, the
computation of the projection PR and of an optimal β (n) may result again computationally
demanding. Since no convergence rate can again be theoretically ensured for this second
algorithm, it is difficult to estimate the trade-off between computational cost and fast
convergence.
A different acceleration strategy of the basic iterative thresholding algorithm (3.4) is proposed in [6] by alternating subspace corrections determined by a suitable decomposition
of the label set Λ.
(0,L)

This leads, e.g., to the following sequential algorithm: Pick an initial uΛ1

(0,M )

+ uΛ2

:=
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u(0) ∈ `1 (Λ), for example u(0) = 0, and iterate
 ( (n+1,0)
(n,L)

uΛ1
= uΛ1 




(n+1,`+1)
(n+1,`)

∗ ((g − T u(n,M ) ) − T u(n+1,`) )

u
=
S
u
+
T
` = 0, . . . , L − 1
α
Λ2 Λ2
Λ1 Λ1

Λ1
Λ1
 ( Λ1
(n+1,0)
(n,M )
uΛ2
= uΛ2 



(n+1,`+1)
(n+1,`)

∗ ((g − T u(n+1,L) ) − T u(n+1,`) )

u
=
S
u
+
T
` = 0, . . . , M − 1
α
Λ1 Λ1
Λ2 Λ2

Λ2
Λ2
Λ2


 (n+1)
(n+1,L)
(n+1,M )
u
:= uΛ1
+ uΛ2
.
(3.6)
Here we denoted uΛi any vector supported on Λi , and with TΛi the submatrix of T where
only the columns corresponding to entries in Λi are considered. The benefit from this
approach is twofold:
1. Instead of solving one large problem with many iteration steps, we can solve approximatively several smaller subproblems, which might lead to an acceleration of
convergence and a reduction of the overall computational effort.
2. The subproblems do not need more sophisticated algorithms, simply reproduce at
smaller dimension the original problem, and they can be solved in parallel.
Nevertheless, more general subspace correction methods can be considered. In this case, it
is also worth a generalization of the problem. Let H be again a real separable Hilbert space.
We are interested in the numerical minimization in H of the general form of functionals
J (u) := kT u − gk2H + 2αψ(u),
where T ∈ L(H) is a bounded linear operator, g ∈ H is a datum, and α > 0 is a fixed
constant. The function ψ : H → R+ ∪ {+∞} is a semi-norm for a suitable subspace Hψ of
H. In particular, we investigate splittings into arbitrary orthogonal subspaces H = V1 ⊕V2
for which we may have
ψ(πV1 (u) + πV2 (v)) 6= ψ(πV1 (u)) + ψ(πV2 (v)),

u, v ∈ H,

where πVi is the orthogonal projection onto Vi . With this splitting we want to minimize
J by suitable instances of the following alternating algorithm: Pick an initial V1 ⊕ V2 3
(0)
(0)
u1 + u2 := u(0) ∈ HΨ , for example u(0) = 0, and iterate
 (n+1)
(n)

≈ arg minv1 ∈V1 J (v1 + u2 )
 u1
(n+1)
(n+1)
u2
≈ arg minv2 ∈V2 J (u1
+ v2 )

 (n+1)
(n+1)
(n+1)
u
:= u1
+ u2
.
This algorithm is implemented by solving the subspace minimization via an oblique thresholding iteration. We provide in [7] a detailed analysis of the convergence properties of this
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sequential algorithm and of its modification for parallel computation. We motivate this
rather general approach by two relevant applications in domain decomposition methods
for total variation minimization and in accelerated sparse recovery algorithms based on
`1 -minimization.
In the papers [8-9] a very general family of iterative thresholding algorithms is analyzed for
joint sparse and vector valued recovery, and their convergence properties are also discussed.

3.2

Projected Gradient Methods

The problem of finding the sparsest solution to the under-determined linear equation
T u = g is a hard combinatorial problem, not tractable numerically except in relatively
low dimensions. For some classes of operators T (typically finite dimensional matrices
with the so-called restricted isometry property), however, one can prove that the problem
reduces to the convex optimization problem of finding the solution with the smallest `1
norm [Don06, CT06, CRT06a, CRT06b]. Even for T outside this class, `1 − minimization
seems to lead to very good approximations to the sparsest solutions. It is in this sense
that an algorithm of type (3.4) could conceivably be called ‘fast’: it is fast compared to a
brute-force exhaustive search for the sparsest u∗ .
A more honest evaluation of the speed of convergence of algorithm (3.4) is a comparison
with linear solvers that minimize the corresponding `2 penalized functional, such as, e.g.,
the conjugate gradient method. One finds, in practice, that the thresholded Landweber
iteration (3.4) is not competitive at all in this comparison. It is, after all, the composition of thresholding with the (linear) Landweber iteration, which is a gradient descent
algorithm with a fixed step size, known to converge usually quite slowly; interleaving it
with the nonlinear thresholding operation does unfortunately not change this slow convergence. On the other hand, this nonlinearity did foil our attempts to “borrow a leaf” from
standard linear steepest descent methods by using an adaptive step length – once we start
taking larger steps, the algorithm seems to no longer converge in at least some numerical
experiments.
We take a closer look at the characteristic dynamics of the thresholded Landweber iteration
in Figure 3.11 . As this plot of the discrepancy D(u(n) ) = kT u(n) −gk2 versus ku(n) k1 shows,
the algorithm converges initially relatively fast, then it overshoots the value kū(τ )k1 (where
ū(τ ) := limn→∞ u(n) ), and it takes very long to re-correct back. In other words, starting
from u(0) = 0, the algorithm generates a path {u(n) ; n ∈ N} that is initially fully contained
in the `1 -ball BR := {u ∈ `2 (Λ); kuk1 ≤ R}, with R := kū(τ )k1 . Then it gets out of the
ball to slowly inch back to it in the limit. A first intuitive way to avoid this long “external”
detour is to force the successive iterates to remain within the ball BR . One method to
achieve this is to substitute for the thresholding operations the projection PBR , where, for
1
Note the different notations in this figure. The symbol K corresponds to the operator T , y to the
datum g and x is the variable, hence corresponding to u.
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Figure 3.1: The path, in the kxk1 vs. kKx − yk2 plane, followed by the iterates x(n) of
different iterative algorithms. The operator K and the data y are taken from a seismic
tomography problem [LNDD07]. The boxes correspond to the thresholded Landweber
algorithm. In this example, iterative thresholded Landweber (3.4) first overshoots the
`1 norm of the limit (represented by the fat dot), and then requires a large number of
iterations to reduce kx(n) k1 again (500 are shown in this figure). The crosses correspond
to the path followed by the iterates of the projected Landweber iteration (3.7), only 15
iterates are shown. The solid line corresponds to the limit trade-off curve (or optimal
Pareto curve), generated by x̄(τ ) for decreasing values of τ > 0. The vertical axes uses a
logarithmic scale for clarity.
any closed convex set C, and any u, we define PC (u) to be the unique point in C for which
the `2 −distance to u is minimal. With a slight abuse of notation, we shall denote PBR by
PR ; this will not cause confusion, because it will be clear from the context whether the
subscript of P is a set or a positive number. We thus obtain the following algorithm: Pick
an arbitrary u(0) ∈ `2 (Λ), for example u(0) = 0, and iterate
h
i
(3.7)
u(n+1) = PR u(n) + T ∗ g − T ∗ T u(n) .
We will call this the projected Landweber iteration.
The typical dynamics of this projected Landweber algorithm are illustrated in Fig. 3.1(a).
The norm ku(n) k1 no longer overshoots R, but quickly takes on the limit value (i.e.,
kū(τ )k1 ); the speed of convergence remains very slow, however. In this projected Landweber iteration case, modifying the iterations by introducing an adaptive “descent parameter” β (n) > 0 in each iteration, defining u(n+1) by
h
i
u(n+1) = PR u(n) + β (n) T ∗ (g − T u(n) ) ,
(3.8)
does lead, in numerical simulations, to promising, converging results (in which it differs
from the soft-thresholded Landweber iteration, where introducing such a descent parameter did not lead to numerical convergence, as noted above).
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Figure 3.2: For a given vector a ∈ `2 , kSτ (a)k1 is a piecewise linear continuous and
decreasing function of τ (strictly decreasing for τ < maxi |ai |) . The knots are located at
{|ai |, i : 1 . . . m} and 0. Finding τ such that kSτ (a)k1 = R ultimately comes down to a
linear interpolation. The figure is made for the finite dimensional case.
The typical dynamics of this modified algorithm shows larger steps and faster convergence
(even when compared with the projected Landweber iteration). We shall refer to this
modified algorithm as the projected gradient iteration or the projected steepest descent; it
is the main topic of the paper [5].
The main issue is to determine how large we can choose the successive β (n) , and still prove
norm convergence of the algorithm in `2 (Λ).

3.2.1

The main ingredients

The main ingredients of the projected gradient method are the orthogonal projection PR
and the adaptive choice of the parameters β (n) .
We discuss how the projection can be efficiently computed in finite dimensions. We first
observe a useful property of the soft-thresholding operator.
Lemma 3.2.1. For any fixed a ∈ `2 (Λ) and for τ > 0, kSτ (a)k1 is a piecewise linear,
continuous, decreasing function of τ ; moreover, if a ∈ `1 (Λ) then kS0 (a)k1 = kak1 and
kSτ (a)k1 = 0 for τ ≥ maxi |ai |.
A schematic illustration is given in Figure 3.2.
The following lemma shows that the `2 projection PR (a) can be obtained by a suitable
thresholding of a.
Lemma 3.2.2. If kak1 > R, then the `2 projection of a on the `1 ball with radius R is
given by PR (a) = Sµ (a) where µ (depending on a and R) is chosen such that kSµ (a)k1 = R.
If kak1 ≤ R then PR (a) = S0 (a) = a.
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These two lemmas prescribe the following simple recipe for computing the projection
PR (a). In a first step, sort the absolute values of the components of a (an O(m log m)
operation if #Λ = m is finite), resulting in the rearranged sequence (a∗` )`=1,...,m , with
a∗` ≥ a∗`+1 ≥ 0 for all `. Next, perform a search to find k such that
kSa∗k (a)k1 =

k−1
X

(a∗` − a∗k ) ≤ R <

`=1

k
X


a∗` − a∗k+1 = kSa∗k+1 (a)k1

`=1

or equivalently,
kSa∗k (a)k1 =

k−1
X

k
X


` a∗` − a∗`+1 ≤ R <
` a∗` − a∗`+1 = kSa∗k+1 (a)k1 ;
`=1

`=1

the complexity
of this step
 is again O(m log m). Finally, set

−1
ν := k
R − kSa∗k (a)k1 , and µ := a∗k + ν. Then
kSµ (a)k1 =

X

max(|ai | − µ, 0) =

i∈Λ

=

k−1
X

k
X

(a∗` − µ)

`=1

(a∗` − a∗k ) + kν = kSa∗k (a)k1 + kν = R.

`=1

These formulas were also derived in [8, Lemma 4.1 and Lemma 4.2 (c)], by observing that
PR (a) = a − S∞
R (a), where
S∞
(kx − ak2 + 2Rkxk∞ ),
R (a) = arg min
m
x∈R

x ∈ Rm .

(3.9)

The latter is again a thresholding operator, but it is related to an `∞ penalty term.
The next issue to clarify is the choice of β (n) .

Definition 3.2.1. We say that the sequence β (n) n∈N satisfies Condition (B) with respect

to the sequence u(n) n∈N if there exists n0 so that:
(B1)

β̄ := sup{ β (n) ; n ∈ N } < ∞

(B2)

β (n) kT (u(n+1) − u(n) )k2 ≤ rku(n+1) − u(n) k2

and

inf{ β (n) ; n ∈ N } ≥ 1
∀n ≥ n0 .

We shall abbreviate this by saying that ‘the β (n) satisfy Condition (B)’. The constant r
used in this definition is r := kT ∗ T k`2 →`2 < 1. (We can always assume, without loss of
generality, that kT k`2 →H < 1; if necessary, this can be achieved by a suitable rescaling of
T and g.)
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Note that the choice β (n) = 1 for all n, which corresponds to the projected Landweber
iteration, automatically satisfies Condition (B); since we shall show below that we obtain
convergence when the β (n) satisfy Condition (B), this will then establish, as a corollary,
convergence of the projected Landweber iteration algorithm (3.7) as well. We shall be
interested in choosing, adaptively, larger values of β (n) ; in particular, we like to choose
β (n) as large as possible.
Remark 3.2.1.
• Condition (B) is inspired by the standard length-step in the steepest
descent algorithm for the (unconstrained, unpenalized) functional kT x − gk2 . In this
case, one can speed up the standard Landweber iteration u(n+1) = u(n) + T ∗ (g −
T u(n) ) by defining instead u(n+1) = u(n) + αT ∗ (g − T u(n) ), where α is picked so that
it gives the largest decrease of kT x − gk2 in this direction. This gives
h
ih
i−1
α = kT ∗ (g − T u(n) )k2 kT T ∗ (g − T u(n) )k2
.
(3.10)
In this linear case, one easily checks that α also equals
h
ih
i−1
α = ku(n+1) − u(n) k2 kT (u(n+1) − u(n) )k2
;

(3.11)

in fact, it is this latter expression for α (which inspired the formulation of Condition
(B)) that is most useful in proving convergence of the steepest descent algorithm.
• Because the definition of u(n+1) involves β (n) , the inequality (B2), which uses u(n+1)
to impose a limitation on β (n) , has an “implicit” quality. In practice, it may not
be straightforward to pick β (n) appropriately; one could conceive of trying first a
kr(n) k2
; if this value works, it is retained; if it doesn’t,
“greedy” choice, such as e.g. kT
r (n) k2
it can be gradually decreased (by multiplying it with a factor slightly smaller than
1) until (B2) is satisfied.

3.2.2

The convergence result

With a concrete recipe to compute the projection and the Condition (B) we can formulate
the main result.

Theorem 3.2.3. The sequence u(n) n∈N as defined in (3.8), where the step-length se
quence β (n) n∈N satisfies Condition (B) with respect to the u(n) , converges in norm to a
minimizer of D(u) = kT u − gk2 on BR .
For numerical results and a discussions on the performances of this algorithm we refer the
reader to [5]. Let us just include an example inspired by a real-life application in geoscience
[LNDD07], in particular an application in seismic tomography based on earthquake data.
The solution space consists of the wavelet coefficients of a 2D seismic velocity perturbation.
There are 8192 degrees of freedom. In this particular case the number of data is 1848.
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Figure 3.3: The different convergence rates of the thresholded Landweber algorithm (solid
line), the projected Landweber algorithm (dashed line) and the projected steepest descent
algorithm (dotted line), for the third example. The projected steepest descent algorithm
converges about four times faster than the thresholded Landweber iteration. The projected
Landweber iteration does better at first (not visible in this plot), but looses with respect
to iterative thresholding afterwards. The horizontal axis has time (in hours), the vertical
axis displays the relative error.
Hence the matrix T has 1848 rows and 8192 columns. We apply the different methods to
the same noisy data that are used in [LNDD07] and measure the time to convergence up
to a specified relative error (see Figure 3.3). This example illustrates the slow convergence
of the thresholded Landweber algorithm (3.4), and the improvements made by a projected
steepest descent iteration (3.8)

3.3

Subspace Correction Methods

In this section we summarize the results included in [6, 7], which describe different methods
to accelerate the convergence based on a dimensionality reduction induced by alternating
subspace corrections. Since the formulation in [7] generalizes the one in [6] to a certain
extent and for the sake of a concise presentation, we do only report the former. However,
the special results in [6] are stronger, as we will remark below.
In the following H is again a real separable Hilbert space endowed with the norm k · kH . If
(vλ ) is a sequence of positive weights then we define the weighted spaces `p,v = `p,v (Λ) =

P
p
p 1/p ,
{u, (uλ vλ ) ∈ `p (Λ)} with norm kukp,v = kuk`p,v = k(uλ vλ )kp =
λ∈Λ vλ |uλ | )
(with the standard modification for p = ∞). The Euclidean space is denoted by RM
endowed with the Euclidean norm, but we will also use the M -dimensional space `M
q , i.e.,
M
R endowed with the `q -norm. By R+ we denote the non-negative real numbers.

3.3.1

The formulation of the general problem

We are given a function ψ : H → R+ ∪ {+∞} with the following properties:
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(Ψ1) ψ(0) = 0;
(Ψ2) ψ is sublinear, i.e., ψ(u + v) ≤ ψ(u) + ψ(v) for all u, v ∈ H;
(Ψ3) ψ is 1-homogeneous, i.e., ψ(λu) = |λ|ψ(u) for all λ ∈ R.
(Ψ4) ψ is lower-semincontinuous in H, i.e., for any converging sequence un → u in H
ψ(u) ≤ lim inf ψ(un ).
n∈N

Associated with ψ we assume that there exists a dense subspace Hψ ⊂ H for which ψ|Hψ
is a seminorm and Hψ endowed with the norm
kukHψ := kukH + ψ(u),
is a Banach space. In the following we require
(H1) bounded subsets in Hψ are sequentially bounded in another topology τ ψ of Hψ ;
(H2) ψ is lower-semicontinuous with respect to the topology τ ψ ;
In practice, we will always require also that
(H3) Hψ = {u ∈ H : ψ(u) < ∞}.
We list in the following the specific examples we consider.
Examples 3.3.1. 1. Let Ω ⊂ Rd , for d = 1, 2 be a bounded open set with Lipschitz
boundary, and H = L2 (Ω). We recall that for u ∈ L1loc (Ω)
Z

 1
d
u div ϕ dx : ϕ ∈ Cc (Ω) , kϕk∞ ≤ 1
V (u, Ω) := sup
Ω

is the variation of u and that u ∈ BV (Ω) (the space of bounded variation functions,
[AFP00, EG92]) if and only if V (u, Ω) < ∞, see [AFP00, Proposition 3.6]. In such a case,
|D(u)|(Ω) = V (u, Ω), where |D(u)|(Ω) is the total variation of the finite Radon measure
Du, the derivative of u in the sense of distributions. Thus, we define ψ(u) = V (u, Ω)
and it is immediate to see that Hψ must coincide with BV (Ω). Due to the embedding
L2 (Ω) ⊂ L1 (Ω) and the Sobolev embedding [AFP00, Theorem 3.47] we have
kukHψ = kuk2 + V (u, Ω) ' kuk1 + |Du|(Ω) = kukBV .
Hence (Hψ , k·kHψ ) is indeed a Banach space. It is known that V (·, Ω) is lower-semincontinuous
with respect to L2 (Ω) [AFP00, Proposition 3.6]. We say that a sequence (un )n in BV (Ω)
converges to u ∈ BV (Ω) with the weak-∗-topology if (un )n converges to u in L1 (Ω) and
Dun converges to Du with the weak-∗-topology in the sense of the finite Randon measures.
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Bounded sets in BV (Ω) are sequentially weakly-∗-compact ([AFP00, Proposition 3.13]),
and V (·, Ω) is lower-semicontinuous with respect to the weak-∗-topology.
2. Let Λ be a countable index set and H = `2 (Λ). For a strictly
positive sequence
P
w = (wλ )λ∈Λ , i.e., wλ ≥ w0 > 0, we define ψ(u) = kuk`1,w (Λ) := λ∈Λ wλ |uλ |. The space
Hψ simply coincides with `1,w (Λ). Observe that bounded sets in Hψ are sequentially
weakly compact in H and that, by Fatou’s lemma, ψ is lower-semicontinuous with respect
to both strong and weak topologies of H.
3. Let H = RN endowed with the Euclidean norm, and Q : RN → Rn , for n ≤ N ,
is a fixed linear operator. We define ψ(u) = kQuk`n1 . Clearly Hψ = RN and all the
requested properties are trivially fulfilled. One particular example of this finite dimensional
situation is associated with the choice of Q : RN → RN −1 given by Q(u)i := N (ui+1 − ui ),
i = 0, . . . , N − 2. In this case ψ(u) = kQuk`N −1 is the discrete variation of the vector u
1
and the model can be seen as a discrete approximation to the situation encountered in
the first example, by discrete sampling and finite differences, i.e., setting ui := u( Ni ) and
u ∈ BV (0, 1).
In the following we will consider orthogonal decompositions of H into closed subspaces.
We will also require that such a splitting is bounded in Hψ .
Assume that V1 , V2 are two closed, mutually orthogonal, and complementary subspaces of
H, i.e., H = V1 ⊕ V2 , and πVi are the corresponding orthogonal projections, for i = 1, 2.
Moreover we require the mapping property
πVi |Hψ : Hψ → Viψ := Hψ ∩ Vi ,

i = 1, 2,

continuously in the norm of Hψ , and ran(πVi |Hψ ) = Viψ is closed. This implies that Hψ
splits into the direct sum Hψ = V1ψ ⊕ V2ψ .
Examples 3.3.2. 1. Let Ω1 ⊂ Ω ⊂ Rd , for d = 1, 2, be two bounded open sets with
Lipschitz boundaries, and Ω2 = Ω \ Ω1 . We define
Vi := {u ∈ L2 (Ω) : supp(u) ⊂ Ωi },

i = 1, 2.

Then πVi (u) = u1Ωi . For ψ(u) = V (u, Ω), by [AFP00, Corollary 3.89], Viψ = BV (Ω) ∩ Vi
is a closed subspace of BV (Ω) and πVi (u) = u1Ωi ∈ Viψ , i = 1, 2, for all u ∈ BV (Ω).
2. Similar decompositions can be considered for the examples where H = `2 (Λ) and
ψ(u) = kuk`1,w , see, e.g., [5], and H = RN and ψ(u) = kQuk`n1 .
We are interested in the minimization in H (actually in Hψ ) of the functional
J (u) := kT u − gk2H + 2αψ(u),
where T ∈ L(H) is a bounded linear operator, g ∈ H is a datum, and α > 0 is a fixed
constant. In order to guarantee the existence of its minimizers we assume that:
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(C) J is coercive in H, i.e., {J ≤ C} := {u ∈ H : J (u) ≤ C} is bounded in H.
Examples 3.3.3. 1. Assume Ω ⊂ Rd , for d = 1, 2 be a bounded open set with Lipschitz
boundary, H = L2 (Ω) and ψ(u) = V (u, Ω) (compare Examples 3.3.1.1). In this case we
deal with total variation minimization. It is well-known that if T 1Ω 6= 0 then condition
(C) is indeed satisfied, see [Ves01, Proposition 3.1] and [CL97].
2. Let Λ be a countable index set and H = `2 (Λ). For a strictly
P positive sequence
w = (wλ )λ∈Λ , i.e., wλ ≥ w0 > 0, we define ψ(u) = kuk`1,w (Λ) := λ∈Λ wλ |uλ | (compare
with Examples 3.3.1.2). In this case condition (C) is trivially satisfied since J (u) ≥
2αψ(u) = 2αkuk`1,w (Λ) ≥ γkuk`2 (Λ) , for γ = 2αw0 > 0.
The minimization of J is a classical problem [ET99] which was recently re-considered
by several authors, [Cha04, CW05, DDD04, DTV07, SCD03, Tib96], with emphasis on
the computability of minimizers in particular cases. They studied essentially the same
algorithm for the minimization which may generalize to a certain extent the one in (3.4).
For ψ with properties (Ψ1 − Ψ4), there exists a closed convex set Kψ ⊂ H such that
ψ ∗ (u) = sup {hv, ui − ψ(v)}
v∈H

0
if u ∈ Kψ
= χKψ (u) =
+∞ otherwise.
See also Examples 3.3.4.2 below. In the following we assume furthermore that Kψ = −Kψ .
For any closed convex set K ⊂ H we denote, as before, PK (u) = arg minv∈K ku − vkH the
orthogonal projection onto K. For Sψ
α := I − PαKψ , called the generalized thresholding
map in the signal processing literature, the iteration
(n)
u(n+1) = Sψ
+ T ∗ (g − T u(n) ))
α (u

(3.12)

converges weakly to a minimizer u ∈ Hψ of J , for any initial choice u(0) ∈ Hψ , provided
T and g are suitably rescaled so that kT k < 1. For particular situations, e.g., H = `2 (Λ)
and ψ(u) = kuk`1,w , one can prove the convergence in norm [DDD04, DTV07].
As is pointed out, for example in [5-6], this algorithm converges with a poor rate, unless T
is non-singular or has special additional spectral properties. For this reason accelerations
by means of projected steepest descent iterations [5] and domain decomposition methods
[6] were proposed.
The particular situation considered in [6] is H = `2 (Λ) and ψ(u) = kuk`1 (Λ) . In this case
one takes advantage of the fact that for a disjoint partition of the index set Λ = Λ1 ∪ Λ2
we have the splitting ψ(uΛ1 + uΛ2 ) = ψ(uΛ1 ) + ψ(uΛ2 ) for any vector uΛi supported on
Λi , i = 1, 2. Thus, a decomposition into column subspaces (i.e., componentwise) of the
operator T (if identified with a suitable matrix) is realized, and alternating minimizations
on these subspaces are performed by means of iterations of the type (3.4). This leads, e.g.,
to the sequential algorithm (3.6).
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The nice splitting of ψ as a sum of evaluations on subspaces does not occur, for instance,
when H = L2 (Ω), ψ(u) = V (u, Ω) = |Du|(Ω), and Ω1 ∪ Ω2 ⊂ Ω ⊂ Ω̄1 ∪ Ω̄2 is a disjoint
decomposition of Ω. Indeed, cf. [AFP00, Theorem 3.84], we have
Z
−
|D(uΩ1 + uΩ2 )|(Ω) = |DuΩ1 |(Ω1 ) + |DuΩ2 |(Ω2 ) +
|u+
Ω1 (x) − uΩ2 (x)|dH1 (x) .
{z
}
| ∂Ω1 ∩∂Ω2
additional interface term
(3.13)
Here one should not confuse Hd with any Hψ since the former indicates the Hausdorff
measure of dimension d. The symbols v + and v − denote the left and right approximated
limits at jump Rpoints [AFP00, Proposition 3.69]. The presence of the additional boundary
−
interface term ∂Ω1 ∩∂Ω2 |u+
Ω1 (x) − uΩ2 (x)|dH1 (x) does not allow to use in a straightforward
way iterations as in (3.12) to minimize the local problems on Ωi .
Moreover, also in the sequence space setting mentioned above, the hope for a better
conditioning by column subspace splitting as in [6] might be ill-posed, no such splitting
needs to be well conditioned in general.
Therefore, one may want to consider arbitrary subspace decompositions and, in order to
deal with these more general situations, we investigate splittings into arbitrary orthogonal
subspaces H = V1 ⊕ V2 for which we may have
ψ(πV1 (u) + πV2 (v)) 6= ψ(πV1 (u)) + ψ(πV2 (v)).
In principal, in this summary we limit ourself to consider the detailed analysis for two subspaces V1 , V2 . Nevertheless, the arguments can be easily generalized to multiple subspaces
V1 , . . . , VN , see, e.g., [6].
With this splitting we want to minimize J by suitable instances of the following alternating
(0)
(0)
algorithm: Pick an initial V1 ⊕ V2 3 u1 + u2 := u(0) ∈ HΨ , for example u(0) = 0, and
iterate
 (n+1)
(n)

≈ arg minv1 ∈V1 J (v1 + u2 )
 u1
(n+1)
(n+1)
(3.14)
u2
≈ arg minv2 ∈V2 J (u1
+ v2 )

 (n+1)
(n+1)
(n+1)
u
:= u1
+ u2
.
We use “≈” (the approximation symbol) because in practice we never perform the exact
minimization, as it occurred in (3.6). In the following section we discuss how to realize
the approximation to the individual subspace minimizations. As pointed out above, this
cannot just reduce to a simple iteration of the type (3.12).

3.3.2

Local minimization by Lagrange multipliers

Let us consider, for example,
arg minv1 ∈V1 J (v1 + u2 ) = arg minv1 ∈V1 kT v1 − (g − T u2 )k2H + 2αψ(v1 + u2 ).

(3.15)
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First of all, observe that {u ∈ H : πV2 u = u2 , J (u) ≤ C} ⊂ {J ≤ C}, hence the former
set is also bounded by assumption (C), and the minimization (3.15) has solutions. It is
useful to us to introduce an auxiliary functional J1s , called the surrogate functional of J :
Assume a, u1 ∈ V1 and u2 ∈ V2 and define
J1s (u1 + u2 , a) := J (u1 + u2 ) + ku1 − ak2H − kT (u1 − a)k2H .

(3.16)

A straightforward computation shows that
J1s (u1 + u2 , a) = ku1 − (a + πV1 T ∗ (g − T u2 − T a))k2H + 2αψ(u1 + u2 ) + Φ(a, g, u2 ),
where Φ is a function of a, g, u2 only. We want to realize an approximate solution to (3.15)
(0)
by using the following algorithm: For u1 ∈ V1ψ ,
(`+1)

u1

(`)

= arg minu1 ∈V1 J1s (u1 + u2 , u1 ),

` ≥ 0.

(3.17)

Before showing the convergence of this algorithm, we need to investigate first how to
(n+1)
(n)
compute practically u1
for u1 given.
Definition 3.3.1. For a locally convex space V and for a convex function F : V →
R ∪ {−∞, +∞}, we define the subdifferential of F at x ∈ V , as ∂F (x) = ∅ if F (x) = ∞,
otherwise
∂F (x) := ∂FV (x) := {x∗ ∈ V 0 : hx∗ , y − xi + F (x) ≤ F (y) ∀y ∈ V },
where V 0 denotes the dual space of V . It is obvious from this definition that 0 ∈ ∂F (x) if
and only if x is a minimizer of F . Since we deal with several spaces, namely, H, Hψ , Vi , Viψ ,
it will turn out to be useful to distinguish sometimes in which space (and associated
topology) the subdifferential is defined by imposing a subscript ∂V F for the subdifferential
considered on the space V .
Examples 3.3.4. 1. Let V = `1 (Λ) and F (x) := kxk1 is the `1 −norm. We have
∂k · k1 (x) = {ξ ∈ `∞ (Λ) : ξλ ∈ ∂| · |(xλ ), λ ∈ Λ}

(3.18)

where ∂| · |(z) = {sgn(z)} if z 6= 0 and ∂| · |(0) = [−1, 1].
2. Assume V = H and ϕ ≥ 0 is a proper lower-semicontinuous convex function. For
F (u; z) = ku − zk2H + 2ϕ(u), we define the function
proxϕ (z) := arg minu∈V F (u; z),
which is called the proximity map in the convex analysis literature, e.g., [ET99, CW05], and
generalized thresholding in the signal processing literature, e.g., [5, 6] [DDD04, DTV07].
Observe that by ϕ ≥ 0 the function F is coercive in H and by lower-semicontinuity and
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strict convexity of the term ku − zk2H this definition is well-posed. In particular, proxϕ (z)
is the unique solution of the following differential inclusion
0 ∈ (u − z) + ∂ϕ(u).
It is well-known [ET99, RW98] that the proximity map is nonexpansive, i.e.,
k proxϕ (z1 ) − proxϕ (z2 )kH ≤ kz1 − z2 kH .
In particular, if ϕ is a 1-homogeneous function then
proxϕ (z) = (I − PKϕ )(z),
where Kϕ is a suitable closed convex set associated to ϕ, see for instance [CW05].
Theorem 3.3.1 (Oblique thresholding). For u2 ∈ V2ψ and for z ∈ V1 the following
statements are equivalent:
(i) u∗1 = arg minu∈V1 ku − zk2H + 2αψ(u + u2 );
(ii) there exists η ∈ ran(πV2 |∗Hψ ) ' (V2ψ )0 such that 0 ∈ u∗1 − (z − η) + α∂Hψ ψ(u∗1 + u2 ).
Moreover, the following statements are equivalent and imply (i) and (ii).
(iii) there exists η ∈ V2 such that u∗1 = (I−PαKψ )(z+u2 −η)−u2 = Sψ
α (z+u2 −η)−u2 ∈ V1 ;
(iv) there exists η ∈ V2 such that η = πV2 PαKψ (η − (z + u2 )).
Remark 3.3.1. 1. Unfortunately in general we have V2 ( (V2ψ )0 which excludes the complete equivalence of the previous conditions (i)-(iv). However the existence of η ∈ V2 as
in (iii) or (iv) of the previous theorem may occur also in these cases. In general, we can
only observe that V2 is weakly-∗-dense in (V2ψ )0 .
2. For H with finite dimension – which is the relevant case in numerical applications – all
the spaces are independent of the particular attached norm and coincide with their duals,
hence all the statements (i)-(iv) of the previous theorem are equivalent in this case.
A simple constructive test for the existence of η ∈ V2 as in (iii) or (iv) of the previous
theorem is provided by the following iterative algorithm:
η (0) ∈ V2 ,

η (m+1) = πV2 PαKψ (η (m) − (z + u2 )),

m ≥ 0.

(3.19)

Proposition 3.3.2. The following statements are equivalent:
(i) there exists η ∈ V2 such that η = πV2 PαKψ (η−(z+u2 )) (which is in turn the condition
(iv) of Theorem 3.3.1)
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(ii) the iteration (3.19) converges weakly to any η ∈ V2 that satisfies the fixed point
equation in (i).
In particular, there are no fixed points if and only if kη (m) kH → ∞, for m → ∞.
In Examples 3.3.4, we have already observed that
u∗1 = proxαψ(·+u2 ) (z).
For consistency with the terminology of generalized thresholding in signal processing, we
may call the map proxαψ(·+u2 ) an oblique thresholding and we denote it by
1 ,V2
Sψ,V
(z; u2 ) := proxαψ(·+u2 ) (z).
α

3.3.3

Convergence of the sequential alternating subspace minimization

We return to the algorithm (3.14). In the following we denote ui = πVi u for i = 1, 2. Let
(0,L)
(0,M )
us explicitly express the algorithm as follows: Pick an initial V1 ⊕ V2 3 u1
+ u2
:=
u(0) ∈ Hψ , for example u(0) = 0, and iterate
 ( (n+1,0)
(n,L)

u1
= u1



(n+1,`+1)
(n,M ) (n+1,`)


= arg minu1 ∈V1 J1s (u1 + u2
, u1
) ` = 0, . . . , L − 1
 ( u1
(n+1,0)









(n,M )

u2
= u2
(n+1,m+1)
(n+1,L)
(n+1,m)
u2
= arg minu2 ∈V2 J2s (u1
+ u2 , u 2
) m = 0, . . . , M − 1
(n+1,L)

u(n+1) := u1

(n+1,M )

+ u2

.

(3.20)
Note that we do prescribe a finite number L and M of inner iterations for each subspace
respectively.
Theorem 3.3.3 (Convergence properties). The algorithm in (3.20) produces a sequence
(u(n) )n∈N in Hψ with the following properties:
(i) J (u(n) ) > J (u(n+1) ) for all n ∈ N (unless u(n) = u(n+1) );
(ii) limn→∞ ku(n+1) − u(n) kH = 0;
(iii) the sequence (u(n) )n∈N has subsequences which converge weakly in H and in Hψ
endowed with the topology τ ψ ;
(iv) if we additionally assume, for simplicity, that dim H < ∞, (u(nk ) )k∈N is a strongly
converging subsequence, and u(∞) is its limit, then u(∞) is a minimizer of J whenever
one of the following conditions holds
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(∞)

(∞)

(a) ψ(u1 + η2 ) + ψ(u2
i = 1, 2;

(∞)

+ η1 ) − ψ(u1

(∞)

+ u2

) ≤ ψ(η1 + η2 ) for all ηi ∈ Vi ,

(b) ψ is differentiable at u(∞) with respect to Vi for one i ∈ {1, 2}, i.e., there exists
∂
(∞) ) := ζ ∈ (V )0 such that
i
i
∂Vi ψ(u
(∞)

hζi , vi i = lim

ψ(u1

(∞)

+ u2

t→0

(∞)

+ tvi ) − ψ(u1
t

(∞)

+ u2

)

, for all vi ∈ Vi .

Remark 3.3.2. Observe that, by choosing η1 = η2 = 0, condition (a) and (Ψ1) imply that
(∞)

ψ(u1

(∞)

) + ψ(u2

(∞)

+ u2

(∞)

+ u2

) ≤ ψ(u1

(∞)

)

(∞)

)

The sublinearity (Ψ2) finally implies the splitting
(∞)

ψ(u1

(∞)

) + ψ(u2

) = ψ(u1

Conversely, if ψ(v1 ) + ψ(v2 ) = ψ(v1 + v2 ) for all vi ∈ Vi , i = 1, 2, then condition (a) easily
follows. As previously discussed, this latter splitting condition holds only in special cases.
The convergence results in [6] correspond to Examples 3.3.1.2 and they are stronger than
Theorem 3.3.3. In particular, there we prove strong convergence to minimizers of J in
a Hilbert space H, whereas here we restricted the analysis of (iv) to a finite dimensional
space. Also condition (b) is not in practice always verified in the general case. Hence, we
can affirm that in general we cannot expect convergence of the algorithm to minimizers
of J , although it certainly converges to points for which J is smaller than the starting
choice J (u(0) ). However, as it is shown in the numerical experiments related to total
variation minimization, the computed limit can coincide with the expected minimizer, see
[7, Section 7.1.5]

3.3.4

A parallel alternating subspace minimization and its convergence
(n,L)

The most immediate modification to (3.20) is provided by substituting u1
instead of
(n+1,L)
u1
in the second iteration, producing the following parallel algorithm:
 ( (n+1,0)
(n,L)

u1
= u1



(n+1,`+1)
(n,M ) (n+1,`)


= arg minu1 ∈V1 J1s (u1 + u2
, u1
) ` = 0, . . . , L − 1
 ( u1
(n+1,0)









(n,M )

u2
= u2
(n+1,m+1)
(n,L)
(n+1,m)
u2
= arg minu2 ∈V2 J2s (u1
+ u2 , u 2
) m = 0, . . . , M − 1
(n+1,L)

u(n+1) := u1

(n+1,M )

+ u2

.

(3.21)
Unfortunately, this modification violates the monotonicity property J (u(n) ) ≥ J (u(n+1) )
and the overall algorithm does not converge in general. In order to preserve the monotonicity of the iteration with respect to J , a simple trick can be applied, i.e., modifying
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(n+1,M )

u(n+1) := u1
+ u2
by the average of the current iteration and the previous one.
This leads to the following parallel algorithm:
 (
(n+1,0)
(n,L)

u1
= u1



(n+1,`+1)
(n,M ) (n+1,`)


= arg minu1 ∈V1 J1s (u1 + u2
, u1
) ` = 0, . . . , L − 1

 ( u1
(n+1,0)
(n,M )
u2
= u2

(n+1,m+1)
(n,L)
(n+1,m)


u2
= arg minu2 ∈V2 J2s (u1
+ u2 , u 2
) m = 0, . . . , M − 1



(n+1,L)
(n+1,M )
(n)

+u2
+u
 u(n+1) := u1
.
2

(3.22)
We have similar convergence properties for this algorithm as for (3.20).

3.3.5

An application

We want to mention here a special application of the results above towards domain decomposition methods for singular elliptic PDE’s. Domain decomposition methods were
introduced as techniques for solving partial differential equations based on a decomposition of the spatial domain of the problem into several subdomains. The initial equation
restricted to the subdomains defines a sequence of new local problems. The main goal is
to solve the initial equation via the solution of the local problems. This procedure induces
a dimension reduction which is the major responsible of the success of such a method.
Indeed, one of the principal motivations is the formulation of solvers which can be easily
parallelized.
We apply the theory and the algorithms described above to adapt domain decompositions
to the minimization of functionals with total variation constraints. Differently from situations classically encountered in domain decomposition methods for nonsingular PDE’s,
where solutions are usually supposed at least continuous, in our case the interesting solutions may be discontinuous, e.g., along curves in 2D. These discontinuities may cross the
interfaces of the domain decomposition patches. Hence, the crucial difficulty is the correct
treatment of interfaces, with the preservation of crossing discontinuities and the correct
matching where the solution is continuous instead. We consider the minimization of the
functional J in the following setting: Let Ω ⊂ Rd , for d = 1, 2, be a bounded open set with
Lipschitz boundary. We are interested in the case when H = L2 (Ω), Hψ = BV (Ω) and
ψ(u) = |Du|(Ω), the variation of u. Then a domain decomposition Ω = Ω1 ∪ Ω2 induces
the space splitting into Vi := {u ∈ L2 (Ω) : supp(u) ⊂ Ωi }, i = 1, 2. Hence, by means of
the proposed alternating algorithm, we want to minimize the functional
J (u) := kT u − gk2L2 (Ω) + 2α|Du|(Ω).
Here we limit ourself to mention that, to our knowledge, our work is the first in presenting a successful domain decomposition approach to total variation minimization. The
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motivation is that several more classical approaches are directed to the solution of the
Euler-Lagrange equations associated to the functional J , which determine a singular elliptic PDE involving the 1-Laplace operator,


1
∇u
+ T ∗ (T u − g) = 0, on Ω.
− div
|∇u|
α
Due to the fact that |Du|(Ω) is not differentiable, one has to discretize its subdifferential,
and its characterization is indeed hard to implement numerically in a correct way, see
[AK02, Ves01]. The lack of a simple characterization of the subdifferential of the total
variation especially raises significant difficulties in dealing with discontinuous interfaces
between patches of a domain decomposition. Our approach overcomes these difficulties
by minimizing the functional via an iterative proximity-map algorithm, as proposed, e.g.,
in [Cha04], instead of attempting the direct solution of the Euler-Lagrange equations. It
is also worth to mention that, due to the generality of our setting, our approach can be
extended to more general subspace decompositions, not only those arising from a domain
splitting. This can open room to more sophisticated multiscale algorithms where Vi are
multilevel spaces, e.g., from a wavelet decomposition.
We refer the reader to the very convincing numerical examples in [7, Section 7.1.5], that
demonstrate the robustness of our approach.

3.4

A Unified Approach to Thresholding Algorithms

In this section we briefly recall the main results in [8-9] and we refer to those papers
for a more comprehensive presentation. We consider several generalizations of the basic
algorithm (3.4) for the compressed recovery of vector valued solutions. We show how these
generalizations provide a unified interpretation of iterative thresholding algorithms.

3.4.1

Joint sparsity and vector valued solutions

Let K and Hj , j = 1, . . . , N , be (separable) Hilbert spaces and A`,j : K → Hj , j =
1, . . . , M , ` = 1, . . . , N , some bounded linear operators. Assume we are given data gj ∈ Hj ,
gj =

M
X

A`,j f` ,

j = 1, . . . , N.

`=1

Then our basic task consists in reconstructing the (unknown) elements f` ∈ K, ` =
1, . . . , M .
In practice, it happens that the corresponding mapping from the vector (f` ) to the vector
(gj ) is not invertible or ill-conditioned. Moreover, the data gj , j = 1, . . . , N , are often
corrupted by noise. Thus, in order to deal with our reconstruction problem we have to
regularize it.
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Our basic assumption will be that the ’channels’ f` , ` = 1, . . . , M , are correlated by means
of joint sparsity patterns. Our aim is to model the joint sparsity within a regularization
term. In the following we develop this idea.
For the sake of a short notation we resume the data vector into
g = (gj )j=1,...,M ∈ H :=

N
M

Hj

j=1

P
P
where the Hilbert space H is equipped with the usual inner product h j gj , j hj i :=
P
j hgj , hj i with gj , hj ∈ Hj . We also combine the operators A`,j into one operator
A:

M
M

K → H,

A(f` )M
`=1

M
X

=

`=1

!N
.

A`,j f`

`=1

j=1

In order to exploit sparsity ideas we assume that we have given a suitable frame {ψλ :
λ ∈ Λ} ⊂ K indexed by a countable set Λ. We denote again with F ∗ the synthesis map
defined by
X
F ∗ u :=
uλ ψλ
(3.23)
λ∈Λ

where u = (uλ )λ∈Λ ∈ `2 (Λ). Introduce the operators T`,j = A`,j F ∗ : `2 (Λ) → H` and
T : `2 (Λ)

M

→ H,

Tu =

M
X

!N
T`,j u

`=1

`

=

M
X
`=1

j=1

!N
∗ `

A`,j F u

.
j=1

A main assumption here is that the f` = F ∗ u` to be reconstructed are sparse with respect
to the frame {ψλ }. Additionally, different components f` should be assumed mutually
correlated. A way to incorporate such correlation is the assumption of joint sparsity. By
this we mean that the pattern of non-zero coefficients representing f` is (approximately)
the same for all the channels. In other words, for some finite set of indexes Λ0 ⊂ Λ and
for all ` = 1, . . . , N there is an expansion
X
f` ≈
u`λ ψλ .
λ∈Λ0

In particular, the same Λ0 can be chosen for all f` ’s.
The approach to support sparsity is to encode the joint sparsity information in some sort
of indicator function. In [8] the following functional has been proposed
X
X
X
(q)
J(u, v) = Jθ,ρ,ω (u, v) := kT u − gk2H +
vλ kuλ kq +
ωλ kuλ k22 +
θλ (ρλ − vλ )2 .
λ∈Λ

λ∈Λ

λ∈Λ

(3.24)
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restricted to vλ ≥ 0. Here, (θλ )λ , (ρλ )λ , and (ωλ )λ are some suitable positive sequences.
The task is to minimize J(u, v) jointly with respect to both the variables u, v. The first
belongs to the space of signals to be reconstructed, the second belongs to the space of
sparsity indicator weights. Here, q > 1 and in particular, q = 2 or q = ∞, represent the
0
interesting cases. In fact if q is large and some |u`λ | is large then the channel entries |u`λ |
are also allowed to be large for `0 6= `, without increasing significantly the norm kuλ |`M
q k.
The minimization of the above norm promotes that all entries of the ’interchannel’ vector
uλ may become significant, once at least one of the components |u`λ | is large. Moreover for
the minimizer (u, v) we will have vλ = 0 (or close to 0) if kuλ kq is large so that vλ kuλ kq
gets small. On the other hand, if kuλ kq is small then the term θλ (ρλ − vλ )2 dominates
and forces vλ to be close to ρλ . Thus, vλ serves indeed as an indicator of large values of
kuλ kq . It has the effect, that if vλ is chosen small due to one large u`λ then also the other
0
coefficients u`λ , `0 6= ` can be
P chosen large without making the functional considerably
bigger. The quadratic term λ∈Λ ωλ kuλ k22 serves in order to make the overall functional
convex, depending on the suitable choice of ωλ .
Observe that at the minimizer we will always have 0 ≤ vλ ≤ ρλ . Therefore, we can assume
the domain of J to be `2 (Λ)M × `∞,ρ−1 (Λ)+ where `∞,ρ−1 (Λ)+ denotes the (convex) cone
of all non-negative sequences (vλ ) ∈ `∞,ρ−1 (Λ).

3.4.2

An alternating minimization

The main contribution in [8] consists in providing an algorithm for the minimization of
J(u, v).
For some initial choice v (0) , for example v (0) = (ρλ )λ∈Λ , the algorithm for the computation
(q)
of the minimizer (u∗ , v ∗ ) of the functional J(u, v) = Jθ,ρ,ω (u, v) defined in (3.24) is given
by
u(n) := arg minu∈`2 (Λ)M J(u, v (n−1) ),
(3.25)
v (n) := arg minv∈`∞,ρ−1 (Λ)+ J(u(n) , v).
The minimizer v (n) of J(u(n) , v) for fixed u(n) can be computed explicitly. Indeed, it follows
from elementary calculus that

ρλ − 2θ1λ ku(n) λ kq if ku(n) λ kq < 2θλ ρλ
(n)
(3.26)
vλ =
0
otherwise .
The minimization of J(u, v (n−1) ) with respect to u and fixed v (n−1) can be done by a
thresholded Landweber iteration similar to the one analyzed in [DDD04]. So let v =
(vλ )λ∈Λ be a fixed positive sequence and u(0) ∈ `2 (Λ)M be some arbitrary initial point and
define
(q)
u(m) := Uv,ω
(u(m−1) + T ∗ (g − T u(m−1) )), m ≥ 1,
(3.27)
where
(q)
(Uv,ω
(u))λ = (1 + ωλ )−1 Sv(q)
(uλ )
λ

(3.28)
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0

q
(x),
Sv(q) (x) = x − Pv/2

63

x ∈ RM ,

(3.29)

q0

with Pv/2 denoting the orthogonal projection onto the unit ball of radius v/2 in RM with
q
respect to the q 0 -norm where 1/q 0 + 1/q = 1. For q ∈ {1, 2, ∞} explicit formulas for Sv/2
are given in [8]. By extending the arguments in [DDD04], we prove that the iteration
(3.27) strongly converges to the minimizer of K(u) = J(u, v) under mild conditions on
v and ω [8, Proposition 4.9]. Moreover, we show in [8, Theorem 3.1] that the algorithm
(3.25) indeed converges linearly to the minimizer of the functional J, when the parameters
θ, ρ, ω are chosen such that J is strictly convex.

3.4.3

A unified approach to iterative thresholding algorithms

The iteration (3.27) is derived once more by using the surrogate functional strategy as in
(3.16). In particular, we define
J s (u, v, a) := J(u, v) + ku − ak2`2 (Λ)M − kT (u − a)k2H ,
and we have
(q)
u(m) = Uv,ω
(u(m−1) + T ∗ (g − T u(m−1) ))

= arg minu∈`2 (Λ)M J s (u, v, u(m−1) ).
The choice of minimizing the surrogate functional only with respect to the first variable
u imposes necessarily a successive minimization with respect to the second v as in (3.25).
We may wonder whether an iteration of the type
(u(n) , v (n) ) := arg min(u,v)∈`2 (Λ)M ×`∞,ρ−1 (Λ)+ J s (u, v, u(n−1) ),

(3.30)

where we minimize both variables at the same time, can again provide an efficient and
implementable algorithm for the minimization of J. Actually it turns out that the solution
of the minimization that defines the latter iteration can be computed by
(q)

u(n) = Hθ,ρ,ω (u(n−1) + T ∗ (g − T u(n−1) )),


ρλ − 2θ1λ ku(n) λ kq if ku(n) λ kq < 2θλ ρλ
(n)
v
=
.
0
otherwise .
λ∈Λ
(q)

The nonlinear function Hθ,ρ,ω has an explicit expression, at least for the interesting cases
q = 1, 2, ∞, see [9, Section 3.2] for the details. However it can also be numerically com(q)
puted as the limit Hθ,ρ,ω (u) = limn→∞ z (n) of the following iteration
(q)

z (n) = Uv(n) ,ω (u),

ρλ − 2θ1λ kz (n) λ kq
v (n+1) =
0

if kz (n) λ kq < 2θλ ρλ
otherwise .


.
λ∈Λ
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Again the algorithm (3.30) converges linearly to the minimizer of the functional J, when
the parameters θ, ρ, ω are chosen such that J is jointly strictly convex, see [9, Theorem
4.3] for the detailed statement. Some remarks are in order.
Remark 3.4.1. 1. In the second algorithm (3.30) the iteration variable v (n) does not play
any explicit role, since it depends on u(n) . The latter is the result of a single iteration
of a thresholded gradient step. However, the variable v contributes to the shape of the
(q)
(q)
thresholding function Hθ,ρ,ω , that can be interpreted as an iterative modification of Uv,ω .
Although both algorithms (3.27) and (3.30) converge linearly, the second performs quantitatively better in numerical experiments.
2. Also the application of these algorithms to the sole scalar case is of interest. In this
situation M = 1 and the coupling parameter q does not play any role. As we mentioned
in the Summary, in this case the thresholding function is easy to depict componentwise
and it coincides with a damped firm-thresholding curve, see Figure 1.2. The shape of
this curve depends on the parameters θ, ρ, ω. We can imagine this curve as a piecewise
linear variant of both soft- and hard-thresholding. For ω = 0 and for θ approaching to
infinity, we get closer to the situation encountered in `1 –minimization, whereas for θ → 41
we approach to hard-thresholding and therefore to the nonconvex situation encountered in
`0 -minimization. Moreover, the minimizers of J do depend at least weakly continuously on
the parameters as it is shown, e.g. in [9, Theorem 5.1]. On the basis of these observations,
the theory developed in [8-9] contributes to a unified approach to compressive algorithms
that are clearly interpreted as subgradient iterations to minimize certain convex (and
nonconvex) energy functionals.
An extensive collection of challenging applications and numerical results in color image
restoration and magnetic tomography is included in the papers [8,10-12].
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Introduction
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turned out that adaptive schemes based on wavelets have several important advantages.
The wavelet methodology differs from other conventional schemes in so far as direct use
of bases is made which span appropriate complements between successive approximation spaces. The basic idea of adaptive wavelet schemes can be described as follows.
By using the fact that weighted sequence norms of wavelet expansions are equivalent to
Sobolev norms, efficient and reliable error estimators based on the wavelet expansion of
the residual can be derived. By catching the bulk of the residual coefficients, these error
estimators lead to adaptive refinement strategies which are guaranteed to converge for a
wide range of problems. Indeed, by combining these ideas with the compression properties of wavelets, in [18] a first implementable convergent adaptive scheme for symmetric
elliptic problems has been derived. Moreover, it has turned out that a judicious variant
of this approach produces an asymptotically optimal algorithm [14]. Generalizations to
nonsymmetric and nonlinear problems also exist [15,16]. Moreover, by using adaptive
variants of the classical Uzawa algorithm, saddle point problems can be handled [19,21],
and the applicability of the resulting algorithms to practical problems has been demonstrated in [3]. Nevertheless, the efficiency of all these approaches is still limited by a
serious bottleneck. Usually, the operator under consideration is defined on a bounded
domain  ⊂ Rd or on a closed manifold, and therefore the construction of a wavelet
basis with specific properties on this domain or on the manifold is needed. Although
there exist by now several construction methods such as, e.g., [28,29], none of them
seems to be fully satisfying in the sense that some serious drawbacks such as stability
problems cannot be avoided. One way out could be to use a fictitious domain method
[53], however, then the compressibility of the problem might be reduced.
Motivated by these difficulties, we therefore suggest to use a slightly weaker concept, namely frames. In general, a sequence F = {fn }n∈N in H is a frame for the Hilbert
space H if


f, fn H 2  BF f 2 , for all f ∈ H,
AF f 2H 
H
n∈N

for suitable constants 0 < AF  BF < ∞, see section 3 and [11,31] for further details.
Every element of H has an expansion with respect to the frame elements, but in contrast
to stable multiscale bases, its representation is not necessarily unique. Therefore frame
expansions may contain some redundancy.
On the one hand, because of the redundancy of a frame, orthonormal and biorthogonal representations of functions by means of Riesz bases have been preferred and considered to be a maybe more useful concept since the overcompleteness of a frame has
been interpreted as “low compression rate”, “larger amount of data” and “undetermined
representation”.
On the other hand, the redundancy of a frame proved to play an important role in
practical problems where stability and error tolerance are fundamental as, for example,
denoising, pattern matching, or irregular sampling problems [37] with recent applications in  quantization [33]. Moreover, since one is working with a weaker concept,
the concrete construction of a frame is usually much simpler when compared to stable
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multiscale bases. Consequently, there is some hope that the frame approach might simplify the geometrical construction on bounded domains and manifolds significantly, and
that this important advantage compensates some drawbacks such as singularity problems
in discretizing operators. Moreover, the redundancy of a frame can give the freedom to
implement further properties, which would be mutually exclusive in the Riesz basis case,
e.g., both high smoothness and small support. Potentially this would allow faster and
more accurate computation of the stiffness matrix entries associated, for example, to differential operators with smooth coefficients by Gauss quadrature methods, and sparser
matrix representations of operators.
The potential of frames in numerical analysis is an almost unexplored field. One
of the first interesting attempts to use frames for numerical simulation is [54], being
a pioneering approach to the application of wavelet frames to the adaptive solution of
operator equations. The results presented in this paper are very much inspired by these
developments. However, for several reasons which will be explained in more detail at
the beginning of section 4, we work with a different setting. Instead of using a frame
for the solution space H s , we start with a frame for L2 which, similar to the classical wavelet setting, gives rise to norm equivalences for H s as well as for its dual with
respect to corresponding 2,2s sequence spaces. Therefore we introduce the new concept of Gelfand frames, inducing norm equivalences for Gelfand triples (B, H, B ) of
Banach spaces with respect to corresponding sequence spaces (Bd , 2 , Bd ). Gelfand
frames appear to us to be a more natural generalization of the well-established concept
of unconditional bases in smoothness spaces. We show that, by employing recent results
on Banach frames [17,36,37,43,45,48], the analysis of [54] and [14] carries over to the
Gelfand frame case, i.e., we derive an adaptive frame algorithm which is guaranteed to
converge for a wide range of problems. This is the main result of this paper.
To read the content in the correct light, let us add the following general remarks.
We want to emphasize that we neither claim to rediscover the whole world of adaptive
numerical schemes nor to give the frame analysis a shake-up. It is clear that many of the
building blocks used in this paper have already been established before. Nevertheless,
having in mind the fact that adaptive numerical analysis and frame theory have developed
almost independently in the last years, we think that it is fruitful to bring these two
different fields together and to show that many approaches investigated so far fit together
quite nicely. Especially, we show that many concepts of modern frame theory such as
localization of frames can in fact be very well exploited for numerical purposes.
We also want to deliberately point at the following fact here. The research presented in this paper was mainly motivated by the numerical treatment of elliptic operator
equations. In this context, wavelet frames would be the most natural choice. However,
for the following reason, our approach can also be applied to different settings involving
other kinds of frames. The applicability of adaptive numerical schemes with guaranteed
convergence essentially relies on compressibility properties. But it turns out that for a
large class of operator equations, it is indeed possible to design (Gelfand) frames fitting
the particular problems at hand in the sense that the system matrices arising by the discretization indeed exhibit the nice compressibility properties. One example would be the
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discretization of pseudodifferential operators by brushlet systems, see section 4.3. In the
course of this paper, more details and examples will be given to illustrate and support
this general leitmotif.
This paper is organized as follows. In section 2, we introduce the scope of problems we shall be concerned with. The whole analysis is based on the concept of Banach
frames. Therefore, in section 3, we briefly recall the definition and the basic properties
of Banach and Gelfand frames as far as they are needed for our purposes. Section 4
contains the main result of this paper. We show that, based on a Richardson iteration,
a convergent and implementable adaptive frame algorithm can be derived. The whole
analysis relies on certain norm equivalences the Gelfand frame has to satisfy, and on the
scheme proposed by Stevenson [54] for the adaptive pseudo-inversion of infinite matrices. The norm equivalences are closely related to the localization properties of the
underlying frame. These relationships are discussed in detail in section 5. Then, in section 6, we give an outline how Gelfand wavelet frames on domains can be constructed.
It turns out that a relatively simple approach by using an overlapping partition of the
domain already works. Our result relies on a general concept of exponential localization
with respect to an additional biorthogonal wavelet basis. The underlying metric to measure such localization is a modified version of the well-known Lemarié metric as, e.g.,
described in [44]. Section 7 illustrates another application of our theory. When working
with frames, the computation of the canonical dual, based on the inversion of the frame
operator, is always a nontrivial problem and usually the known numerical algorithms
converge quite slowly. However, it turns out that this problem exactly fits into our setting so that we are able to derive an adaptive numerical scheme with optimal order of
convergence to compute a dual frame. Finally, some technical lemmata, especially concerning the properties of the generalized Lemarié metric, are collected and proved in the
appendix.
2.

The scope of problems
We shall be concerned with linear operator equations
Lu = f,

(1)

where we will assume L to be a boundedly invertible operator from some Hilbert space
H into its normed dual H  , i.e.,
LuH  ∼ uH ,

u ∈ H.

(2)

Here ‘a ∼ b’ means that both quantities can be uniformly bounded by some constant
multiple of each other. Likewise, ‘’ indicates inequalities up to constant factors. We
write out such constants explicitly only when their value matters.
When L is assumed to be boundedly invertible, then (1) has a unique solution u for
any f ∈ H  . In the sequel, we shall mainly focus on the important special case where
a(v, w) := Lv, wH  ×H

(3)
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defines a symmetric bilinear form on H , ·, ·H  ×H corresponding to the dual pairing of
H  and H . We will always assume that a(·, ·) is elliptic in the sense that
a(v, v) ∼ v2H ,

(4)

which is easily seen to imply (2).
Typical examples are second order elliptic boundary value problems on a Lipschitz
domain  ⊂ Rd such as the Poisson equation
− u=f

in ,

u = 0 on ∂

(5)

considered in the weak formulation. In this case, H = H01 (), H  = H −1 (), and the
corresponding bilinear form is given by

∇v · ∇w dx.
(6)
a(v, w) =


Thus H typically is a Sobolev space. Therefore we will from now on always assume
that H and H  , together with L2 (), form a Gelfand triple, i.e.,
H ⊂ L2 () ⊂ H 

(7)

with continuous and dense embeddings.
More general, one also may assume that L is an operator with global Schwartz
kernel

(Lv)(x) =
K(x, y)v(y) dy,


where for d + t + |α| + |β| > 0

 α β
∂ ∂ K(x, y)  x − y−(d+t+|α|+|β|)
.
x y
Rd

(8)

Here  denotes a domain contained in Rd or a closed d-dimensional manifold and t a
suitable parameter, ·Rd denotes the Euclidean norm. Assumption (8) covers a wide
range of cases, including pseudodifferential operators as well as Calderón–Zygmund
operators, cf. [26]. Nevertheless the adaptive numerical scheme we discuss later works
on more general (pseudodifferential) operators, provided that compressibility properties
of the corresponding discretization matrices hold.
We are interested in solving (1) approximately with the aid of a suitable numerical
scheme. One candidate would clearly be the Galerkin method. There one picks some
finite-dimensional space S ⊂ H and searches for uS ∈ S such that
LuS , v = f, v,

u ∈ S,

(9)

where ·, · denotes the standard L2 -inner product. A resonable choice for S would, e.g.,
be a finite element space. However, in this paper we are mainly interested in (wavelet)
frames. Then, one possible strategy would be the following. Choose a suitable subset of
frame elements, project the problem in the sense of (9) onto their span and compute the
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Galerkin approximation, try to estimate the current error in order to choose suitable additional frame elements and so on. But such a standard and classical approach can produce
serious problems, e.g., numerical instability and difficulties to prove convergence. Indeed, since we allow redundancies within the frame, the corresponding stiffness matrices
might be singular. Consequently, to handle this problem, we shall use a different strategy
as outlined in detail in section 4. Instead of using a classical Galerkin scheme, we work
with an 2 -problem equivalent to (1), which is treated by an approximated Richardson
iteration.
3.

Banach frames

In the course of this paper, we have to consider weighted function spaces. To
this end, we introduce a special class of weight functions. A weight w on Rd is a
non-negative real-valued function, which we assume to be continuous without loss of
generality. A weight w on Rd is m-moderate if w(x + y)  m(x)w(y), where m is
a submultiplicative weight on Rd , i.e., m(x + y)  m(x)m(y), and radial symmetric,
i.e., m(x) = m(xRd ). A classical example of a submultiplicative and radial symmetric
function is ms (x) = (1 + xRd )s .
The weighted p -space p,w (N ) on the countable index set N ⊂ Rd with respect
to the weight w is induced by the norm

1/p
p
p
|cn | w(n)
,
(10)
cp,w :=
n∈N

with the usual modification for p = ∞. Throughout this paper, we will require the existence of a map | · | : N → Z, and we use the shorthand notation p,2s (N ) := p,2s|·| (N ).
In the following, we assume that H is a separable Hilbert space with inner product
·, ·H and norm  · H . A sequence F = {fn }n∈N in H is a frame for H if


f, fn H 2 , for all f ∈ H.
(11)
f 2H ∼
n∈N

As a consequence of (11), the corresponding operators of analysis and synthesis given
by


f → f, fn H n∈N ,
(12)
F : H → 2 (N ),

c→
cn fn ,
(13)
F ∗ : 2 (N ) → H,
n∈N

are bounded. The composition S := F ∗ F is a boundedly invertible (positive and selfadjoint) operator called the frame operator and F := S −1 F is again a frame for H, the
canonical dual frame, with corresponding analysis and synthesis operators
F = F (F ∗ F )−1 ,

F ∗ = (F ∗ F )−1 F ∗ .

(14)
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In particular, one has the following orthogonal decomposition of 2 (N )

and

2 (N ) = ran(F ) ⊕ ker(F ∗ ),

(15)

−1

Q := F F ∗ F F ∗ : 2 (N ) → ran(F ),

(16)

is the orthogonal projection onto ran(F ). The frame F is a Riesz basis for H if and
only if ker(F ∗ ) = {0}. The importance of the canonical dual frame is its use in the
reproduction of any element f ∈ H. In fact, one has the following formulas:


f, fn H S −1 fn .
(17)
f = SS −1 f =
f, S −1 fn H fn = S −1 Sf =
n∈N

n∈N

Since a frame is typically overcomplete in the sense that the coefficient functionals
{cn }n∈N in the representation

cn (f )fn
(18)
f =
n∈N

are in general not unique (ker(F ∗ ) = {0}), there exist many possible non-canonical duals
{f˜n }n∈N in H for which

(19)
f, f˜n H fn .
f =
n∈N

A more general definition of frames is required for Banach spaces, see [36,45,48]. A Banach frame for a separable and reflexive Banach space B is a sequence G = {gn }n∈N in
B with an associated sequence space Bd such that the following properties hold:
(B1) the coefficient operator F defined by Ff = (f, gn B×B )n∈N fulfills F ∈
L(B, Bd );
(B2) norm equivalence:
f B ∼



f, gn B×B n∈N

Bd

;

(B3) there exists a synthesis or reconstruction operator R ∈ L(Bd , B), such that



R f, gn B×B n∈N = f,

(20)

(21)

where, for two normed spaces X and Y , we denote by L(X, Y ) the normed space of
linear bounded operators from X to Y and define L(X) := L(X, X).
Assuming that B is continuously and densely embedded in H, one has
B ⊂ H  H ⊂ B  ,

(22)

where X  Y means that the two spaces X and Y are identified via the Riesz mapping.
If the right inclusion in (22) is also dense, then (B, H, B ) is called a Gelfand triple. In
particular, this holds if B is also Hilbert space. A frame F (here F is the canonical dual

[1] Adaptive Frame Methods for Elliptic Operator Equations
34

79

S. Dahlke et al. / Adaptive frame methods for elliptic operator equations

frame) for H is a Gelfand frame for the Gelfand triple (B, H, B ), if F ⊂ B, F ⊂ B
and there exists a Gelfand triple (Bd , 2 (N ), Bd ) of sequence spaces such that



F ∗ : Bd → B,
F ∗c =
cn fn and F : B → Bd ,
F f = f, f˜n B×B n∈N
n∈N

(23)

are bounded operators.
Remark 3.1. If F (again F is the canonical dual frame) is a Gelfand frame for
the Gelfand triple (B, H, B ) with respect to the Gelfand triple of sequence spaces
(Bd , 2 (N ), Bd ), then by duality also the operators



F ∗c =
cn f˜n and F : B → Bd ,
Ff = f, fn B ×B n∈N
F ∗ : Bd → B ,
n∈N

are bounded, see, e.g., [50] for details.
The next result clarifies the relations between Gelfand and Banach frames.
Proposition 3.2. If F is a Gelfand frame for (B, H, B ), then F and F are Banach
frames for B and B , respectively.
Proof. We only show that F is a Banach frame for B, since the second claim follows
by an analogous argument. It suffices to prove (B2). F being the canonical dual of F,
we have by (17) f = n∈N f, f˜n H fn for each f ∈ H, with convergence in H. But
for f ∈ B, we have f, f˜n H = f, f˜n B×B and F ∗ F f ∈ B by the boundedness of F ∗
and F , so that n∈N f, f˜n B×B fn = F ∗ F f = f also converges in B. Hence
f B =


n∈N

4.

f, f˜n

f
B ×B  n

B

= F ∗F f

B

 Ff

Bd

 f B .



Adaptive numerical frame schemes for operator equations

In this section, we want to show how the Gelfand frame setting can be used for
the adaptive numerical treatment of elliptic operator equations of the form (1). Unless
otherwise stated, we shall always assume that (3) and (4) hold, so that L is symmetric.
We want to discretize (1) by means of a suitable Gelfand frame for (B, H, B ),
where we choose B = H , H = L2 and B = H  . Following, e.g., [14], a natural way
would be to expand the operator equation with respect to the frame and to convert the
problem into an operator equation in 2 . However, then the redundancy of the frame
might cause problems in the sense that we might end up with a singular system matrix.
Nevertheless, in theorem 4.2 below we show that this can in fact be handled in practice
and that the solution of our operator equation can in principle be computed by a version
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of the Richardson iteration. It is clear that the resulting scheme is not directly implementable since one has to deal with infinite matrices and vectors. Therefore, following [14,16,54], we also show how the scheme can be transformed into an implementable
one by using approximated versions of the necessary building blocks. The result is a
numerical frame algorithm which is guaranteed to converge.
As already outlined, the analysis presented in this section was inspired by the pioneering work of Stevenson [54]. Nevertheless, there is one essential difference. In [54],
the frame is directly constructed for the solution Hilbert space H by identifying H with
its dual via the Riesz map. This is clearly a reasonable way, however, in the Gelfand
triple setting, it is then not possible to identify also H = L2 with its dual at the same
time, see, e.g., [50] for details. For the following reasons, we prefer Gelfand frames in
(H, L2 , H  ) to Hilbert frames in H for the approximate solution of (1):
(i) From the computational point of view, the Gelfand frame setting is more natural
since the weak formulation of (1) and the Galerkin approximation (9) are usually
done with respect to the scalar product in L2 rather than to that of H , see [50].
(ii) Once a Gelfand frame F for (H, L2 , H  ) has been constructed, there is a good
chance that F can be used to discretize a whole scale of operators L with different
energy spaces H at the same time. The direct usage of Hilbert frames F for H
would make it difficult to reuse the same F for another operator L.
(iii) The construction of Gelfand frames can reuse the well-known techniques from the
Riesz basis case, which will show up in section 6. As an example, wavelet bases on
domains are also constructed in L2 first and then proved to be a stable basis in the
energy space when scaled appropriately [27–29].
(iv) The use of Gelfand frames enables us to exploit all the recent progress concerning
localization of frames. Indeed, by using localization properties, it is possible to
construct suitable families of Banach spaces and to derive Gelfand frames for them
in a quite natural way, see section 5 for details.
Summing up, the frames in this paper are constructed in H but nevertheless give
rise to norm equivalences for B as well as for B . From the notational viewpoint, we
deliberately denote the Hilbert space we are constructing Gelfand frames for with B,
because Gelfand frames are much more closely related to Banach than to Hilbert frames,
see, e.g., proposition 3.2.
4.1. A series representation of the solution
In the following, we fix a Gelfand frame F = {fn }n∈N for (B, H, B ) with a corresponding Gelfand triple of sequence spaces (Bd , 2 (N ), Bd ), where we will always
identify H and 2 (N ) with their duals H and 2 (N ) , respectively.
Moreover, we shall always assume that there exists an isomorphism DB : Bd →
2 (N ), so that its 2 (N )-adjoint DB∗ : 2 (N ) → Bd is also an isomorphism.
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Lemma 4.1. Under the assumptions (3), (4) on L, the operator
 −1
F LF ∗ DB−1
G := DB∗

(24)

is a bounded operator from 2 (N ) to 2 (N ). Moreover G = G∗ and it is boundedly
invertible on its range ran(G) = ran((DB∗ )−1 F ).
Proof. Since G is a composition of bounded operators DB−1 : 2 (N ) → Bd , F ∗ :
Bd → B, L : B → B , F : B → Bd and (DB∗ )−1 : Bd → 2 (N ), G is a bounded operator from 2 (N ) to 2 (N ). Moreover, from the decomposition (24) it is clear that

 −1 

F .
(25)
ran(G) = ran DB∗
ker(G) = ker F ∗ DB−1 ,
Since L is symmetric, we have G = G∗ and the orthogonal decomposition


 −1 
F .
2 (N ) = ker F ∗ DB−1 ⊕ ran DB∗
Therefore G|ran(G) : ran(G) → ran(G) is boundedly invertible.
Theorem 4.2. Let L satisfy (3) and (4). Denote
 −1
Ff
f := DB∗

(26)


(27)

and G as in (24). Then the solution u of (1) can be computed by
u = F ∗ DB−1 Pu,

(28)

where P : 2 (N ) → ran(G) is the orthogonal projection onto ran(G) and u solves

 ∞

(id −αG)n f,
(29)
Pu = α
n=0

with 0 < α < 2/λmax and λmax = G.
Proof. Like in theorem 3.2, we have u = n∈N u, f˜n H fn in H. Since F is a Gelfand
frame, F ∗ F : B → B is bounded and implies u = F ∗ F u = n∈N u, f˜n B×B fn in B.
By proposition 3.2 and using (B3) for F, (1) is equivalent to the following system of
equations

(30)
u, f˜n B×B Lfn , fm B ×B = f, fm B ×B , m ∈ N .
n∈N

Denote u := DB F u and f, G as in (27) and (24). Then (30) can be rewritten as
Gu = f.
For all v ∈ 2 (N )

 −1
F LF ∗ DB−1 v, v 2 (N ) = LF ∗ DB−1 v, F ∗ DB−1 v B ×B .
Gv, v2 (N ) = DB∗

(31)
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Since L is positive, G is positive semi-definite. Let us denote λmax := G and λ+
min :=
−1 −1
(G|ran(G) )  . For 0 < α < 2/λmax , one can consider the operator
B := α

∞


(id −αG)n .

(32)

n=0

Since ρ :=  id −αG|ran(G)  = max{αλmax − 1, 1 − αλ+
min } < 1, with minimum at
α ∗ = 2/(λmax + λ+
),
one
has
that
B
is
a
well-defined
bounded
operator on ran(G).
min
Moreover, it is also clear that
B ◦ G|ran(G) = G ◦ B|ran(G) = idran(G) .

(33)

Gu = GPu = f.

(34)

Since G(id −P) = 0,
Therefore Pu ∈ ran(G) is the unique solution of (31) in ran(G) and by (33)
Pu = Bf.

(35)

By construction
f, fm B ×B = F ∗ Ff, fm
∗

∗

B  ×B

= F DB GPu, fm

= F ∗ DB∗ f, fm
B  ×B

= LF

∗

B  ×B
DB−1 Pu, fm B ×B ,

so that u = F ∗ DB−1 Pu solves (1).

m ∈ N,


4.2. Numerical realization
Now we turn to the numerical treatment of (31). The computation of (29) is nothing
but a damped Richardson iteration


(36)
u(i+1) = u(i) − α Gu(i) − f ,
starting with u(0) = 0. Of course this iteration cannot be practically realized from infinite
vectors. In the following, we show that the approaches by fully adaptive schemes presented in [16,54] to compute approximations of solutions of (31) can also be extended to
the case where the matrix G is computed by a Gelfand frame discretization. Therefore,
for the rest of this section, we refer to [16,54] for details.
Assume that we have the following procedures at our disposal:
• RHS[ε, g] → gε : determines for g ∈ 2 (N ) a finitely supported gε ∈ 2 (N ) such
that
g − gε 2 (N )  ε;

(37)

• APPLY[ε, N, v] → wε : determines for N ∈ L(2 (N )) and for a finitely supported
v ∈ 2 (N ) a finitely supported wε such that
Nv − wε 2 (N )  ε;

(38)
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• COARSE[ε, v] → vε : determines for a finitely supported v ∈ 2 (N ) a finitely
supported vε ∈ 2 (N ) with at most N significant coefficients, such that
v − vε 2 (N )  ε.

(39)

Moreover, N  Nmin holds, Nmin being the minimal number of entries with (39).
Then we can define the following inexact version of the damped Richardson iteration (36):
Algorithm 1. SOLVE[ε, G, f] → uε .
Let θ < 1/3 and K ∈ N be fixed such that 3ρ K < θ .
i := 0, v(0) := 0, ε0 := G|−1
ran(G) f2 (N ) .
While εi > ε do
i := i + 1
εi := 3ρ K εi−1 /θ
f(i) := RHS[θ εi /(6αK), f]
v(i,0) := v(i−1)
For j = 1, . . . , K do
v(i,j ) := v(i,j −1) − α(APPLY[θ εi /(6αK), G, v(i,j −1) ] − f(i) )
do
v(i) := COARSE[(1 − θ )εi , v(i,K) ]
do
uε := v(i) .
Note that here, deviating somewhat from the notation in (36), we denote by v(i) the
result after applying K approximate Richardson iterations at a time to v(i−1) .
Theorem 4.3. In the situation of theorem 4.2, let u ∈ 2 (N ) be a solution of (31). Then
SOLVE[ε, G, f] produces finitely supported vectors v(i,K) , v(i) such that


(40)
P u − v(i) 2 (N )  εi , i  0.
In particular, one has
u − F ∗ DB−1 uε

B

 F ∗  DB−1 ε.

(41)

Moreover, it holds that
Pu + (id −P)v(i−1) − v(i,K)

 2 (N )



2θ εi
,
3

i  1.

(42)

Proof. The proof of (42) and (40) is completely analogous to [54], replacing Q by P.
Since, differently from [54], we here use Gelfand frames for the discretization of (1), we
have to verify in particular (41). In fact, from ker(F ∗ DB−1 ) = ker(G) = ker(P), one has


u − F ∗ DB−1 uε B = F ∗ F u − DB−1 uε B = F ∗ DB−1 (u − uε ) B
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= F ∗ DB−1 P(u − uε )
 F

∗

B

 F∗

−1

DB ε.

DB−1

P(u − uε )

39
 2 (N )



Remarks 4.4.
1. Note that the single iterands v(i) might not be elements of ran(G), which is due to the
APPLY routine. But this has no effect on the convergence of algorithm 1, up to the
prescribed tolerance.
2. When it comes to practical realizations of numerical schemes like algorithm 1, one
is always faced with the problem to estimate the required constants in a reliable way.
Here the spectral quantities λmax and especially λ+
min – which are needed to compute
ε0 – are somewhat critical, which is due to the potentially nontrivial kernel of the
system matrix G. A feasible approximation technique which carries over from the
Riesz basis case is to fix a large frame index set  ⊂ N , set up the corresponding
quadratic submatrix G of G and then to approximate the upper and the nontrivial
lower end of its spectrum by a power iteration and Arnoldi methods [51], respectively.
Numerical implementations of algorithm 1 as well as estimation techniques for the
various constants are a matter of current investigations [56].
Of course, in concrete numerical realizations, the damped Richardson iteration
might exhibit a low convergence rate when the relaxation parameter α is small. This
constitutes one of the key points for the efficiency of such scheme. Generalizations of
algorithm 1 towards, e.g., conjugate gradient iterations can be realized [16], even if, in
some applications [19,30], such generalizations did not give much better results.
Now clearly the question arises how the basic routines RHS, APPLY and
COARSE can be realized numerically. Fortunately, it turns out that the concrete algorithms derived in [14,16,54] also work in our case without any serious difficulty, see
also [20]. The results apply to a huge class of matrices which are compressible in the
following sense. For s ∗ > 0, an operator N ∈ L(2 (N )) is called s ∗ -compressible, if
for each j ∈ N there exist constants αj and Cj and a matrix Nj having at most αj 2j
nonzero entries per column, such that
N − Nj   Cj ,

(43)

where (αj )j ∈N is summable, and for any s < s ∗ , (Cj 2sj )j ∈N is summable.
For an estimation of the computational complexity and the storage requirements of
algorithm 1, we have to introduce the weak τ -spaces w
τ (N ). Given some 0 < τ < 2,
w
τ (N ) is defined as




(44)
w
:= supn∈N n1/τ γn (c) < ∞ ,
τ (N ) := c ∈ 2 (N ): |c|w
τ (N )
where γn (c) is the nth largest coefficient in modulus of c. We refer to [14,32] for further
details on the quasi-Banach spaces w
τ (N ).
Then the fundamental properties of algorithm 1 can be summarized in the following
theorem.
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Theorem 4.5. Assume that for some s ∗ > 0, G is s ∗ -compressible and that for some
s ∈ (0, s ∗ ) and τ = (1/2 + s)−1 , Gu = f has a solution u in w
τ (N ). Moreover, assume
∗
that f is s -optimal in the sense that for a suitable routine RHS for each s ∈ (0, s ∗ ) and
all ε > 0 with fε := RHS[ε, f] the following is valid:
(I) # supp fε  ε−1/s |f|w (N ) ,
1/s
τ

(II) the number of arithmetic operations to compute fε is at most a multiple of
1/s
ε−1/s |f|w (N ) .
τ

In addition, assume that there exists an s̃ ∈ (s, s ∗ ) such that with τ̃ = (1/2 + s̃)−1 , P is
bounded on w
τ̃ (N ). Then, if the parameter K in SOLVE is sufficiently large, for all
ε > 0, uε := SOLVE[ε, G, f] satisfies
(I) # supp uε  ε−1/s |u|w (N ) ,
1/s
τ

(II) the number of arithmetic operations to compute uε is at most a multiple of
1/s
ε−1/s |u|w (N ) .
τ

Remark 4.6. In practical applications, one has to check the s ∗ -compressibility of G and
especially of P in detail, which might be a problem, cf. [54, section 4.3]. In section 7, we
present an application of algorithm 1 where G and P = Q are in fact s ∗ -compressible.
4.3. Compressible matrices
In the previous section, it has turned out that the applicability of the fundamental
algorithm 1 essentially relies on the compressibility properties of the resulting stiffness
matrices. Therefore, in this section, we want to introduce two classes of off-diagonal decaying matrices which are in fact s ∗ -compressible and usually appearing in applications,
for instance, in signal and image processing, numerical analysis and simulation.
The Jaffard class is defined as the class of matrices N = (nk,l )k,l∈N , such that

−r
for all k, l ∈ N , and r > d,
|nk,l |  1 + k − lRd
where N ⊂ Rd is assumed to be separated, i.e.,
inf

k=l,k,l∈N

k − lRd > δ > 0.

As we will discuss in section 7, the Jaffard class turns out to be very useful for
applications of algorithm 1 to the efficient computation of canonical dual frames and in
the solution of more general operator equations. For example, suitable brushlet systems
have been constructed by Borup and Nielsen [8] as unconditional bases for α-modulation
spaces [40]. Borup showed in [7] that such systems discretize pseudodifferential operators in Hörmander classes into Jaffard class matrices G with nice polynomial offdiagonal decay, see [7, proposition 3.2]. Alternatively, one can use α-Gabor-wavelet
frames as introduced in [35,40] for the discretization of such operators. Recently, connections between pseudodifferential operators and time–frequency analysis [46] have
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been recognized, with relevant applications in signal processing and transmission, radar
technology, and wireless communication [38,39].
Proposition 4.7. Let N be a matrix in the Jaffard class and

−η
|nk,l |  1 + k − lRd
for all k, l ∈ N ,
(j )

where η/2 > r > d. Then the matrix Nj = (nk,l )k,l∈N given by

0,
k − lRd > αj 2j ,
(j )
nk,l :=
nk,l , otherwise,
where (αj )j ∈N is a positive summable sequence, is such that
N − Nj   αjd−r 2(d−r)j

for all j ∈ N.

(45)

In particular, N is s ∗ -compressible for s ∗ = r − d.
Proof. We want to use Schur’s lemma. Let us choose as weight wl = (1 + lRd )−r ,
and denote A1 = {l ∈ N : l − kRd  kRd /2} and A2 = N \A1 . If l ∈ A1 , then
lRd  kRd /2 and




−η 
−r
nk,l − n(j ) wl 
d
d
1
+
l
−
k
1
+
l
R
R
k,l
l∈A1

l∈A1 ,
l−kRd >αj 2j





−η
kRd −r
 1+
1 + l − kRd
2
l−kRd >αj 2j


−r

−η
d−η
 1 + kRd
dξ  wk αj 2(d−η)j .
1 + ξ Rd
ξ Rd >αj 2j

If l ∈ A2 then l − kRd > kRd /2 and



nk,l − n(j ) wl 
k,l
l∈A2


−η 
−r
1 + l − kRd
1 + lRd

l∈A2 ,
l−kRd >αj 2j



kRd −η
 1+
2
The assumption η > 2r implies




nk,l − n(j ) wl  1 + kRd r−η
k,l
l∈A1

−r

 1 + kRd


l−kRd >αj 2j




−r
1 + l − kRd

l−kRd >αj 2j



ξ Rd >αj 2j


−r
1 + lRd .


−r
1 + ξ Rd
dξ  wk αjd−r 2(d−r)j .
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d−η

Since η > r, we have αj 2(d−η)j  αjd−r 2(d−r)j and


nk,l − n(j ) wl  wk α d−r 2(d−r)j , for all k ∈ N , j ∈ N.
k,l
j
l

In the same way one can show that


nk,l − n(j ) wk  wl α d−r 2(d−r)j ,
k,l
j

for all l ∈ N , j ∈ N.

k

By Schur’s lemma, N − Nj   αjd−r 2(d−r)j . The s ∗ -compressibility of N is obvious. 
Another important class of off-diagonal decaying matrices is the Lemarié class.
This kind of matrices typically arises in the discretization of nonlocal operators with
Schwartz kernels satisfying (8) by using wavelet frames. The Lemarié class is defined
as the class of matrices N = (nλ,λ )λ,λ ∈J , such that

−r
 
for all λ, λ ∈ J .
(46)
|nλ,λ |  2−s||λ|−|λ || 1 + δ λ, λ
Here we require r > d and s > d/2, d is the spatial dimension and the index λ ∈ J
typically encodes several types of information simultaneously, namely the scale often
denoted by |λ| ∈ Z and the spatial localization, see [14] for more details on the notation.
Furthermore, we assume that δ : N × N → R+ fulfills the following properties:


+ δ(λ, λ ))−r  2d max{0,j −|λ|} , for all λ ∈ J ,

(a)

|λ |=j  (1

(b)

{λ :δ(λ,λ )>R} (1



+ δ(λ, λ ))−r  R −r+d 2d max{0,|λ |−|λ|} , for all λ ∈ J and R > 0,


(c) #{λ ∈ J : δ(λ, λ )  R}  R d 2d||λ|−|λ || , for all λ ∈ J and any R > 0.
A typical example of a function δ fulfilling (a)–(c) is given by



δ λ, λ = 2min{|λ|,|λ |} dist(supp ψλ , supp ψλ ),
where {ψλ }λ∈J is a wavelet system.
In section 6, we construct suitable Gelfand wavelet frames on domains which ensure that the stiffness matrices corresponding to elliptic differential operators are contained in the Lemarié class. We also refer to [14,16,52] for the relevant and related
literature. The s ∗ -compressibility of Lemarié class matrices, depending on the parameters s, r, is discussed in [14, section 2.4, proposition 3.4, corollary 3.7]. In particular,
one has the following:
Proposition 4.8. Suppose that s > d/2, r > d and N = (nλ,λ )λ,λ ∈J satisfies (46).
Then N is s ∗ -compressible, where


1 r
s
∗
− , −1 .
s := min
d
2 d
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Localization of frames and Gelfand frames

As we have discussed in the previous sections, given an operator L : B → B which
satisfies our basic ellipticity assumptions, one should choose a suitable Gelfand frame
for (B, H, B ) such that the corresponding matrix G can exhibit compressibility properties, maybe belonging to one of the off-diagonal decay classes illustrated in section 4.
This ensures that algorithm 1 can work properly and maybe converges with optimal
complexity.
The point is that already the extension of a Hilbert frame for H to a Gelfand frame
for (B, H, B ) is not a trivial problem, especially when one is dealing with highly unstructured situations or complex geometries. For this it is important to have a quite
flexible and general machinery to ensure the Gelfand property also for these cases. For
example, we will discuss in section 6 the construction of Gelfand wavelet type frames
for domains. In order to preserve all the freedom that frames can ensure, we will not
exploit any additional structure, e.g., an underlying multiresolution analysis.
In this section, we illustrate a very general method for ensuring that suitable frames
for the Hilbert space H indeed extend to Gelfand frames for the class of associated Banach spaces B = Hpw (F, F) of the functionals that admit Banach frame expansions with
canonical dual coefficients in p,w (N ). Such abstract machinery can be concretely applied on a very large class of relevant frames appearing, for instance, in several problems
of signal processing, for example, Gabor frames [38,39,46] and more general α-Gaborwavelet frames [35,40,41]. In the next section, we will modify the approach to treat also
the more complicated case of wavelets on domains and manifolds. Especially, our goal
is to prove the following theorem:
Theorem 5.1. Let F be an A-self-localized frame for H, i.e., a frame for which the
corresponding Gramian matrix belongs to a suitable Banach algebra of matrices A. Assume that w is an m-moderate weight (for a suitable choice of m as we will discuss in
the following), and that the triple (p,w (N ), 2 (N ), p ,1/w (N )), 1/p + 1/p = 1 for
some 1  p  ∞, is a Gelfand triple. Then F is a Gelfand frame for the Gelfand triple
(Hpw (F, F), H, Hpw (F, F) ).
Some preparations are necessary. In section 5.1, we discuss the localization properties of frames. Especially, the concept of A-self-localized frames is introduced. Then,
in section 5.2, we show that A-self-localized frames give rise to characterizations of associated Banach spaces in a very natural way. In particular, the spaces Hpw (F, F) and
Hpw (F, F) are introduced and discussed.
5.1. Localization properties
In the following N and X denote index sets taken in Rd . We assume that all index
sets are relatively separated, this means that, for all k ∈ Zd ,



sup card N ∩ k + [0, 1]d := ν < ∞.
k∈Zd
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We want to recall here a concept of mutual localization of two frames measured
by their (cross-)Gramian matrix belonging to a Banach ∗-algebra A of matrices which
is inverse-closed in L(2 (N )). The theory of localized frames with respect to an algebra
has been introduced in [49] and further developed in [43]. We also refer to [17,45,47,48]
for relevant and related papers on localization of frames. In particular, in [43], it has been
shown that a localized frame can extend to a Banach frame in a natural way for a large
family of Banach spaces together with its canonical dual. As we shall see, this will be
useful as a tool for constructing Gelfand frames. In the literature there have already been
developed other tools to extend Riesz bases to unconditional bases of Banach spaces.
These techniques were based, for example, on multilevel nested sequences of spaces
satisfying Jackson and Bernstein inequalities, see, e.g., [23,24]. The localization of
frames theory proves to be another very useful and flexible tool to extend frames to
Gelfand frames.
In the following, A is a Banach ∗-algebra of infinite matrices indexed by N × N
with the following properties:
(A1) A ⊂ L(2 (N )), i.e., each A ∈ A defines a bounded operator on 2 (N );
(A2) if A ∈ A is invertible on 2 (N ), then A−1 ∈ A as well. In the language of Banach
algebras, A is called inverse-closed in L(2 (N ));
(A3) A is solid: if A ∈ A and |bkl |  |akl | for all k, l ∈ N , then B ∈ A, and
B  A.
In the sequel we will call a Banach ∗-algebra A satisfying properties (A1)–(A3)
a solid spectral matrix algebra, or, for brevity, simply a spectral algebra.
There are many examples of spectral algebras such as the Jaffard class introduced
in section 4.3. We refer to [49] for further information where a characterization of a
large class of spectral algebras is presented. The results have been proved there for
infinite matrices indexed by Zd × Zd , but they can be generalized to separated set of
indices. A submultiplicative and radial symmetric weight m is called A-admissible if
(W) any matrix A ∈ A extends to a bounded operator A : p,w (N ) → p,w (N ) for all
1  p  ∞ and for all m-moderate weights w.
We assume in the following that m is an A-admissible weight and A is a solid
spectral matrix algebra. The algebra A now induces a general localization principle.
Given two frames F = {fx }x∈N and G = {gy }y∈N for the Hilbert space H, the (cross-)
Gramian matrix G = G(G, F) of G with respect to F is the N × N -matrix with entries
gx,y = gx , fy H . A frame G for H is called A-localized with respect to another frame
F if G(G, F) ∈ A. In this case we write G ∼A F. If G ∼A G, then G is called
A-self-localized or intrinsically A-localized. In particular, the following theorem has
been proved in [43]:
Theorem 5.2. Each A-self-localized frame G has an A-self-localized canonical dual.

89

90

[1] Adaptive Frame Methods for Elliptic Operator Equations
S. Dahlke et al. / Adaptive frame methods for elliptic operator equations

45

5.2. Associated Banach spaces
In this subsection, we want to show that A-self-localized frames can characterize
suitable families of Banach spaces in a natural way. Let F, F be two mutually dual
A-self-localized frames for H and assume that p,w (N ) ⊂ 2 (N ). Then the Banach
space Hpw is defined as







w
˜
˜
(47)
Hp F, F := f ∈ H: f =
f, fn H fn , f, fn H n∈N ∈ p,w (N )
n∈N

with the norm f Hpw = (f, f˜n H )n∈N p,w (N ) and 1  p  ∞. Since p,w (N ) ⊂
2 (N ), Hpw is a dense subspace of H. If p,w (N ) is not included in 2 (N ) and
1  p < ∞, then we define Hpw to be the completion of the subspace H0 of all finite
linear combinations in F with respect to the norm f Hpw = (f, f˜n H )n∈N p,w (N ) .
w
. The definition of
If p = ∞, then we take the weak∗ -completion of H0 to define H∞
w
Hp (F, F) does not depend on the particular A-self localized dual chosen, and any other
A-self-localized frame G which is A-localized to F generates in fact the same spaces,
cf. [43].
The next step is to show that A-self-localized frames F extend to Banach frames.
To do that, according to the definition of a Banach frame, we have to embed F and its
canonical dual F into a suitable space of continuous functionals. Since H1m is continuously and densely embedded into H, one has the following continuous inclusions
 
(48)
H1m ⊂ H  H ⊂ H1m .
The following characterization of the spaces Hpw (F, F) has been proved in [43]:
Theorem 5.3. Let F be an A-self-localized frame for H. Then the abstract Banach
space Hpw from (47) can be described as



 
w
Hp F, F  f ∈ H1m : f




=
(49)
f, f˜n (Hm ) ×Hm fn , f, f˜n (Hm ) ×Hm n∈N ∈ p,w (N )
n∈N

1

1

1

1

with the norm f Hpw = (f, f˜n (H1m ) ×H1m )n∈N p,w . The convergence of the series
in (49) is unconditional for 1  p < ∞ and the series are convergent in the weak-∗sense of the norm of (H1w ) for p = ∞. In particular, the linear operators



F ∗c =
cn fn ,
F ∗ : p,w (N ) → Hpw F, F ,
F

: Hpw



F, F → p,w (N ),

n∈N



F f = f, f˜n


(H1m ) ×H1m

n∈N

(50)
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F ∗ : p,w (N ) → Hpw F, F ,
F

: Hpw



F, F → p,w (N ),

F ∗c =



cn f˜n ,

n∈N



Ff = f, fn (H1m ) ×H1m n∈N

(51)

are bounded. F and F are Banach frames for Hpw (F, F).
5.3. Proof of theorem 5.1
First we prove that if (p,w (N ), 2 (N ), p ,1/w (N )), 1/p + 1/p = 1, is a
Gelfand triple, then so is (Hpw (F, F), H, Hpw (F, F) ). To this end, we have in par1/w
1/w
ticular to prove that Hpw (F, F) = Hp (F, F). First we show (Hpw ) ⊂ Hp . Since
H1m ⊂ Hpw , then (Hpw ) ⊂ (H1m ) and θ (ϕ) = θ, ϕ(Hpw ) ×Hpw for all θ ∈ (Hpw ) and
w
˜
ϕ ∈ H1m . By (51) f =
n∈N cn fn , c ∈ p,w (N ) implies f ∈ Hp (F, F) and
∞ > |θ (f )| = | n∈N cn θ, f˜n (Hpw ) ×Hpw |. The dual of p,w (N ) coincides with its
Köthe dual
α





p,w (N ) := a ∈ 1 (N ) loc : ac ∈ 1 (N ), for all c ∈ p,w (N )
for all 1 < p < ∞, and (p,w (N ))α = p ,1/ω (N ) for p = 1 or p = ∞,
see, e.g., [57]. So one has (θ, f˜n (Hpw ) ×Hpw )n∈N ∈ p ,1/w (N ), where θ (Hpw ) ∼
(θ, f˜n (Hpw ) ×Hpw )n∈N p ,1/w (N ) , and, since H0 is (weak-∗-)dense in (Hpw ) , one has θ =
1/w
1/w
w 
˜
n∈N θ, fn (Hpw ) ×Hpw fn . This implies that (Hp ) ⊂ Hp  . Conversely, if θ ∈ Hp  ,
one defines the action of θ on Hpw by θ (ϕ) = n θ, f˜n (Hm ) ×Hm fn , ϕH , ϕ ∈ Hpω and
1

1

one has Hp ⊂ (Hpw ) . By theorem 5.3 one immediately has that F and F are Gelfand
frames for (Hpw (F, F), H, Hpw (F, F) ).
1/w

Example 1. For any function f on Rd write
Tx f (t) = f (t − x) and

Mω f (t) = e2πiωt f (t),

(52)

the translation and modulation operators. Their combination π(ξ ) = Mω Tx for ξ =
(x, ω) ∈ R2d is called a time–frequency shift. Let X be a relatively separated set in
the time–frequency plane R2d and let g ∈ L2 (Rd ) be a fixed analyzing function. If the
sequence F = G(g, X ) = {π(ξ )g}ξ ∈X is a frame for L2 (Rd ), then it is called a Gabor
frame if X is a regular lattice, a non-uniform or irregular Gabor frame otherwise.
Consider in the following A = Ar , r > d, the Jaffard inverse-closed Banach
∗-algebra and an r-moderate weight w. In this situation, an Ar -localized frame F is
called r-localized. Let us fix wt (ω) = (1 + ωRd )t for any |t|  r. If 0 = g ∈ S(Rd )
generates a Gabor frame F = G(g, X ), then, for any r > d, F is intrinsically r-localized
and has an intrinsically r-localized canonical dual F = {ẽξ }ξ ∈X . Moreover, it has been
shown in [43] that F and F are Banach frames for suitable classes of modulation spaces
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and in particular for any L2 -Sobolev space H t (Rd ), t ∈ R. This means that the frame
expansions f = ξ ∈X f, ẽξ π(ξ )g = ξ ∈X f, π(ξ )gẽξ converge unconditionally in
H t (Rd ). Moreover, H t (Rd ) can be characterized as




f H t ∼ f, ẽξ  ξ ∈X  (X ) ∼ f, π(ξ )g ξ ∈X  (X ) .
2,wt

2,wt

Therefore the spaces H2wt (F, F) and H t (Rd ) in fact coincide with equivalent norms,
implying that F and F are Gelfand frames for (H t , L2 , H −t ), t  0.
6.

Wavelet Gelfand frames on domains

In this section, we want to come back to the original motivation of this paper,
namely, the adaptive treatment of elliptic operator equations by means of frame algorithms. To this end, it is clearly necessary to construct Gelfand frames of wavelet type
on a bounded domain  ⊂ Rd . It turns out that for the construction of such frames,
we have to generalize the Lemarié localization concept from section 4, and to modify
the strategy illustrated in section 5, mainly because the corresponding matrix class with
exponential off-diagonal decay is not inverse-closed and thus not a spectral algebra. We
introduce and analyze the new localization concept in section 6.1. In section 6.2, we
present an explicit construction of wavelet Gelfand frames on  which fit into the new
localization setting. The major tool is the specific localization to a smooth L2 () auxiliary reference Riesz basis.
6.1. -exponential localization of frames
The construction of Gelfand frames of wavelet type for L2 -Sobolev (and Besov)
spaces requires localization properties of wavelet frames of exponential type, see,
e.g., [17]. However, in the case of bounded domains, the setting of the previous sections has to be slightly generalized. It is mainly the definition of exponential localization
that has to be modified, because the index sets of different frames over  will no longer
be mutually isomorphic in general, cf. [25,27,28]. To cope with this difficulty, let us consider in the following three countable sets of indices N1 , N2 , N3 , a triple  = (1 , 2 , 3 )
of functions i : Nj × Nk → R and projections
π i : N 1 × N2 × N 3 → Nj × Nk ,

πi (x) = (xj , xk ),

(53)

where i ∈ {1, 2, 3}, j, k ∈ {1, 2, 3} \ {i} and j < k. We assume that the following three
generalized triangle inequalities hold for some fixed w0 > 0:






(54)
i πi (x)  j πj (x) + w0 k πk (x) for all x ∈ N1 × N2 × N3 .
Given two frames F = {fx }x∈M and G = {gy }y∈N for the Hilbert space H, we say
that F is -exponentially localized with respect to G (or simply exponentially localized
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once  is fixed) if there exists a choice N1 , N2 , N3 ∈ {M, N } and a function triple
 = (1 , 2 , 3 ) satisfying (54) as above, such that for some s > 0 and some i ∈ {1, 2, 3}


fx , gy H   e−si (x,y) for all x ∈ Nj , y ∈ Nk .
(55)
In such a case we write F ∼exp G. A frame F such that F ∼exp F, is called intrinsically
-exponentially localized. Let us denote here Aexp the class of matrices which have exponential off-diagonal decay, i.e., A ∈ Aexp whenever |ax,y |  e−si (x,y) for some
s > 0, and Bexp ⊂ Aexp is the class of matrices in Aexp such that there exists some
s  ∈ (0, s/w0 ) so that, for s  := s − w0 s  ,


e−s i (x,y) < ∞,
(56)
sup
y∈Nk x∈N
j

where s > 0 is as in formula (55). Note that Aexp is neither closed under multiplication
nor inversion and thus not a spectral algebra. Therefore the theory developed in the
previous section cannot be applied. However, by lemma A.3 in the appendix, one has
that Bexp Aexp ⊂ Aexp and by theorem A.4, for invertible matrices M ∈ Bexp we still have
M−1 ∈ Aexp .
The following result concerning exponential localization is a slight generalization
of those presented in [17,48] and it will turn out to be a helpful alternative technical tool
to show localization properties of canonical dual wavelet frames on domains.
Theorem 6.1. Let F = {fx }x∈M be a frame for H and G = {gy }y∈N a Riesz basis
for H with dual basis G = {g̃y }y∈N such that F ∼exp G. Moreover, we assume that
G(F, G) ∈ Bexp and G(G, F)G(F, G) ∈ Bexp . Then F ∼exp G, where F is the canonical
dual frame of F.
Proof.

Consider the map
 : H → 2 (N ),



f := f, g̃y H y∈N ,

its adjoint
 ∗ : 2 (N ) → H,

 ∗ c :=



cy g̃y

y∈N

and the operator T := S ∗ : 2 (N ) → 2 (N ), where S : H → H, Sf =
x∈M f, fx H fx is the frame operator associated to F. T is an automorphism of 2 (N )
with

Tx,y = ex , Tey 2 (N ) =
g̃y , fz H fz , g̃x H ,
z∈M

and therefore T ∈ Bexp . A straightforward computation yields


−1
−1
fx , g̃y H = SS fx , g̃y H =
S fx , fz H fz , g̃y
z∈M

H
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=



S −1 fx , fz

z∈M

=



f˜x , fz

z∈M

H

H
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fz , g̃y H

fz , g̃y H =

 
z∈M

ξ ∈N


f˜x , gξ H g̃ξ , fz H fz , g̃y H

= (AT)x,y ,
where A := (f˜x , gξ H )x∈M,ξ ∈N . By theorem A.4, we have T−1 ∈ Aexp , and the claim
immediately follows by Ax,y = ξ ∈N fx , g̃ξ H (T−1 )ξ,y , and by Bexp Aexp ⊂ Aexp . 
6.2. Aggregated wavelet frames
In this subsection, we want to establish a straightforward construction of Gelfand
wavelet frames on a bounded open domain  ⊂ Rd . The very natural key idea is to lift
an appropriate template (Gelfand) wavelet frame  2 = {ψx2 }x∈N 2 on the d-dimensional
unit cube 2 := (0, 1)d to , using only a sufficiently smooth parametrization of  by
local charts, and then just to merge all local basis functions into a global system , cf.
[42,54]. Under some conditions on  2 and the other ingredients of the construction, 
is again a (Gelfand) frame. According to the nature of its construction, let us call such a
system  an aggregated wavelet frame.
In the following, we fix B := H0t (), the L2 -Sobolev space of Sobolev smoothness
t  0 on  of functions vanishing on the boundary ∂. The continuous and dense
inclusions
H0t ⊂ L2  (L2 ) ⊂ H −t
ensure that (H0t , L2 , H −t ) is a Gelfand triple. Assume then that C := {i }ni=1 is an
overlapping, relatively compact covering of , such that
(C1) there exist C m -diffeomorphisms κi : 2 → i of i , m  t, for all i = 1, . . . , n;
(C2) there exists a C m -partition of unity  := {σi }i=1,...,n subordinate to C.
Clearly, the set of admissible domains  is restricted by raising the conditions (C1)
and (C2), e.g., the boundary of  has to be piecewise smooth enough. But since the
particularly attractive case of polyhedral domains is still covered, these assumptions on
the parametrizations κi are no principal limitations. The partition of unity  affects
the construction of  only in so far as we will use it as a tool for proving the Gelfand
frame properties. In particular, we will exploit that the operators P : H0t () → H0t (i ),
Pi (f ) = f · σi are bounded and constitute a Bessel resolution of the identity for
H0t (), i.e.,
(P1)
(P2)

n
i=1
n
i=1

Pi = id, in the strong operator topology;
Pi f 2H t () ∼ f 2H t () , for all f ∈ H0t ().

As already mentioned, let us consider a template wavelet frame  2 = {ψx2 }x∈N 2
γ
in L2 (2), with canonical dual  2 = {ψ̃x2 }x∈N 2 . We assume that  2 ⊂ H0 (2) for
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some γ > 0. In practice, since we will have to raise some vanishing moment conditions on  2 to ensure the Gelfand frame properties of , we will choose  2 to be a
Riesz basis, constructed as a tensor product of biorthogonal wavelet bases on the unit
interval with complementary boundary conditions [25,27]. Those bases are particularly
attractive since they can be designed to exhibit any given Sobolev smoothness and any
given number of vanishing moments of the primal wavelets. Moreover, one has that  2
is a Gelfand wavelet frame in H0t (2) for some t > 0. Another possibility would be to
consider genuine wavelet frames on the interval from the very start of the construction
[13], but in the following, we confine the discussion to the Riesz basis case.
Concerning the frame indices N 2 , we will use the same notation as in [25,27,28].
Let j0 ∈ Z be a fixed coarsest level. Each wavelet frame  2 on 2 consists of a set
of scaling functions (or generators) on the level j0 and of the wavelets for all levels
j  j0 . We confine ourselves here to the important special case of wavelet frames
on 2 with a tensor product structure. There one can introduce the wavelet type e ∈
{0, 1}d , where ek = 0 means that in the space direction k, the corresponding function
is a one-dimensional generator, and a one-dimensional wavelet if ek = 1. The entire
wavelet frame  2 = {ψx2 }x∈N 2 can be parametrized by multiindices x = (j, e, k),
2
2
⊂ Zd encoding the spatial location of the wavelet ψj,e,k
of type e on the level
k ∈ ∇j,e
j =: |(j, e, k)|. The
frame  2 then decom index set of the template wavelet
 overall
2
2
poses into N = j j0 e∈{0,1}d {j }×{e}×∇j,e . The sets ∇j,e are constructed in such a
2
way that the set of generator indices ∇j,0
is empty for j > j0 , so that only the generators
2
on the coarsest level j0 participate in  , see [25,27] for details. As global index set of
the aggregated wavelet frame, we simply take
N :=

n


{i} × N 2 .

(57)

i=1

We will have to assume that the geometrical and the dyadic physical grid are compatible
in the sense that for (i, j, e, k) ∈ N , we always have k ∈ {0, . . . , 2j }d , so that 2−j k ∈ 2.
But this condition indeed holds when using an appropriate biorthogonal Riesz basis on 2
[25,27]. Our aim is now to show that the system
 := (ψi,j,e,k )(i,j,e,k) ∈ N ,

(58)

where
ψi,j,e,k (x) :=

2
ψj,e,k
(κi−1 (x))

| det Dκi (κi−1 (x))|1/2

,

for all (i, j, e, k) ∈ N , x ∈ i ,

(59)

and ψi,j,e,k (x) = 0 for x ∈  \ i , is a Gelfand frame for (H0t (), L2 (), H −t ())
with (global) canonical dual

 := (ψ
i,j,e,k )(i,j,e,k)∈N .

(60)
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By (59), the (local) duals of ψi,j,e,k |i ∈ H0t (i ) can be written as
ψ̃i,j,e,k =

2
ψ̃j,e,k

| det Dκi |1/2

◦ κi−1 .

In the following, let 1 : N × N → R be given by



, (i, j, e, k), i  , j  , e , k



:= 1 (i, j, e, k), i  , j  , e , k




    
9r
r

log 2, (61)
:= log 1 + 2min(j,j ) κi 2−j k − κi  2−j k Rd + j − j   log 2 +
s
2s
for (i, j, e, k), (i  , j  , e , k ) ∈ N and r, s > 0. By lemma A.5, 1 fulfills the triangle
inequality (54) for N1 = N2 = N3 = N , 2 = 3 = 1 and w0 = 1.
The frame and Gelfand frame properties of  can be ensured by raising some
conditions on i := (ψi,j,e,k )(j,e,k)∈N 2 ⊂ H0t (i ):
Theorem 6.2. For each 1  i  n, i is a frame for L2 (i ) and  is a frame for L2 ()
with canonical dual . Moreover, if


−s1 ((i,j,e,k),(i  ,j  ,e ,k ))

 ψi,j,e,k , ψ
,
(62)
i  ,j  ,e ,k  e
for some r > d and s > d, where 1 is defined by (61), and, for each 1  i  n,
i is a Gelfand frame for (H0t (i ), L2 (i ), H −t (i )) with respect to the Gelfand triple
of sequence spaces (2,2t (N 2 ), 2 (N 2 ), 2,2−t (N 2 )) for some t ∈ (0, s − d), then 
is a Gelfand aggregated wavelet frame for (H0t (), L2 (), H −t ()) with respect to the
Gelfand triple of sequence spaces (n2,2t , n2 , n2,2−t ), where
n2,2t




:= c = (c1 , . . . , cn ): ci ∈ 2,2t N 2 ,

cn2,2t :=

 n


1/2
ci 22,2t (N 2 )

.

i=1

Proof. Since i is a (Hilbert) frame for L2 (i ), [54, theorem 4.1] implies that  is a
frame for L2 (). We have to show that the operators

F ∗ c :=
ci,j,e,k ψi,j,e,k
(63)
F ∗ : n2,2t → H0t (),
(i,j,e,k)∈N

and
F : H0t () → n2,2t ,




F f := f, ψ
i,j,e,k (i,j,e,k)∈N

(64)

are bounded. For c ∈ n2,2t , we have ci ∈ 2,2t (N 2 ). The corresponding operators
Fi∗ : 2,2t (N 2 ) → H0t (i ), Fi∗ d = (j,e,k)∈N 2 dj,e,k ψi,j,e,k for the Gelfand frames i
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are bounded, so that Fi∗ ci ∈ H0t (i ) for 1  i  n. Hence F ∗ c =
using the trivial embedding H0t (i ) ⊂ H0t (), and thus
∗

F cH t () 

n


Fi∗ ci H t (i )



i=1

n 

i=1

n
i=1

Fi∗ ci ∈ H0t ()

1/2



2 |ci,j,e,k |
2tj

 cn2,2t .

2

(j,e,k)∈N 2

n
To show that (64) is bounded, take an arbitrary f ∈ H0t (). Then f =
i=1 σi f ,
t
t
2
where σi f ∈ H0 (i ). Since Fi : H0 (i ) → 2,2t (N ), Fi g = (g, ψ̃i,j,e,k )(j,e,k)∈N 2
are bounded operators, we get

f 2H t ()

∼

n


σi f 2H t (i )

∼

n





22tj  σi f, ψ̃i,j,e,k

i=1 (j,e,k)∈N 2

i=1

L2 (i )

2
.

By (P1) one concludes

f, ψ
i,j,e,k
=
=
=

n


L2 ()


σi  f, ψ
i,j,e,k

i  =1
n




i  =1

(j  ,e ,k )∈N 2

n




i  =1

L2 ()

=

n



σi  f, ψ
i,j,e,k

L2 (i  )

i  =1

f, σi  ψ̃i  ,j  ,e ,k

f, σi  ψ̃i  ,j  ,e ,k

(j  ,e ,k )∈N 2

L2 (i  )

L2 ()


ψi  ,j  ,e ,k , ψ
i,j,e,k


ψi  ,j  ,e ,k , ψ
i,j,e,k

L2 (i  )

L2 ()

.

Since (f, σi  ψ̃i  ,j  ,e ,k L2 () )(i  ,j  ,e ,k )∈N ∈ n2,2t and (62), then, by proposition A.2 it
n

follows that also (f, ψ
i,j,e,k L2 () )(i,j,e,k)∈N ∈  t and
2,2

n






22tj  f, ψ
i,j,e,k

i=1 (j,e,k)∈N 2



n




L2 ()

2



22tj  f, σi  ψ̃i  ,j  ,e ,k

i  =1 (j  ,e ,k )∈N 2

This ensures that F in (64) is bounded.

2
  f 2 t .
H ()
L2 (  )
i



2,◦
}(j,e,k)∈N 2,◦
To ensure (62), we utilize another template Riesz basis  2,◦ = {ψj,e,k
γ
2,◦
2,◦
2
in L2 (2) with 
⊂ H0 (2). We may choose 
=  , but since we want to
leave open the possibility to choose a genuine wavelet frame  2 , let us distinguish
between the two template bases in the following. Given the covering C = {i }ni=1 , it

is possible to construct a non-overlapping, C m auxiliary covering C ◦ = {◦i }ni=1 with
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diffeomorphisms κi◦ : 2 → ◦i . Then we can define an associated aggregated system
◦
}(i,j,e,k)∈N ◦ , where N ◦ is constructed in the same way as N and
 ◦ := {ψi,j,e,k
◦
(x)
ψi,j,e,k

:=


2,◦
((κi◦ )−1 x))
ψj,e,k

,
| det Dκi◦ ((κi◦ )−1 (x))|1/2

for all (i, j, e, k) ∈ N ◦ .

(65)

By construction,  ◦ is a Riesz basis in L2 () with the same Sobolev regularity as  2,◦ .
It turns out that the localization property (62) is in fact fulfilled by the canonical dual
of  for any aggregated wavelet frame constructed in this way, as long as s, r > 0 are
appropriately chosen and  as well as the system {ψi,j,e,k }(i,j,k)∈N are localized with
respect to  ◦ :
Proposition 6.3. Let  and  ◦ be constructed as above. If


 ψi,j,e,k , ψ ◦      e−s2 ((i,j,e,k),(i  ,j  ,e ,k )) ,
i ,j ,e ,k

(66)

where 2 : N × N ◦ → R is defined by






2 (i, j, e, k), i  , j  , e , k := , ◦ (i, j, e, k), i  , j  , e , k




    
r
9r

log 2, (67)
:= log 1 + 2min(j,j ) κi 2−j k − κi◦ 2−j k Rd + j − j   log 2 +
s
2s
analogous to (61), and r, s > 2d, then there exist s  ∈ (0, s) and r  ∈ (0, r) such that


−s  1 ((i  ,j  ,e ,k ),(i,j,e,k))

 ψi  ,j  ,e ,k , ψ

,
(68)
i,j,e,k  e
where (61) is valid for r  .
Proof. By lemma A.6, 2 fulfills all the triangle inequalities (54). Since  ◦ is a Riesz
basis for L2 (), we have



ψi  ,j  ,e ,k , ψi◦ ,j  ,e ,k ψi◦
(69)
ψi  ,j  ,e ,k , ψ
 ,j  ,e ,k , ψi,j,e,k .
i,j,e,k =
(i  ,j  ,e ,k )∈N ◦

By hypothesis and the proof of proposition A.2, one has G(,  ◦ ) ∈ Bexp , and by
lemma A.3, it is not difficult to show that G( ◦ , )G(,  ◦ ) ∈ Bexp . Theorem 6.1

yields  ∼exp  ◦ , so that (68) follows by (69) and by Bexp Aexp ⊂ Aexp .
The main results of this section can be summarized in the following theorem:
Theorem 6.4. Assume that  is an aggregated wavelet frame for L2 () generated by
local Gelfand frames i for (H0t (i ), L2 (i ), H −t (i )), where t ∈ (0, s − d) and
s > 2d. If  has the localization property (66), and r  , s  in (68) are such that r  , s  > d,
then  is a Gelfand aggregated wavelet frame for (H0t (), L2 (), H −t ()).
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It remains to show how (66) can be realized in practice. To this end, we will exploit

2
−j
and ψj2,◦
k and 2−j k ,
the fact that the supports of ψj,e,k
 ,e ,k are essentially localized at 2
respectively:
x − 2−j k

sup

2 )
x∈ supp(ψj,e,k

Rd

 2−j ,

Rd

 2−j ,



sup

x∈ supp(ψj2,◦
 ,e ,k )

x − 2−j k



for all (j, e, k) ∈ N 2 ,

(70)

for all (j  , e , k ) ∈ N 2,◦ .

(71)

(70) and (71) indeed hold for the constructions from [25,27]. Since the local parametrizations κi and κi◦ are sufficiently smooth, it immediately follows that also


x − κi 2−j k Rd  2−j and
sup
x∈ supp ψi,j,e,k

sup

x∈ supp ψi◦ ,j  ,e ,k

  
x − κi◦ 2−j k



Rd

 2−j ,

(72)

for (i, j, e, k) ∈ N and (i  , j  , e , k ) ∈ N ◦ , respectively. Then, raising some vanishing
moment conditions on  2 and  2,◦ is sufficient to guarantee (66):
Theorem 6.5. Assume that, for N ∈ N with N  max{γ , t},  2 and  2,◦ fulfill the
following moment conditions:

2
x β ψj,e,k
(x) dx = 0,
for all |β|  N, j  j0 , (j, e, k) ∈ N 2 , e = 0,
(73)
2

x β ψj2,◦
for all |β|  N, j   j0 , (j  , e , k ) ∈ N 2,◦ , e = 0. (74)
 ,e ,k (x) dx = 0,
2

Then, lifting  2 and  2,◦ as in (59) and (65),  is exponentially -localized to  ◦ , i.e.,
there exists a constant C > 0, only depending on global parameters, such that


−γ 2 ((i,j,e,k),(i  ,j  ,e ,k ))

 ψi,j,e,k , ψ ◦   
,
(75)
i ,j ,e ,k L2 ()  Ce
where 2 is given by (67).
Proof. First of all, assume that j   j . By (74) and the Cauchy–Schwarz inequality,
we get



 ψi,j,e,k , ψ ◦   
i ,j ,e ,k L2 ()



=  ψi,j,e,k , ψi◦ ,j  ,e ,k L (supp ψ ◦
)
2
i  ,j  ,e ,k








1/2


◦


ψi,j,e,k κi◦ (x) ψj2,◦
(x)
det
Dκ
(x)
dx
=


 ,e ,k
i

 supp ψ 2,◦



j ,e ,k


1/2



 ◦ 
 2,◦
◦
ψi,j,e,k κi  (x) det Dκi  (x) − P (x) ψj  ,e ,k (x) dx 
= 
supp ψj2,◦
 ,e ,k



1/2


ψi,j,e,k ◦ κi◦ det Dκi◦  − P

L2 (supp ψj2,◦
 ,e ,k )

,
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where P is an arbitrary polynomial of degree at most N . A Whitney-type estimate yields



 ψi,j,e,k , ψ ◦   
i ,j ,e ,k L2 ()
1/2 

 
 2−γj  ψi,j,e,k ◦ κi◦ det Dκi◦  H γ (supp ψ 2,◦ )
j  ,e ,k

−γj 

ψi,j,e,k ◦ κi◦ H γ (supp ψ 2,◦
 

−γj 

ψi,j,e,k H γ (i )  2

2
2

)
j ,e ,k

−γ (j −j )

.


The case j   j is completely analogous, so that |ψi,j,e,k , ψi◦ ,j  ,e ,k L2 () |  2−γ |j −j | .
Now consider the situations where the integrals ψi,j,e,k , ψi◦ ,j  ,e ,k  can be nontrivial at all. By (72), a necessary condition for supp ψi,j,e,k ∩ supp ψi◦ ,j  ,e ,k having nonzero


measure is κi (2−j k) − κi◦ (2−j k )Rd  2− min(j,j ) , i.e.,


   −r


 2−r
(76)
1 + 2min(j,j ) κi 2−j k − κi◦ 2−j k Rd
for any r > 0. Hence, if (76) is fulfilled, we obtain the final estimate



 ψi,j,e,k , ψ ◦   
i ,j ,e ,k L2 ()

   −r




 1 + 2min(j,j ) κi 2−j k − κi◦ 2−j k Rd 2−γ |j −j |








∼ e−γ 2 ((i,j,e,k),(i ,j ,e ,k )) .



Remarks 6.6.
1. The theoretical estimation of the localization properties and exponents (68) via (A.9)
is suboptimal, and we conjecture that in practice it can be improved. In principle, the
strict requirements of theorems 6.2 and 6.4 can be met just by choosing appropriate
template bases  2 ,  2,◦ .
2. Note that in theorem 6.5, we did not use any information about the dual bases  2 ,
 2,◦ . In fact, there are principal limitations on (wavelet) Riesz bases in H0s (2) as to
the number of vanishing moments of the dual wavelets. One can easily show that for
a given Riesz basis F = {fn }n∈N in H0s (2), an infinite subset of the dual Riesz basis
does not have a vanishing first moment. This can be seen as a consequence of the
necessary boundary modifications, cf. [25,27].
3. The reader might wonder why the additional wavelet basis  ◦ is of any use at
all since, e.g., it does usually not give rise to norm equivalences for the solution
space H0t . However, in our applications, only a localization property is needed, i.e.,
a specific cross-Gramian matrix has to exhibit a certain off-diagonal decay. To establish these decay properties, in the wavelet setting only two features are needed:
smoothness and cancellation properties, and both of them hold for our additional
wavelet basis.
4. Let us conclude this section by the observation that under smoothness, locality, and
cancellation conditions as illustrated in theorem 6.5, one can ensure compressibility
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properties of the system matrices arising by the discretization of suitable differential and integral operators using aggregate wavelet frames. Following the lines of
lemma 5.1 in [26], for any (nonlocal) operator L satisfying (8), and for any (local)
operator L such that Lu, v = 0 whenever supp v ∩ supp u = ∅, the corresponding
stiffness matrix



G = 2−s(j +j ) Lψi,j,e,k , ψi  ,j  ,e ,k  (i,j,e,k),(i  ,j  ,e ,k )∈N

(77)

is s ∗ -compressible for a suitable s ∗ > 0, see [26,54] for major details.

7.

Adaptive computation of localized canonical duals

As we have discussed in sections 5 and 6, localization properties of the canonical
dual are in fact relevant for the characterization of Banach spaces. Unfortunately, the
canonical dual frame F of the frame F is only implicitly defined by the equation
S F = F,

(78)

where S is the associated frame operator, see section 3. Usually no explicit formulas are
available to describe F. Therefore, any property of the canonical dual is very difficult to
be checked. For this reason, efficient numerical methods to approximate it will be a very
helpful tool of investigation. In this section, we want to present an application of algorithm 1 for the computation of canonical dual frames. Methods for computing canonical
duals for general frames are still a matter of investigation and no implemented solutions
are presently available for infinite frames. Some techniques have been suggested for
infinite Gabor and wavelet frames in [9,10], but it seems that they do not have computationally efficient realizations. In [12] the use of the finite section method combined
with localization properties of the frame is shown to be a very useful tool for an accurate
approximation of inverse frame operators. Unfortunately, the finite section method appears again to be computationally expensive, since it works by means of the inversion of
matrices with potentially high dimension. Moreover, the method assumes that the frame
should be localized with respect to a given orthonormal basis and the approximation of
the canonical dual is in fact given as a linear combination of elements of the orthonormal
basis. It is known that orthonormal bases usually cannot have good time–frequency localization and, by consequence, nor does the approximation of the dual either in general.
In this section, we want to show how, under intrinsic localization properties (no auxiliary
(bi)orthogonal basis is required), it is possible to compute the canonical dual efficiently
and with optimal computational complexity by means of the adaptive algorithm 1. The
approximation will be given as a linear combination of the original frame elements,
therefore inheriting their nice properties, for example, regularity, compact support and
vanishing moment properties, in the case of wavelet frames.
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We assume that B = H  H = B , F = {fn }n∈N is a frame for H, and DB =
id : 2 (N ) → 2 (N ). Because of (11), the frame operator S is in fact elliptic on H in the
sense of (2). Clearly the solution of the equation
Su = fn ,

(79)

is the canonical dual element u = f˜n = S −1 fn . Since u = l∈N u, f˜l H fl , (79) is
equivalent to the discrete equations

(80)
u, f˜l H Sfl , fm H = fn , fm H , for all m ∈ N .
l∈N

Denote u := F u = (u, f˜m H )m∈N , fn := Ffn = (fn , fm H )m∈N and, finally, G :=
(Sfn , fm H )n,m∈N . Then equations (80) can be rewritten as
Gu = fn .

(81)

It is not difficult to show that G = F SF ∗ . Moreover,

fn , fl H fl , fm H .
Sfn , fm H =

(82)

l∈N

In the situation at hand, we have ran G = ran F , and thus the orthogonal projection Q =
F (F ∗ F )−1 F ∗ from (16) coincides with the orthogonal projection P : 2 (N ) → ran G.
Then one can apply algorithm 1 for the adaptive computation of the canonical dual F:
Theorem 7.1. If F is a frame, then F can be computed by
 ∞

 

P f̃n = α
(id −αG)n fn ,
f̃n fm ,
f˜n = F ∗ P f̃n =
m

m∈N

(83)

n=0

for 0 < α < 2/BF . Moreover, if F is intrinsically Aη -localized for η > 2r, r > d, then
for any ε > 0 there exists a finite vector f̃nε such that P(f̃n − f̃nε )2 (N )  ε. This vector
is the result of the application of algorithm 1,
SOLVE[ε, G, fn ] → f̃nε ,

(84)

and f̃nε has the following properties:
(I) # supp f̃nε  ε−1/s |f̃n |w (N ) ;
1/s
τ

(II) the number of arithmetic operations is at most a multiple of ε −1/s |f̃n |w (N ) .
1/s
τ

−1

Here τ = (1/2 + s) and s ∈ (0, r − d). Therefore, by (41), one has the following
approximation of the canonical dual:
 
1/2
f˜n −
 BF ε.
(85)
f̃nε m fm
m∈N

H
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Proof. Let us denote s ∗ = r − d and τ = (1/2 + s)−1 , for any s ∈ (0, s ∗ ). The frame F
is intrinsically Aη -localized, i.e., it is localized in the sense of the Jaffard’s algebra. So
(i) By formula (82) and [48, lemma 2.2] |Sfn , fm H |  (1 + n − mRd )−η , and by
proposition 4.7, one has that G is s ∗ -compressible;
(ii) by theorem 5.2, the canonical dual is also intrinsically Aη -localized, and F is
Aη -localized with respect to F. In fact, one has fn , f˜m H = l∈N fn , fl H ×
f˜l , f˜m H for n, m ∈ N and, therefore P = G(F, F) ∈ Aη ;
(iii) by proposition 4.7 and (ii), P = (fn , f˜m H )n,m∈N is s ∗ -compressible, and by [14,
w
proposition 3.8], P is a bounded operator from w
τ (N ) to τ (N );
(iv) by proposition 4.7 and [14, proposition 3.8], f̃n = F f˜n and fn = Ffn ∈ w
τ (N ) and
∗
w
therefore fn is s -optimal and Gu = fn has a solution u = f̃n ∈ τ (N ).
Combining (i)–(iv) and theorem 4.5, one concludes the proof.



Example 2. Gabor frames. If 0 = g ∈ S(Rd ) (or g time–frequency localized enough)
generates an irregular Gabor frame F = G(g, X ), then, for any η > d, the frame F is
intrinsically η-localized and has an intrinsically η-localized canonical dual F = {ẽξ }ξ ∈X .
Therefore, an approximation of the canonical dual frame can be computed by using
theorem 7.1.
Remark 7.2. Formula (83) is nothing but a discrete version of the well-known frame algorithm to compute canonical dual frames, see, for example, [17] for a recent discussion
of its convergence in Banach spaces. Neumann series inversion of synthesis operators
and Richardson iterations were also the key idea for relevant iterative methods in irregular sampling problems, see, for example, [37] and the related literature.
Appendix A.
We collect in this appendix some relevant auxiliary lemmata.
Proposition A.1. Let α > 0. If gx,y := 2−αx−yRd for x, y ∈ N , then G := (gx,y )x,y∈N
is a bounded operator from p,w (N ) to p,w (N ) for all p ∈ [1, ∞] and for any βexponential moderate weight w, i.e., w(x + y)  2βxRd w(y), for all β ∈ (0, α).
Proof.

Boundedness on 1,w (N ):

2−αx−yRd |cy |w(x)
Gc1,w (N ) 
x∈N y∈N

 sup
y∈N



−(α−β)x−yRd

2

x∈N

since w(x − y + y)  2βx−yRd w(y).

 
y∈N


|cy |w(y) = Cc1,w (N ) ,
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Boundedness on ∞,w (N ): it can be shown with a similar argument. One concludes by interpolation of weighted p (N ) spaces, see, e.g., [5] and [22, appendix B],
for details.

An analogous mapping property holds for matrices with more general -exponential off-diagonal decay:
Proposition A.2. Let r, s > d and 1 : N × N → R be given by (61). Then G :=
   
(e−s1 ((i,j,e,k),(i ,j ,e ,k )) )(i,j,e,k),(i  ,j  ,e ,k )∈N ×N is a bounded operator from np,2t to np,2t
for all p ∈ [1, ∞] and for any t ∈ (0, s − d).
Proof.

The boundedness of G on n1,2t can be shown as follows:


Gcn1,2t 









e−s1 ((i,j,e,k),(i ,j ,e ,k )) |ci  ,j  ,e ,k |2tj

(i,j,e,k),
(i  ,j  ,e ,k )∈N







2−s|j −j | 2tj

(i,j,e,k),

min(j,j  )

(1 + 2

|ci  ,j  ,e ,k |
κi (2−j k) − κi  (2−j  k )Rd )r

(i  ,j  ,e ,k )∈N

=

n






2−s|j −j | 2tj

i,i  =1 j,j  j0 −1





×



2
k ∈∇j2 ,e k∈∇j,e


|ci  ,j  ,k |
.
(1 + 2min(j,j  ) κi (2−j k) − κi  (2−j  k )Rd )r

By the properties of the diffeomorphisms κi , one can further estimate
Gcn1,2t 

n






2−s|j −j | 2tj

i,i  =1 j,j  j0 −1





×



|ci  ,j  ,e ,k |

Rd

k ∈∇j2 ,e



1 + 2min(j,j ) 2−j x

−r
Rd


dx .

These computations imply
Gcn1,2t 


n

i  =1
n

i  =1


j,j  j

2

max{0,d(j −j  )}

2

0 −1


j,j  j


−s|j −j  |

0 −1


−(s−d)|j −j  |

2

2tj

2tj


k ∈∇j2 ,e


k ∈∇j2 ,e


|ci  ,j  ,e ,k |


|ci  ,j  ,e ,k | .
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Let us denote dji  ,e := (

k ∈∇j2 ,e

Gc

n1,2t

|ci  ,j  ,e ,k |). By proposition A.1 for N = Zj0 , one has


n


i  =1 j j0 −1



dji 2tj = cn1,2t .

In a similar way one can show the boundedness of G on n∞,2t . One concludes the
proof by interpolation of weighted p -spaces.

The following lemma is a slight generalization of a lemma from [52, section 5]:
Lemma A.3. Let D, w0 > 0, E ∈ (0, D/w0 ) and i ∈ {1, 2, 3}, j, k ∈ {1, 2, 3} \ {i}
with j < k be given. Furthermore, assume that (54) holds and

e−F k (x,y) < ∞
(A.1)
SF := sup
y∈Nj x∈N
i

for F := D − Ew0 . Then the matrix product A1 := A2 A3 =: (az,y )y∈Nj ,z∈Nk of
A2 := (e−Ej (x,z) )z∈Nk ,x∈Ni and A3 := (e−Dk (x,y) )x∈Ni ,y∈Nj fulfills
|az,y |  SF e−Ei (y,z)
If, moreover,
SF := sup

for all y ∈ Nj , z ∈ Nk .



z∈Nk x∈N
i

e−F j (x,z) < ∞

(A.2)

(A.3)

then an analogous estimate holds for reversed roles of E and D. If N1 = N2 = N3 and
(n)
) have the decay
1 = 2 = 3 is symmetric, powers An3 =: (az,y
 (n) 
a   S n−1 e−Ei (y,z) .
(A.4)
z,y
F
Proof. In [52, section 5], only the special case N1 = N2 = N3 and 1 = 2 = 3 was
considered, but the proof also works in the general setting, see [20].

We will also use the following generalization of [52, théorème 5]:
Theorem A.4. Assume that N := N1 = N2 = N3 , 1 = 2 = 3 is symmetric, (54)
and (A.1) hold for F > 0 and
1 (x, x) = 0

for all x ∈ N ,

(A.5)

where 0  0 is some constant. Let M = (mx,y )x,y∈N be an automorphism of 2 (N )
with
Ac2 (N )  Mc2 (N )  Bc2 (N )

(A.6)

and the off-diagonal decay estimate
|mx,y |  Ce−D1 (x,y)

(A.7)
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for some constants A, B, C, D > 0. Then the inverse M−1 =: (px,y )x,y∈N has exponential off-diagonal decay as well:
|px,y |  C1 e−D1 1 (x,y)

(A.8)


 

E
E
A
D1 = min
,−
log 1 −
.
2
2 log((eD0 + C/B)SF )
B

(A.9)

for some C1 > 0 and



Proof. The case 0 = 0 was treated in [52, théorème 5], for the general case see [20]. 
A crucial ingredient of the localization arguments is the validity of various triangle
inequalities. The following lemma has been proved in [20]:
Lemma A.5. 1 from (61) fulfills (54) for N1 = N2 = N3 = N , 2 = 3 = 1 and
w0 = 1.
Since the proof of lemma A.5 completely relies on the metric properties of P and
since the index sets N and N ◦ from (57) are structurally identical, one can immediately
conclude:
Lemma A.6. For any choice of 1 , 2 , 3 ∈ {,  ◦ } and appropriate definitions of
i = j ,k , where i ∈ {1, 2, 3}, j, k ∈ {1, 2, 3} and j < k, (54) is fulfilled.
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1. Introduction
In recent years, wavelets have been very successfully applied to several tasks. In signal/image analysis/
compression, wavelet schemes are by now already well–accepted and convincingly compete with other
methods. Moreover, wavelets have also been used in numerical analysis, especially for the treatment
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schemes. Based on the equivalence of Sobolev norms and weighted sequence norms of wavelet expansion coefficients, convergent adaptive wavelet schemes were designed for symmetric elliptic problems
(see Cohen et al. (2001); Dahlke, Dahmen, Hochmuth and Schneider (1997); Gantumur et al. (2005)) as
well as for nonsymmetric and stationary nonlinear problems (see Cohen et al. (2002, 2003); Gantumur
(2006)).
Although quite convincing from the theoretical point of view, so far the potential of adaptive wavelet
schemes has not been fully exploited in practice for the following reason. Usually, the operator under
consideration is defined on a bounded domain or on a closed manifold, so that a construction of a suitable wavelet basis on this domain is needed. There exist by now several constructions such as those by,
e.g., Canuto et al. (1999); Cohen and Masson (2000); Dahmen and Schneider (1999a,b); Harbrecht and
Stevenson (2006); Stevenson (2006). Unfortunately, none of these bases seem to be fully satisfactory
in the sense that, besides their relevant virtues, they lack reasonable quantitative stability properties.
Moreover, the constructions in the aforementioned references are all based on non-overlapping domain
decomposition techniques, most of them requiring certain matching conditions on the parametric mappings, which can be difficult to satisfy in practical situations.
One possible way to circumvent this bottleneck is to use a slightly weaker concept, i.e., to work with
(wavelet) frames. In general, a sequence F = { fn }n∈N in a Hilbert space H is a frame for the Hilbert
space H if
¯
¯2
AF k f k2H 6 ∑ ¯h f , fn iH ¯ 6 BF k f k2H , for all f ∈ H ,
n∈N

for suitable constants 0 < AF 6 BF < ∞ (see Christensen (2003); Daubechies (1992) for further details).
Every element of H has an expansion with respect to the frame elements, but this expansion is not
necessarily unique. On the one hand, this redundancy may cause problems in numerical applications
since it gives rise to a singular stiffness matrix. On the other hand, it has turned out that the construction
of suitable frames on domains and manifolds is a much simpler task compared to that of constructing
stable multiscale bases (see Dahlke et al. (2004); Stevenson (2003)). The idea is to write the domain
or manifold as an overlapping union of subdomains, each of them being the smooth parametric image
of a reference domain. By lifting a wavelet basis on the reference domain to the subdomains, and
taking the union of these lifted bases, a frame is obtained. Due to their nature, we refer to such frames
as aggregated wavelet frames. In recent studies, it has been shown that, despite the singular stiffness
matrix, a damped Richardson iteration can be generalized to the case of frames in a very natural way
(cf. Dahlke et al. (2004); Stevenson (2003)). Then, by using the basic building blocks of the adaptive
wavelet algorithms in Cohen et al. (2002), an implementable and asymptotically optimally convergent
version of this scheme can be constructed.
This paper follows similar lines and can be interpreted as the continuation of the studies in Dahlke
et al. (2004) and Stevenson (2003). Instead of using the classical Richardson iteration, here we are
interested in the steepest descent method. As we will show, with this method again an asymptotically
optimally convergent scheme can be derived. Its main advantage is that it releases the user from the task
of providing a value of the damping parameter, as in Richardson’s method, which is close to the optimal
value. This, however, requires an accurate estimate of the largest and smallest non-zero eigenvalues
of the stiffness matrix; in the case of a frame the smallest non-zero eigenvalue is hard to compute.
Although the steepest descent method requires more computational effort per iteration, in our numerical
experiments it is as efficient as the Richardson iteration. Moreover, in case the damping parameter in
the Richardson iteration is not chosen optimally, then the steepest descent method can even outperform
the Richardson iteration, see Section 4.
The optimal complexity of the algorithm presented in this paper relies on a technical assumption
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on the boundedness of the orthogonal projector onto the range of the discretization matrix in suitable
Lorenz spaces. Although it has been verified in a special case, the proof of the boundedness property in
its full generality is still an open problem. Nevertheless, the numerical experiments presented in Section
4 strongly indicate that this assumption is really valid.
The steepest descent method for the adaptive solution of infinite–dimensional systems has also been
studied in Canuto and Urban (2005), however, there the results are restricted to the case of bases,
whereas we are concerned with frames here.
In this paper, we confine the discussion to adaptive schemes based on wavelet frames. Nevertheless,
let us mention that the recent studies by Dahlke et al. (2006) and Dahlke et al. (2004), Section 7, show
that the adaptive strategies can also be carried over to biinfinite matrix equations in a Jaffard algebra.
In this setting, the boundedness of the projector stated above can be rigorously proved. Matrices in
a Jaffard class naturally arise in Gabor analysis, sampling theory, and in the discretization of specific
pseudo–differential operators.
This paper is organized as follows. In Section 2, we discuss the range of problems we shall be
concerned with and summarize the basic concepts of frame discretizations. Then, in Section 3, we
introduce the adaptive steepest descent method and establish its convergence and optimality. Finally,
in Section 4, we present numerical experiments for the special case of the Poisson equation on an
interval in 1D and on an L–shaped domain in 2D. The results fully confirm the expected convergence
and optimality for both the Richardson and the steepest descent iterations. A comparison of the two
schemes is also discussed.
2. Preliminaries
In this section, we briefly describe the range of problems we shall be concerned with. Moreover, we
recall the basic concepts of frame discretization schemes for operator equations.
We consider linear operator equations
L u = f,
(2.1)
where we will assume L to be a boundedly invertible operator from some Hilbert space H into its
normed dual H 0 , i.e.,
(2.2)
kL ukH 0 h kukH , u ∈ H.
Here ‘a h b’ means that both quantities can be uniformly bounded by constant multiples of each other.
Likewise, ‘.’ indicates inequalities up to constant factors. We write out such constants explicitly only
when their values matter. Since L is assumed to be boundedly invertible, (2.1) has a unique solution u
for any f ∈ H 0 . In the sequel, we shall focus on the important special case where
a(v, w) := hL v, wi
defines a symmetric bilinear form on H, h·, ·i corresponding to the duality pairing of
always assume that a(·, ·) is elliptic in the sense that
a(v, v) h kvk2H ,

(2.3)
H0

and H. We will
(2.4)

which is easily seen to imply (2.2).
Typical examples are variational formulations of second-order elliptic boundary value problems on
a domain Ω ⊂ Rd , such as the Poisson equation
−4u =
u

f

in Ω ,

= 0 on

∂Ω.

(2.5)
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In this case, H = H01 (Ω ), H 0 = H −1 (Ω ), and the corresponding bilinear form is given by
a(v, w) =

Z

Ω

∇v · ∇wdx.

(2.6)

Thus typically H is a Sobolev space. Therefore, from now on, we will always assume that H and H 0 ,
together with L2 (Ω ), form a Gelfand triple, i.e.,
H ⊂ L2 (Ω ) ⊂ H 0

(2.7)

with continuous and dense embeddings.
The design of adaptive wavelet or frame schemes in the aforementioned setting starts with a reformulation of (2.1) as an equivalent discrete problem on some sequence space `2 (N ). However, to
perform this transformation, it will not be sufficient to work with a simple frame in L2 , since the operator L acts between Sobolev spaces. Similarly to the case of classical wavelets, we need specific
norm equivalences of Sobolev norms and weighted sequence norms of frame coefficients. These can be
realized by the so–called Gelfand frames as introduced in Dahlke et al. (2004). Given a frame F in H ,
one usually defines the corresponding operators of analysis and synthesis to be
¡
¢
F : H → `2 (N ), f 7→ h f , fn iH n∈N ,
(2.8)
F ∗ : `2 (N ) → H ,

c 7→

∑

cn fn .

(2.9)

n∈N

The composition S := F ∗ F is a boundedly invertible (positive and self–adjoint) operator, called the
frame operator, and F˜ := S−1 F is again a frame for H , the canonical dual frame. Then, a frame F
0
0
˜
for H is called a¡ Gelfand frame for
¢ the Gelfand triple (B, H , B ), if F ⊂ B, F ⊂ B and there exists
0
a Gelfand triple Bd , `2 (N ), Bd of sequence spaces such that
F ∗ : Bd → B, F ∗ c =

∑

n∈N

cn fn

and

¢
¡
F̃ : B → Bd , F̃ f = h f , f˜n iB×B0 n∈N

(2.10)

are bounded operators.
R EMARK 2.1
i) For the applications we have in mind, clearly the case (B, H , B 0 ) = (H, L2 (Ω ), H 0 ),
where H denotes some Sobolev space, is the most important one. Then, similarly to the case of
a classical wavelet basis, the spaces Bd and Bd0 are weighted `2 (N )–spaces (see Dahlke et al.
(2004) for details).
ii) It can be shown that Gelfand frames are also Banach frames for the spaces B and B 0 in the sense
of Gröchenig (1991) (see again Dahlke et al. (2004) for details).
iii) A natural way to construct wavelet Gelfand frames on domains and manifolds is by means of
overlapping partitions of parametric images of unit cubes (see Section 4 and Dahlke et al. (2004);
Stevenson (2003) for details). We call such frames aggregated wavelet frames.
For the transformation of (2.1) into a discrete problem on `2 (N ), we have to assume that there
exists an isomorphism DB : Bd → `2 (N ), so that its `2 (N )–adjoint D∗B : `2 (N ) → Bd0 is also an
isomorphism. Then, the following lemma holds (see Dahlke et al. (2004); Stevenson (2003)).
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L EMMA 2.1 Under the aforementioned assumptions on the frame, as well as (2.3), (2.4) on L , the
operator
G := (D∗B )−1 FL F ∗ D−1
(2.11)
B
is a bounded operator from `2 (N ) to `2 (N ). Moreover G = G∗ , and it is boundedly invertible on its
range ran(G) = ran((D∗B )−1 F).
With
f := (D∗B )−1 F f ,

(2.12)

we are therefore left with the task of solving the following problem:
Gu = f.

(2.13)

A natural way to solve (2.13) would be to use a damped Richardson iteration. Indeed, the following
theorem can be shown (Dahlke et al. (2004); Stevenson (2003)).
T HEOREM 2.1 Let L satisfy (2.3) and (2.4). Then, with G and f as in (2.11) and (2.12), respectively,
the solution u of (2.1) can be computed as
u = F ∗ D−1
B u

(2.14)

with u given by
u=

Ã

α

∞

∑ (I − α G)

n=0

n

!

f,

(2.15)

with 0 < α < 2/kGk`2 (N )→`2 (N ) .
Observe that (2.15) is just an infinite damped Richardson iteration
u(i+1) = u(i) + α (f − Gu(i) ),

i = 0, 1, . . . ,

(2.16)

starting with u(0) = 0. This scheme has been analyzed in Dahlke et al. (2004) and Stevenson (2003). In
this paper, we use a different approach and work with a version of the steepest descent scheme which
we describe in the following section.
3. The Steepest Descent Scheme
In this section, we introduce and analyze a steepest descent scheme for the solution of (2.13). In Subsection 3.1, we explain the basic setting, and we prove a perturbation theorem for this scheme. Then, in
Subsection 3.2, we derive an implementable version and show its asymptotically optimal convergence.
3.1 Basic Setting
The first step is to introduce a natural energy (semi)–norm on `2 (N ). In the following, we write k · k
and h·, ·i for k · k`2 (N ) , or k · k`2 (N )→`2 (N ) , and h·, ·i`2 (N ) , respectively. We set hh·, ·ii := hG·, ·i and the
1

semi–norm ||| · ||| := hh·, ·ii 2 . With G† being the Moore-Penrose pseudo inverse of G, and
Q : `2 (N ) → ran G
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being the orthogonal projector onto the range of G, for any v ∈ `2 (N ) we have
1

1

kG† k− 2 kQvk 6 |||v||| 6 kGk 2 kQvk,

1

1

kG† k− 2 |||v||| 6 kGvk 6 kGk 2 |||v|||.

(3.1)

Then, the steepest descent scheme and its error-reduction in one iterative step read as follows.
P ROPOSITION 3.1 Let w be an approximation for u with r := f − Gw 6= 0. Then, with κ (G) :=
kGkkG† k, for
hr, ri
r
(3.2)
w̃ := w +
hGr, ri
we have
|||u − w̃||| 6

κ (G) − 1
|||u − w|||.
κ (G) + 1

The proof is a standard argument on the convergence of iterative descent methods. In the following,
we will often use r as a shorthand notation for the residual f − Gw.
It is clear that (3.2) cannot be implemented directly since infinite sequences and biinfinite matrices
are involved. Therefore the challenging task is to transform (3.2) into an implementable version. This
will be done in the next section. One has to replace the infinite sequences by finite ones without destroying the overall convergence of the scheme. The basic tool for this is the following perturbation
result.
P ROPOSITION 3.2 For any λ ∈ ( κκ (G)−1
(G)+1 , 1), there exists a δ = δ (λ ) > 0 small enough, such that if
kr̃ − rk 6 δ kr̃k and kz − Gr̃k 6 δ kr̃k, then with
w̃ := w +

hr̃, r̃i
r̃,
hz, r̃i

we have
|||u − w̃||| 6 λ |||u − w|||,
| hr̃,r̃i
hz,r̃i |

and
. 1. If, for some η > 0, in addition kr̃ − rk 6 η , then k(I − Q)(w̃ − w)k 6 C3 η , with some
absolute constant C3 > 0.
Proof. Eq. (3.1) implies that hGr, ri h krk2 . The first step is to show that, for a sufficiently small δ̄
and any 0 < δ 6 δ̄ ,
hz, r̃i h krk2
and
kr̃k h krk
(3.3)
hold. We have
hz, r̃i = hz − Gr̃ + Gr̃, r̃i 6 kz − Gr̃kkr̃k + kGr̃kkr̃k 6 (δ + kGk)kr̃k2
and
kr̃k2 h hGr̃, r̃i = hGr̃ − z + z, r̃i 6 kGr̃ − zkkr̃k + hz, r̃i 6 δ kr̃k2 + hz, r̃i,
which implies the first equivalence in (3.3). The second one can be proved in a similar fashion. From
(3.3), we infer that
¯
¯
¯ hr̃, r̃i
hr, ri ¯¯
¯
−
¯ hz, r̃i hGr, ri ¯ . δ ,
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since
h 1
hr̃, r̃i − hr, ri
1 i
hr̃, r̃i hr, ri
−
=
+ hr, ri
−
hz, r̃i hGr, ri
hz, r̃i
hz, r̃i hGr, ri
hr, ri
hr̃, r̃i − hr, ri
+
[hGr, ri − hz, r̃i]
=
hz, r̃i
hz, r̃ihGr, ri
=

h2(r̃ − r), ri + kr̃ − rk2
hr, ri
+
[hGr, r − r̃i + hGr̃ − z, r̃i + hG(r − r̃), r̃i].
hz, r̃i
hz, r̃ihGr, ri

Writing
h hr̃, r̃i
hr̃, r̃i
hr̃, r̃i
hr, ri
hr, ri i
r+
r̃ −
r=
−
[r̃ − r],
hz, r̃i
hGr, ri
hz, r̃i hGr, ri
hz, r̃i

(3.4)

hr,ri
we find that k hr̃,r̃i
hz,r̃i r̃ − hGr,ri rk . δ krk . δ |||u − w|||, which, together with Proposition 3.1, completes the
proof of the first statement.
hr̃,r̃i
From (3.4) and (I − Q)r = 0, we have (I − Q)(w̃ − w) = hr̃,r̃i
hz,r̃i (I − Q)(r̃ − r), which by | hz,r̃i | . 1
and kI − Qk 6 1 completes the proof of the second statement.
¤

3.2 Numerical Realization
Obviously, the steepest descent scheme in Proposition 3.1 cannot be implemented since neither infinite
sequences nor biinfinite matrices can be handled computationally. Therefore our aim is to replace the
scheme (3.2) by an implementable one. The guideline given by Proposition 3.2 is to approximate the
infinite expressions by finite ones within a certain, sufficiently small, relative tolerance.
In the sequel, we shall make the following basic assumptions. Let ΣN denote the (nonlinear) subspace of `2 (N ) consisting of all vectors with at most N nonzero coordinates. Given v ∈ `2 (N ), we
introduce the approximation error
(3.5)
σN (v) := inf kv − wk.
w∈ΣN

Clearly this infimum is attained for w being a best N-term approximation for v, i.e., a vector from ΣN
that agrees with v in those coordinates on which v takes its N largest values in modulus. Such a best
N-term approximation for v will be denoted as vN . Note that it is not necessarily unique.
For some s > 0, we assume that
sup N s σN (u) < ∞.
(3.6)
N∈N

Eq. (3.6) describes how well the solution u to (2.13) can be approximated by the elements of ΣN . Essentially, (3.6) is a regularity assumption on the exact solution u to (2.1). Indeed, in the case of a wavelet
basis, it is well–known that the convergence order of the best N–term approximation is determined by
the maximum of the polynomial order and a specific Besov regularity of the object that we want to
approximate (cf. DeVore (1998)). For aggregated wavelet frames the same holds true (see Stevenson
(2003)). Specifically, when H is a Sobolev space of order t over an n-dimensional domain, and the
aggregated wavelet frame has order d, then s = d−t
n if not limited by the Besov regularity. Fortunately,
recent studies indicate that for the solution of elliptic operator equations this Besov regularity index is
quite large (see, e.g., Dahlke (1999); Dahlke, Dahmen and DeVore (1997); Dahlke and DeVore (1997)),
and, moreover, that in many cases it is much larger than the Sobolev regularity index that governs the
convergence rate of non-adaptive schemes.
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The concept of best N–term approximation is closely related to the weak `τ –spaces `τw (N ). Given
some 0 < τ < 2, `τw (N ) is defined as
`τw (N ) := {c ∈ `2 (N ) : |c|`τw := sup n1/τ |γn (c)| < ∞},

(3.7)

n∈N

where γn (c) is the nth largest coefficient in modulus of c. Then, for each s > 0,
sup N s σN (v) h |v|`τw ,

(3.8)

N

where here, and for the remainder of this paper, s and τ are always related according to
¶−1
µ
1
.
+s
τ=
2
The expression |v|`wτ defines only a quasi-norm since it does not necessarily satisfy the triangle inequality. Yet, for each τ in the range 0 < τ < 2, there exists a C1 (τ ) > 0 with
¡
¢
(3.9)
(v, w ∈ `wτ (N )).
|v + w|`wτ 6 C1 (τ ) |v|`τw + |w|`wτ

We refer to Cohen et al. (2001) and DeVore (1998) for further details on the quasi–Banach spaces
`τw (N ).
For some s∗ larger than any s for which (3.6) can be expected (i.e., s > d−t
n ), we assume the existence
of the following three subroutines:

• APPLY[w, ε ] → zε . Determines, for ε > 0 and a finitely supported w, a finitely supported zε with
kGw − zε k 6 ε .
Moreover, for any s < s∗ , #supp zε .

1/s
ε −1/s |w|`wτ ,

(3.10)

where the number of arithmetic operations
1/s

and storage locations used by this call is bounded by some absolute multiple of ε −1/s |w|`w +
τ
#supp w + 1.
• RHS[ε ] → fε . Determines, for ε > 0, a finitely supported fε with kf − fε k 6 ε . Moreover, for any
1/s
s < s∗ , if u ∈ `τw (N ), then #supp fε . ε −1/s |u|`w , where the number of arithmetic operations and
τ

1/s

storage locations used by the call is bounded by some absolute multiple of ε −1/s |u|`w + 1.
τ

• COARSE[w, ε ] → wε . Determines, for a finitely supported w, a finitely supported wε , such that
kw − wε k 6 ε .

(3.11)

Moreover, #supp wε . inf{N : σN (w) 6 ε }, and COARSE can be arranged to take a number of
arithmetic operations and storage locations that is bounded by an absolute multiple of #supp w +
max{log(ε −1 kwk), 1}.
Using that G : `2 (N ) → `2 (N ) is bounded, the properties of APPLY and RHS imply the following:
P ROPOSITION 3.3 For any s ∈ (0, s∗ ), G : `τw (N ) → `τw (N ) is bounded. For zε := APPLY[w, ε ] and
fε := RHS[ε ], we have |zε |`wτ . |w|`wτ and |fε |`wτ . |u|`wτ , uniformly over ε > 0 and all finitely supported
w.
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Proof.
Since the proof in Stevenson (2003) is incomplete, we include a proof here. We first show
that for s ∈ (0, s∗ ), G : `τw (N ) → `τw (N ) is bounded. Let C > 0 be a constant such that for zε :=
1/s
APPLY[w, ε ], supp zε 6 Cε −1/s |w|`w . Let v ∈ `wτ (N ) and N ∈ N be given. For ε̄ := Cs |vN |`τw N −s , let
τ
zε̄ := APPLY[vN , ε̄ ]. Then, by (3.8),
kGv − zε̄ k 6 kGvN − zε̄ k + kGkkv − vN k
. Cs |vN |`τw N −s + kGkN −s |v|`τw . N −s |v|`wτ .
Since #supp zε 6 N, from (3.8) again we infer that |Gv|`τw . |v|`wτ .
By using that for any v ∈ `wτ (N ), and finitely supported z, we have
|z|`wτ . |v|`wτ + (#supp z)s kv − zk

(3.12)

(Cohen et al.; 2001, Lemma 4.11), for finitely supported w, ε > 0, and with zε := APPLY[w, ε ], we
have |zε |`τw . |Gw|`wτ + (#supp zε )s ε 6 |Gw|`τw +Cs |w|`wτ . |w|`wτ . Similarly, for fε := RHS[ε ], we have
|fε |`wτ . |Gu|`τw + (#supp fε )s ε 6 |u|`wτ .
¤
Thanks to the properties of COARSE we have the following result.
P ROPOSITION 3.4 Let µ > 1 and s > 0. Then, for any ε > 0, v ∈ `wτ (N ), and finitely supported w with
kv − wk 6 ε ,
for w := COARSE[µε , w] we have that
1/s

#supp w . ε −1/s |v|`w .
τ

Obviously kv − wk 6 (1 + µ )ε , and
|w|`τw . |v|`τw .
Proof. Let N be the smallest integer such that kvN − vk 6 (µ − 1)ε for a best N–term approximation vN
1/s
of v. Then #supp vN . ε −1/s |v|`w . Furthermore kvN − wk 6 kvN − vk + kv − wk 6 (µ − 1 + 1)ε = µε ,
τ
and so #supp w . #supp vN . The last statement follows from an application of (3.12).
¤
Let us briefly discuss the assumptions we made on APPLY, RHS and COARSE. The approximate
matrix-vector product APPLY can be implemented in the way introduced in (Cohen et al.; 2001, §6.4).
Then the question whether APPLY has the assumed properties reduces to the question as to how well G
can be approximated by sparse matrices constructed by dropping small entries. This can be quantified by
the concept of s∗ -compressibility, meaning that if G is s∗ -compressible, then APPLY has the assumed
properties with that value of s∗ . For the case of a basis, for both differential operators and singular
integral operators, and for sufficiently smooth wavelets with sufficiently many vanishing moments in
relation to their approximation order, it was shown in Stevenson (2004) that G is s∗ -compressible with
s∗ larger than any s = 1/τ −1/2 for which u ∈ `τw (N ) can be expected. This result extends to aggregated
wavelet frames (see Stevenson (2003) for details).
Above, we implicitly assumed that the remaining entries from the sparse approximations for G are
exactly available. Generally, however, these entries have to be approximated by numerical quadrature.
For the case of a basis, in Gantumur and Stevenson (2006a,b) it was verified that these remaining entries
can be approximated within a sufficiently small tolerance by quadrature rules that, on average over each
row and column, take only O(1) operations per entry, showing that the “fully discrete” version of APPLY has the required properties. The development of suitable numerical quadrature is more complicated
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in the case of an aggregated wavelet frame, since in overlapping regions, pairs of frame elements can be
piecewise smooth with respect to uncorrelated partitions. Despite of this, in a forthcoming paper we will
show that relatively easy implementable quadrature schemes exist that realize the above O(1) condition
in the case of an aggregated wavelet frame as well. In the nice setting of the numerical examples in this
paper, all entries of G are exactly available at unit cost, so the question of numerical quadrature does
not play a role.
Concerning RHS, for some s < s∗ , let u ∈ `τw (N ). Then Proposition 3.3 shows that f = Gu ∈
`τw (N ) with |f|`τw . |u|`τw . So (3.8) shows that for any ε > 0, there exists an fε with kf − fε k 6 ε and
1/s

1/s

#supp fε . ε −1/s |u|`w . The question how to construct such an fε in O(ε −1/s |u|`w +1) operations cannot
τ
τ
be answered in general, as it depends on the right-hand side at hand.
Finally, the routine COARSE with the aforementioned properties can be based on binary binning
(see Barinka (2005); Stevenson (2003) for details).

We are going to solve Gu = f with an approximate steepest descent method. Unless F is a basis,
G has a non-trivial kernel, meaning that, as with any iterative method, a component of the error in a
current approximation w that is in ker(G) will never be reduced in subsequent iterations. Although such
∗ −1
components do not influence the resulting approximation w := F ∗ D−1
B w because ker(F DB ) = ker(G),
in principle they may cause an unbounded increase of |w|`wτ as the iteration proceeds, making the cost
of calls of APPLY possibly uncontrollable. Under the assumption given below, we will nevertheless be
able to control this cost, which allows us to show optimality of the method.
Assumption 3.5 For any s ∈ (0, s∗ ), Q is bounded on `wτ (N ).
This assumption has been verified for the special case that H = L2 (Ω ), the wavelet bases making
up the aggregated frame are L2 (Ω )-orthonormal, and some damping is applied to the wavelets near the
interior boundaries, see Stevenson (2003) for details.
The general proof of the boundedness assumption 3.5 on Q is a difficult open problem. Its validity
can be indirectly verified by numerical experiments, like those in Section 4. According to (Stevenson;
2003, Remark 3.13), the boundedness of Q on `τw (N ) for all s ∈ (0, s∗ ) is (almost) a necessary requirement for the scheme to behave optimally.
Moreover, not restricting our analysis to wavelet frames and to differential equations, there exist other
frames, for example time–frequency localized Gabor frames (and more generally all intrinsically polynomially localized frames, cf. Dahlke et al. (2004); Fornasier and Gröchenig (2005)), for which the
boundedness of the corresponding Q has been proven rigorously (see (Dahlke et al.; 2004, Theorem 7.1
in Section 7)). Therefore, for specific operator equations, optimality of the adaptive algorithm introduced below based on, e.g., Gabor frame discretizations, is justified theoretically.
R EMARK 3.1 For cases in which Assumption 3.5 might not be valid, one can apply a modified algorithm
that contains a recurrent inexact application of a projector to reduce components in ker(G), similar
to the algorithm modSOLVE in Stevenson (2003) based on Richardson iteration. Although for this
algorithm optimal computational complexity can also be shown, even with a simpler proof, we focus on
the algorithm without this projector, since we expect it to have better quantitative properties.
Now we are in the position to formulate our inexact steepest descent scheme. The first step is to
establish a routine that computes an approximate residual of the current approximation w for u within
a sufficiently small tolerance ζ such that either, in view of Proposition 3.2, the relative error in this
approximate residual is below some prescribed tolerance δ , or the residual itself, being a measure of the
error in w, is below some other prescribed tolerance ε . In view of controlling the components of the
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approximations in ker(G), the tolerance ζ should be in any way below some third input parameter ξ .
RES[w, ξ , δ , ε ] → [r̃, ν ]:

ζ := 2ξ
do ζ := ζ /2
r̃ := RHS[ζ /2] − APPLY[w, ζ /2]
until ν := kr̃k + ζ 6 ε or ζ 6 δ kr̃k
T HEOREM 3.6 The routine RES has the following properties.
i) [r̃, ν ] = RES[w, ξ , δ , ε ] terminates with ν > krk, ν & min{ξ , ε } and kr − r̃k 6 ξ .
ii) If, for s 6 s̆ < s∗ , with, as always, τ = ( 21 + s)−1 and τ̆ = ( 12 + s̆)−1 , u ∈ `τw (N ), then
1/s

1/s̆

τ

τ̆

. min{ξ , ν }−1/s |u|`w + min{ξ , ν }−1/s̆ |w|`w ,

#supp r̃

(3.13)

s̆/s

min{ξ , ν }(s̆/s)−1 |r̃|`τ̆w

. |u|`w + min{ξ , ν }(s̆/s)−1 |w|`τ̆w ,

(3.14)

τ

and the number of arithmetic operations and storage locations required by the call is bounded by
some absolute multiple of
1/s

1/s̆

τ

τ̆

min{ξ , ν }−1/s |u|`w + min{ξ , ν }−1/s̆ [|w|`w + ξ 1/s̆ (#supp w + 1)].
iii) In addition, if RES terminates with ν > ε , then kr − r̃k 6 δ kr̃k, ν 6 (1 + δ )kr̃k, and ν 6

1+δ
1−δ krk.

Proof. Let us start by proving i). If at evaluation of the until-case, ζ > δ kr̃k, then kr̃k+ ζ < (δ −1 +1)ζ .
Since ζ is halved in each iteration, we infer that, if not by ζ 6 δ kr̃k, RES will terminate by kr̃k + ζ 6 ε .
Since after any evaluation of r̃ inside the algorithm, kr̃ − rk 6 ζ , any value of ν determined inside
the algorithm is an upper bound on krk.
If the do–loop terminates in the first iteration, then ν > ξ . In the other case, let r̃old := RHS[ζ ] −
APPLY[w, ζ ]. We have kr̃old k + 2ζ > ε and 2ζ > δ kr̃old k, so that

ν > ζ > (2δ −1 + 2)−1 (kr̃old k + 2ζ ) >

δε
,
2 + 2δ

and i) is shown.
The next step is to establish part ii). For any finitely supported v, we have
|v|`wτ̆ 6 (#supp v)s̆−s |v|`τw .

(3.15)

1/s

s̆/s

So for g := RHS[ζ ], from #supp g . ζ −1/s |u|`w and |g|`wτ . |u|`wτ , we have ζ (s̆/s)−1 |g|`wτ̆ . |u|`w . With
τ
τ
ζ , r̃, and ν having their values at termination, the properties of APPLY, cf. Proposition 3.3, now show
that
1/s
1/s̆
#supp r̃ . ζ −1/s |u|`w + ζ −1/s̆ |w|`w ,
τ

and

s̆/s

τ̆

ζ (s̆/s)−1 |r̃|`wτ̆ . |u|`τw + ζ (s̆/s)−1 |w|`wτ̆ .
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Therefore, (3.13) and (3.14) follow from these expressions once we have shown that ζ & min{ξ , ν }.
When the do–loop terminates in the first iteration, we have ζ & ξ . In the other case, with r̃old as above,
we have δ kr̃old k < 2ζ , and so from kr̃ − r̃old k 6 ζ + 2ζ , we infer kr̃k 6 kr̃old k + 3ζ < (2δ −1 + 3)ζ , so
that ν < (2δ −1 + 4)ζ .
To complete the proof of ii), it remains to estimate the number or arithmetic operations. Again the
properties of APPLY and that of RHS together with the geometric decrease of ζ inside the algorithm,
1/s
1/s̆
imply that the total cost can be bounded by some multiple of ζ −1/s |u|`w + ζ −1/s̆ |w|`w +K(#supp w+1),
τ
τ̆
with K being the number of calls of APPLY that were made. Taking into account its initial value, and the
geometric decrease of ζ inside the algorithm, we have K(#supp w + 1) = K ξ −1/s̆ ξ 1/s̆ (#supp w + 1) .
ζ −1/s̆ ξ 1/s̆ (#supp w + 1). Since we have already shown that ζ & min{ξ , ν }, this completes the proof of
ii).
Finally, let us check iii). Suppose that RES terminates with ν > ε , and thus with ζ 6 δ kr̃k. Then
obviously kr − r̃k 6 δ kr̃k.
krk
From kr̃k 6 kr − r̃k + krk 6 δ kr̃k + krk, we have kr̃k 6 1−
δ , and so we arrive at ν = kr̃k + ζ 6
1+δ
(1 + δ )kr̃k 6 1−
krk.
¤
δ
The routine RES is the basic building block for our fundamental algorithm which reads as follows.
Algorithm 1 SOLVE[ω , ε ] → w:
% Input should satisfy ω > kQuk.
% Let λ and δ = δ (λ ) be constants as in Proposition 3.2.
% Fix some constants µ > 1, β ∈ (0, 1).
1−δ
% Let K, M be the smallest integers with β K ω 6 ε , λ M 6 1+
δ

β
(1+3µ )κ (G) ,

respectively.

w0 := 0; ω0 := ω
for i := 1 to K do
w̄i := wi−1 ; ωi := β ωi−1 ; ξi := (1+3ωµi)C M % C3 from Proposition 3.2
3
ωi
i
while with [r̃i , νi ] := RES[w̄i , ξi , δ , (1+3µω)kG
† k ], νi > (1+3 µ )kG† k do
zi := APPLY[r̃i , δ kr̃i k]
hr̃i ,r̃i i
r̃i
w̄i := w̄i + hz
i ,r̃i i
enddo
3µωi
wi := COARSE[w̄i , 1+3
µ]
endfor
It turns out that Algorithm 1 indeed converges with the optimal order. This is confirmed by the
following theorem which is the main result of this paper.
T HEOREM 3.7

i) If ω > kQuk, then w := SOLVE[ω , ε ] terminates with kQ(u − w)k 6 ε .

ii) For any η ∈ (0, s∗ ), let s̆ = s∗ − η2 , τ̆ = ( 21 + s̆)−1 , and let the constant β inside SOLVE satisfy

β < min{1, [C1 (τ̆ )C2 (τ̆ )|I − Q|`τ̆w →`wτ̆ ]2(s

∗ −η )/η

}.

1/s

Then, if for some s ∈ (0, s∗ − η ], u ∈ `τw (N ), then #supp w . ε −1/s |u|`w and, when ε . ω . kuk,
τ
the number of arithmetic operations and storage locations required by the call is bounded by some
absolute multiple of the same expression.
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Proof. The first step is to prove i). Let us consider the ith iteration of the for-loop. Assume that
kQ(u − wi−1 )k 6 ωi−1 ,

(3.16)

which holds by assumption for i = 1. The inner loop terminates after not more than M + 1 calls of RES.
Indeed, suppose that this is not the case, then the first M + 1 calls of RES do not terminate because
the first condition in the until-clause is satisfied, and so Theorem 3.6 iii), Proposition 3.2, (3.1) and
assumption (3.16) show that the (M + 1)th call outputs a νi with

νi

6
6
6

1
1+δ
1+δ
1+δ
kf − Gw̄i k =
kG(u − w̄i )k 6
kGk 2 |||u − w̄i |||
1−δ
1−δ
1−δ
1
1
1
1+δ
1+δ
kGk 2 λ M |||u − wi−1 ||| 6
kGk 2 λ M kGk 2 kQ(u − wi−1 )k
1−δ
1−δ
ωi
(1 + 3µ )kG† k

by definition of M, which gives a contradiction.
With ŵi denoting w̄i at termination of the inner loop, we have by (3.1) and the properties of RES
1

kQ(u − ŵi )k 6 kG† k 2 |||u − ŵi ||| 6 kG† kkG(u − ŵi )k 6 kG† kνi 6

ωi
,
1 + 3µ

(3.17)

so that, by the properties of COARSE,
kQ(u − wi )k 6

ωi
1+3µ

3µωi
+ 1+3
µ = ωi ,

showing convergence, and by definition of K completes the proof of the first statement.
The proof of ii) follows the lines of the proof of (Stevenson; 2003, Theorem 3.12). In our case where
G has possibly a non-trivial kernel, generally, due to the errors in ran(I − Q), we have no convergence
of ŵi to u for i → ∞, and as a consequence, we are not able to bound |wi |`τw by some absolute multiple of
|u|`wτ . Instead we prove a weaker result (3.21), that, however, suffices to conclude optimal computational
complexity. By part i) of Theorem 3.6, Proposition 3.2 and the definition of the ξi ,
k(I − Q)(ŵi − wi−1 )k 6 C3 M ξi =

ωi
1+3µ .

(3.18)

Since Q is bounded on `2 , and by Assumption 3.5, it is bounded on `τ̆w , an interpolation argument (cf.
(DeVore; 1998, (4.24))) shows that it is bounded on `τw , uniformly in τ ∈ [τ̆ , 2]. Let Ni be the smallest
integer such that
ωi
kQu − (Qu)Ni k 6 1+3
(3.19)
µ,
where (Qu)N denotes the best N-term approximation for Qu. Then, using the assumption u ∈ `τw (N ),
(3.8) shows that
−1/s
1/s
−1/s
1/s
Ni . ωi
|Qu|`w . ωi
|u|`w ,
τ

τ

and so, using (3.15),
(s̆/s)−1

ωi

(s̆/s)−1

|(Qu)Ni |`wτ̆ . |u|`w
τ

(s̆/s)−1

|(Qu)Ni |`τw . |u|`w
τ

From (3.17), (3.18) and (3.19), we get
k(Qu)Ni + (I − Q)wi−1 − ŵi k 6

s̆/s

|Qu|`τw . |u|`w .

3 ωi
1+3µ .

τ

(3.20)
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From Proposition 3.4, with v reading as (Qu)Ni + (I − Q)wi−1 and by using that µ > 1, it follows that
3µωi
wi := COARSE[ŵi , 1+3
µ ] satisfies
|wi |`wτ̆ 6 C2 (τ̆ )|(Qu)Ni + (I − Q)wi−1 |`τ̆w
6 C1 (τ̆ )C2 (τ̆ )|(Qu)Ni |`τ̆w +C1 (τ̆ )C2 (τ̆ )|(I − Q)|`τ̆w ←`wτ̆ |wi−1 |`wτ̆
by (3.9), and so by (3.20),
(s̆/s)−1

ωi

(s̆/s)−1

s̆/s

|wi |`wτ̆ 6 C|u|`w +C1 (τ̆ )C2 (τ̆ )|(I − Q)|`τ̆w ←`wτ̆ β (s̆/s)−1 ωi−1
τ

|wi−1 |`wτ̆

for some absolute constant C > 0. The assumption on β made in the theorem shows that
C1 (τ̆ )C2 (τ̆ )|(I − Q)|`τ̆w ←`wτ̆ β (s̆/s)−1 < 1,
from which we conclude by a geometric series argument that
(s̆/s)−1

ωi

s̆/s

|wi |`wτ̆ . |u|`w ,

(3.21)

τ

which, as we emphasize here, holds uniformly in i. Moreover, knowing this, Proposition 3.4 and (3.20)
show that
−1/s̆

1/s̆

#supp wi . ωi

|(Qu)Ni + (I − Q)wi−1 |`w
τ̆
¡
¤¢1/s̆
−1/s
(s̆/s)−1 £
. ωi
ωi
|(Qu)Ni |`wτ̆ + |I − Q|`τ̆w →`τ̆w |wi−1 |`τ̆w
−1/s

. ωi

1/s

|u|`w ,

(3.22)

τ

again uniformly in i.
i
For any computed νi in the inner loop, Theorem 3.6 i) shows that (1+3µω)kG
† k . νi . At termination
of the inner loop we have νi . ωi , whereas for any evaluation of RES that does not lead to termination,
Theorem 3.6 iii) and Proposition 3.2 show that

νi 6

1+δ
kf − Gw̄i k . |||u − w̄i ||| 6 |||u − wi−1 ||| . ωi−1 .
1−δ

We conclude that

νi h ωi ,

uniformly in i and over all computations of νi in the inner loop.
Inside the body of the inner loop, we have that the tolerance for the call of APPLY satisfies δ kr̃i k >
hr̃i ,r̃i i
δ νi
1+δ by Theorem 3.6 iii) and, by Proposition 3.2, that | hzi ,r̃i i | . 1. By (3.21) and the fact that the number
of iterations of the inner loop is uniformly bounded, Theorem 3.6 ii) shows that
(s̆/s)−1

ωi

s̆/s

|r̃i |`wτ̆ . |u|`w ,
τ

(s̆/s)−1

ωi

s̆/s

|w̄i |`wτ̆ . |u|`w .
τ

With this result and (3.22), Theorem 3.6 ii) and the properties of APPLY (with s reading as s̆) show that
−1/s

#supp r̃i . ωi

1/s

|u|`w ,
τ

−1/s

#supp zi . ωi

1/s

|u|`w ,
τ

−1/s

#supp w̄i . ωi

1/s

|u|`w .
τ
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By using these results concerning the lengths of the supports and the `τ̆w -norms, again Theorem 3.6
ii) and the properties of APPLY and COARSE show that the number of arithmetic operations and
storage locations required for the computation of wi starting from wi−1 is bounded by an absolute mul−1/s
−1/s̆
−1/s̆
1/s
1/s̆
|u|`w + max{log(ωi−1 kŵi k), 1}. From log(ωi−1 kŵi k) . ωi
kŵi k1/s̆ . ωi
|ŵi |`w .
tiple of ωi
τ

−1/s

1/s

−1/s

τ̆

1/s

ωi
|u|`w , as well as 1 . ω −1/s kuk1/s . ωi
|u|`w by assumption, the geometric decrease of the ωi ,
τ
τ
and ωK & ε , which, in case K = 0, is an assumption, the proof is completed.
¤
R EMARK 3.2 In principle, all the building blocks we have developed so far can also be combined
to obtain an adaptive frame version of the conjugate gradient algorithm. However, our first numerical
experiments indicate that such a method does not really pay off compared to the simpler steepest descent
scheme. A similar observation has also been made in Dahmen et al. (2002) for the case of a basis.
4. Numerical Experiments
After the construction of a convergent and asymptotically optimal steepest descent algorithm, we now
investigate the practical applicability of the scheme. Moreover we want to compare it with the adaptive scheme based on the damped Richardson iteration. The version of the latter scheme appearing in
Dahlke et al. (2004); Stevenson (2003) has been proven to converge and, under Assumption 3.5, to be
also asymptotically optimal. Unfortunately its concrete implementation has shown it to be rather inefficient and therefore not well suited for comparisons. For this reason, we will compare the results of
our adaptive frame algorithm SOLVE with those obtained with the Richardson iteration based method
from Cohen et al. (2002). This scheme can be shown to converge also in the case of a wavelet frame
discretization, but a proof of its optimality has not been achieved yet. Nevertheless we will see that it
is in fact optimal in practice. Again the routines RHS, APPLY, and COARSE are the basic building
blocks for its implementation which reads as follows.
Algorithm 2 CDD2SOLVE[η , ε ] → w:
% Input should satisfy η > kQuk.
2
% Define the parameters αopt := kGk+kG
† k−1 and ρ :=
K
% Let θ and K be constants with 2ρ < θ < 1/2.

κ (G)−1
κ (G)+1 .

w := 0;
while η > ε do
for j := 1 to K do
³
´
j
j
w := w + αopt RHS[ 2ραηK ] − APPLY[w, 2ραηK ] ;
endfor
η := 2ρ K η /θ ;
w := COARSE[w, (1 − θ )η ];
enddo
For the discretization we use aggregated wavelet frames on suitable overlapping domain decompositions, as the union of local wavelet bases lifted to the subdomains. As such local bases we use piecewise
linear and piecewise quadratic wavelets with complementary boundary conditions from Dahmen and
Schneider (1998), with order of polynomial exactness d = 2 or d = 3 and with d˜ = 2 or d˜ = 5 vanishing
moments respectively. In particular, we impose here homogenous boundary conditions on the primal
wavelets and free boundary conditions on the duals. We will test the algorithms on both 1D and 2D
Poisson problems.
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FIG. 1. Exact solution (solid line) for the one–dimensional example being the sum of the dashed and dash–dotted functions.

4.1 Poisson Equation on the Interval
We consider the variational formulation of the following problem of order 2t = 2 on the interval Ω =
(0, 1), i.e., n = 1, with homogenous boundary conditions
−u00 = f

on Ω ,

u(0) = u(1) = 0.

The right-hand side f is given as the functional defined by f (v) := 4v( 21 ) +
g(x) = −9π 2 sin(3π x) − 4.

(4.1)
R1
0

g(x)v(x)dx, where

The solution is consequently given by
u(x) = − sin(3π x) +

½

2x2
, x ∈ [0, 21 )
,
2(1 − x)2 , x ∈ [ 21 , 1]

see Figure 1. As an overlapping domain decomposition we choose Ω = Ω1 ∪ Ω2 , where Ω1 = (0, 0.7)
and Ω2 = (0.3, 1). Associated to this decomposition we construct our aggregrated wavelet frames just as
the union of the local bases. It is shown in Dahlke et al. (2004); Stevenson (2003) that such a system is
a (Gelfand) frame for H0t (Ω ) and that it can provide a suitable characterization of Besov spaces in terms
of wavelet coefficients. On the one hand, the solution u is contained in H0s+1 (Ω ) only for s < 12 . This
means that linear methods can only converge with limited order. On the other hand, it can be shown that
u ∈ Bτs (Lτ (Ω )) for any s > 0, 1/τ = s − 1/2, so that the wavelet frame coefficients u associated with u
define a sequence in `τw for any s < d−t
n (see DeVore (1998); Stevenson (2003)). This ensures that the
choice of wavelets with suitable order d can allow for any order of convergence in adaptive schemes like
that presented in this paper, in the sense that the error is O(N −s ) where N is the number of unknowns.
Due to our choice of piecewise linear wavelets with order d = 2, the optimal rate of convergence is
expected to be s = d−t
n = 1. We will show that the numerical experiments confirm this expected rate.
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FIG. 2. Left: Convergence histories of SOLVE and CDD2SOLVE with respect to CPU time. Two tests for CDD2SOLVE with
different fixed damping parameters are shown. Right: Convergence histories with respect to the support size of the iterands.

We have tested the adaptive wavelet algorithms CDD2SOLVE with parameters αopt ≈ 0.52, θ =
2/7, K = 83, and with initial η = 64.8861, and SOLVE with parameters δ = 1, µ = 1.0001, β = 0.9,
M = C3 = 1, K = 134, ω0 = 64.8861. The parameters M,C3 have been chosen so as to produce an
optimal response of the numerical results. The numerical results in Figure 2 illustrate the optimal
computational complexity of the two schemes. In particular, we show that for a suboptimal choice of the
damping parameter (α ∗ = 0.2 6 αopt ≈ 0.52 in this specific test) SOLVE outperforms CDD2SOLVE.
In practice, the wrong guess of the damping parameter can even spoil convergence and/or optimality.
In order to reduce computational time, we have implemented a caching strategy for the entries of
the stiffness matrix involved. Due to limited memory resources one is then forced to fix in advance a
certain maximal number of frame elements which can be taken into account during the iteration process,
which means that we are solving a truncated problem. Thus, for the computation of the residuals, only
wavelets up to a fixed scale are used. For small accuracies, the actually computed residuals may then
deviate from the true ones. This effect shows up in the CPU time histories displayed in Figure 2 for
small error tolerances. However, we observe that the influence of the truncation is almost negligible in
the 1D–case, since here the finest refinement level can be chosen very high.
Finally, Figure 3 illustrates the distribution of the active wavelet frame elements used by the steepest
descent scheme, each of them corresponding to a coloured rectangle. The two overlapping subintervals
are treated separately. For both patches one observes that the adaptive scheme detects the singularity of
the solution. The chosen frame elements arrange in a tree–like structure with large coefficients around
the singularity, while on the smooth parts the coefficients are uniformly distributed, and along a fixed
level they are of similar size here.

4.2 Poisson Equation on the L-shaped Domain
We consider the model problem of the variational formulation of Poisson’s equation in two spatial
dimensions:
(4.2)
−∆ u = f in Ω , u|∂ Ω = 0.
The problem will be chosen in such a way that the application of adaptive algorithms pays off most, as
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FIG. 3. Distribution of active wavelet frame elements in Ω1 and Ω2 .
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FIG. 4. Exact solution (left) and right–hand side for the two–dimensional Poisson equation in an L–shaped domain.

is the case for domains with reentrant corners. Here, the reentrant corners themselves lead to singular
parts in the solutions, forcing them to have a limited Sobolev regularity, even for smooth right–hand
sides f . For instance, considering the L-shaped domain Ω = (−1, 1)2 \[0, 1) × [0, 1), and f ∈ L2 (Ω ),
the solution u is known to be of the form
u = κ S + ū,
where ū ∈ H 2 (Ω ) ∩ H01 (Ω ), κ is a generally non-zero constant, and, with respect to polar coordinates
(r, θ ) related to the reentrant corner,
2
S (r, θ ) := ζ (r)r2/3 sin( θ ),
3
where ζ ∈ C∞ (Ω ) is a cut-off function. We use S as exact solution, which is shown together with the
corresponding right–hand side in Figure 4. It is well-known that S ∈ H s (Ω ) for s < 5/3 only, but it is
contained in every Besov space Bsτ (Lτ (Ω )), where s > 0, 1/τ = (s − 1)/2 + 1/2 (see Dahlke (1999)).
As has been previously noted, the convergence rate of a uniform refinement strategy is determined by
the Sobolev regularity of the solution, while in the context of adaptive schemes it depends on the Besov
regularity (cf. Dahlke, Dahmen and DeVore (1997)). In particular, considering piecewise quadratic
approximation, the best possible convergence rate in the H 1 (Ω )-norm for uniform refinement strategies
5
is O(N −( 3 −1)/2 ), with N being the number of unknowns, whereas our adaptive frame scheme gives the
optimal rate O(N −1 ). The latter can be shown, in view of our assumptions on the APPLY routine,
provided that the wavelets used in the construction of the aggregated frame are smooth enough and have
sufficiently many vanishing moments (see Stevenson (2003) for a detailed discussion of this relation).
More generally, assuming f is sufficiently smooth, with piecewise polynomial approximation of
order d, a further expansion of u into more singularity functions associated to the corners of the domain
shows that with the adaptive scheme the optimal rate O(N −(d−1)/2 ) is reached, whereas with uniform
5
refinement strategies the rate is always restricted to O(N −( 3 −1)/2 ).
For our numerical experiments, we will use an aggregated wavelet frame. With Ω1 = (−1, 0) ×
(−1, 1), Ω2 = (−1, 1) × (−1, 0), and 2 = (0, 1)2 , let κi be affine bijections between 2 and Ωi (i = 1, 2).
For Ψ 2 being a piecewise quadratic wavelet basis for H01 (2), where d = 3 and d˜ = 5, we set F =
∪2i=1 κi (Ψ 2 ). Although this construction is in the spirit of that from Dahlke et al. (2004) and Stevenson
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FIG. 5. Approximations and corresponding pointwise errors produced by the adaptive steepest descent algorithm, using piecewise
quadratic frame elements. Upper part: Approximations with 167, 898, and 2351 frame elements. Lower part: Approximations
with 2934, 3532, and 4648 frame elements.
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FIG. 6. Convergence histories of SOLVE and CDD2SOLVE with respect to CPU time using piecewise quadratic frame elements
(d = 3, d˜ = 5).

(2003), we cannot conclude from the theory developed there that F is actually a frame. The difficulty
is that there does not exist a partition of unity with respect to the open covering Ω1 ∪ Ω2 of Ω . The
non-overlapping parts of Ω1 and Ω2 are infinitely close at the reentrant corner. We give a direct proof
that nevertheless F is a frame.
Using that κi (Ψ 2 ) are frames (even bases) for H01 (Ωi ), it is sufficient to show that
kuk2H 1 (Ω ) h

inf

u1 ∈H01 (Ω1 ), u2 ∈H01 (Ω2 ),u=u1 +u2

ku1 k2H 1 (Ω ) + ku2 k2H 1 (Ω ) ,
1

2

uniformly in u ∈ H01 (Ω ). Let φ : [0, 32π ] → R>0 be a smooth function with φ (θ ) = 1 for θ 6 π2 and
φ (θ ) = 0 for θ > π . Writing u = u1 + u2 where u2 (x, y) = u(x, y)φ (θ (x, y)) with (r(x, y), θ (x, y)) being
the polar coordinates of (x, y) with respect to the reentrant corner, we have that ui ∈ H01 (Ωi ) (i = 1, 2).
Since Ω is a Lipschitz domain, with δ (x, y) denoting the distance of (x, y) ∈ Ω to the boundary, we
know that for u ∈ H01 (Ω ), δ −1 u ∈ L2 (Ω ) with kδ −1 ukL2 (Ω ) . kukH 1 (Ω ) , uniformly in u (see (Grisvard;
1985, Theorem 1.4.4.4)). Since furthermore
µ
¶
∂φ
∂φ T
u
∇(uφ ) = φ ∇u +
− sin(θ ) , cos(θ )
,
r
∂θ
∂θ
and r(x, y) > δ (x, y), we conclude that kui kH 1 (Ω ) . kukH 1 (Ω ) uniformly in u, which completes the proof
of F being a frame for H01 (Ω ).
We have tested the adaptive wavelet algorithms CDD2SOLVE with parameters αopt ≈ 0.15, θ =
2/7, K = 80, and with initial η = 70.1, and SOLVE with parameters δ = 1, µ = 1.0001, β = 0.9,
M = C3 = 1, K = 150, ω0 = 70.1.
In Figure 5 we show some of the approximations and the corresponding pointwise differences to the
exact solution produced by our steepest descent scheme using piecewise quadratic frame elements. The
numerical results in Figure 6 illustrate the optimal convergence of the two schemes.
R EMARK 4.1 For the damped Richardson and the steepest descent schemes, optimality has been theoretically proven only under Assumption 3.5. As was previously mentioned, according to (Stevenson;
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2003, Remark 3.13), the boundedness of Q on `τw (N ) for all s ∈ (0, s∗ ) is (almost) a necessary requirement for the scheme to behave optimally. So our numerical results can also be seen as a possible indirect
confirmation of such boundedness.
R EMARK 4.2 In order to improve the approximation properties of the frame algorithms considered, one
may think of imposing a tree structure onto the set of active frame elements. For the case of Riesz bases,
it has been shown in Cohen et al. (2003) how to modify the main procedures COARSE and APPLY to
end up with a numerical scheme which realizes the tree approximation rate N −s under slightly stronger
regularity assumptions on u. However, the generalization of these ideas to the setting of frames is
beyond the scope of this paper.
5. Conclusion
In this paper we have presented a new optimally convergent adaptive scheme for the numerical solution of elliptic operator equations, based on redundant frame discretizations. The scheme is based on
approximated iterations of steepest descent type. We have shown that the search of the damping parameter can be executed adaptively at each iteration, allowing for better practical usability compared to the
damped Richarson iteration. There, the optimal damping parameter can often only be guessed, since
the estimation of the lowest non–zero eigenvalue of the stiffness matrix is difficult in the case of frame
discretizations. The use of frames instead of Riesz bases does not spoil the optimal convergence of the
scheme that can be theoretically proved and numerically verified. Moreover, the construction of wavelet
systems on domains with complicated geometry is extremely simplified by considering frames instead
of Riesz bases. The numerical implementation is also significantly simplified.
The results included in Oswald (1997a,b) illustrate that frames can be naturally used for domain decomposition methods, where the overlapping patches induce a Schwarz alternating iteration. Together
with adaptive schemes and the implementation of well-conditioned high order bases (Bittner (2006);
Gori et al. (2004); Primbs (2006)), we expect that this line of research will produce a significant breakthrough for numerical schemes based on frame decompositions.
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Abstract
This paper is concerned with adaptive numerical frame methods for elliptic operator
equations. We show how specific non-canonical frame expansions on domains can be
constructed. Moreover, we study the approximation order of best n-term frame approximation which serves as the benchmark for the performance of adaptive schemes.
We also discuss numerical experiments for second order elliptic boundary value problems in polygonal domains where the discretization is based on recent constructions of
boundary adapted wavelet bases on the interval.
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1

Introduction

In recent years, wavelet methods have become a very powerful mathematical tool with
many important applications, e.g., in the fields of signal analysis and numerical analysis. In
signal/image analysis/compression, wavelet schemes are well-established by now, and very
often they outperform other classical methods. In numerical analysis, the most exciting
results have been obtained in the context of the numerical treatment of elliptic operator
equations. Indeed, the strong analytical properties of wavelets yield uniformly bounded
condition numbers of the associated stiffness matrices, they allow for very efficient compression strategies, and, moreover, they can be used to derive adaptive numerical schemes
that are guaranteed to converge with optimal order [3, 10, 17]. However, due to a serious
bottleneck, these impressive advantages of wavelet methods have not been fully exploited
yet. Usually, the operator equation is defined on a bounded domain or on a closed manifold,
and therefore a wavelet basis on this domain is needed. Although there exist by now several
constructions [5, 13, 25, 26, 30, 32], none of them seems to be fully satisfying for the following reasons: one is usually faced with relatively high condition numbers, very often the
∗
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wavelet basis is not smooth enough, and last, but not least, all the existing constructions
are not easy to implement. One approach to ameliorate these problems is to use a weaker
concept, i.e., to work with frames instead of bases [18, 38]. Indeed, contrary to the basis
case, the construction of a smooth wavelet frame is quite easy. One only has to construct an
overlapping partition of the domain by means of parametric images of the unit cube. Then,
by lifting tensor product boundary adapted wavelet bases on the unit cube to each subdomain and collecting everything together, indeed a wavelet frame is obtained. Fortunately,
in recent studies, it has been shown that all the advantages of wavelet methods outlined
above can also be established in the case of frames [7, 18, 19, 38].
However, there are still some open problems left as we shall now explain. It has turned
out that the so-called Gelfand frames are the right and suitable tool for numerical purposes,
see Section 3. Roughly speaking, a Gelfand frame is a Hilbert frame that in addition induces
norm equivalences for associated smoothness spaces. These norm equivalences are usually
stated by means of expansion with respect to the canonical dual frame. However, for
wavelet frames constructed as described above, the sufficient properties (e.g., smoothness
and cancellation properties) of the canonical dual to establish the norm equivalence cannot
be easily checked. Therefore it is clearly desirable to generalize the existing constructions
to non-canonical dual frames. Indeed, in this paper, we show that such a generalization
is possible, and we also present a very simple construction of a non-canonical dual system
which is based on a suitable underlying partition of unity.
Another open question is concerned with optimality of adaptive wavelet frame schemes.
Usually, the benchmark for adaptive schemes is best n-term approximation. In the basis
case, the norm equivalences imply that this approximation order is completely determined
by the regularity of the function one wants to approximate as measured in a specific scale of
Besov spaces. In the case of frames, such a complete characterization cannot be expected,
since due to the redundancy of the frame a Bernstein estimate often fails to hold. Nevertheless, a Jackson-type estimate can usually be shown, so that at least an upper bound
for best n-term approximation can be derived. If some knowledge about the smoothness
and cancellation properties of the dual frame under consideration is available, it has turned
out recently that also Bernstein-type estimates can be expected, at least in the case of
wavelet bi-frames on Rn , see [4]. In this paper, we prove a similar result for Gelfand frame
expansions of the solutions to second order elliptic operator equations defined in polygonal
domains in R2 : if the solution is contained in a specific scale of Besov spaces, then there
exists a Gelfand frame expansion (with respect to a non-canonical dual) such that the associated frame coefficients show the same decay as for the basis case, which implies that the
best n-term frame approximation realizes the same approximation order. Consequently, an
optimal adaptive wavelet frame scheme should also converge with this order, and that is
what is indeed observed in practice, see Section 6.
A third important problem is concerned with concrete applications and implementations
of adaptive frame schemes. As outlined above, the basic ingredient is always a suitable
wavelet basis on the unit cube, and the overall performance of the algorithm directly depends
on the properties of this basis. In practice, one is very often faced with the problem that,
e.g., the condition numbers of the bases are not as low as desirable, especially for bases of
higher order, and this drawback clearly diminishes the applicability of the whole scheme.
Consequently, there is urgent need for much more stable boundary adapted wavelet bases.
2
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Quite recently, a very promising approach has been developed in [34]. First numerical tests
indeed show that the condition numbers associated with this basis are much lower compared
to other existing approaches. Therefore, in this paper we explain how this new basis can be
incorporated in an adaptive wavelet frame scheme, and we present numerical experiments,
which confirm the quantitative improvement with respect to the basis constructed in [24].
This paper is organized as follows. In Section 2, we briefly recall the setting of adaptive
wavelet frame discretizations as far as it is needed for our purposes. Then, in Section 3,
we discuss the basic concept of Gelfand frames and present a quite natural construction
of a non-canonical dual frame which is based on a suitable partition of unity. Section 4 is
devoted to nonlinear approximation schemes based on Gelfand frames. We show that the
approximation order of best n-term frame approximation that can be achieved is directly
determined by the Besov smoothness of u. Then, in Section 5, we briefly recall the newly developed construction of boundary adapted wavelets. Finally, in Section 6, we shortly explain
the building blocks of adaptive frame algorithms and present some numerical experiments
for the Poisson equation on the L-shaped domain.

2

Frame Discretization of Elliptic Problems

In this section, we briefly describe the basic concepts of frame discretization schemes for
linear elliptic operator equations
Lu = f,
(2.1)
where we will assume L to be a boundedly invertible operator from some Hilbert space H
into its normed dual H 0 , i.e.,
kLukH 0 h kukH ,

u ∈ H.

(2.2)

Here and in the following ‘a h b’ means that both quantities can be uniformly bounded by
some constant multiple of each other. Likewise, ‘.’ indicates inequalities up to constant
factors. We write out such constants explicitly only when their values matter.
Since L is boundedly invertible, (2.1) has a unique solution u for any f ∈ H 0 . In the
sequel, we shall focus on the important special case where
a(v, w) := hLv, wi

(2.3)

defines a symmetric bilinear form on H, h·, ·i corresponding to the dual pairing of H 0 and
H. We will always assume that a(·, ·) is elliptic in the sense that
a(v, v) h kvk2H ,

(2.4)

which is easily seen to imply (2.2).
Typical examples are variational formulations of second order elliptic boundary value
problems on a domain Ω ⊂ Rn such as the Poisson equation
−4u = f
u = 0

3

in Ω,
on ∂Ω.

(2.5)
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In this case, H = H01 (Ω), H 0 = H −1 (Ω), and the corresponding bilinear form is given by
Z
∇v · ∇w dx.
(2.6)
a(v, w) =
Ω

Thus typically H is a Sobolev space. Therefore, from now on, we will always assume that
H and H 0 , together with L2 (Ω), form a Gelfand triple, i.e.,
H ⊂ L2 (Ω) ⊂ H 0

(2.7)

with continuous and dense embeddings.
We are interested in the discretization of (2.1) using wavelet frames. To this end, recall
first that a subset F = {fn : n ∈ N } of a Hilbert space H is called a frame for H if
X
2
(2.8)
hf, fn iH , for all f ∈ H.
kf k2H h
n∈N

By (2.8), any frame F for H is automatically dense, which makes frames suitable for
the numerical discretization of, e.g., the operator equation (2.1). Moreover, the analysis
operator F := FF : H → `2 (N ) of a frame F, FF f = hf, fn iH n∈N , and the synthesis
P
operator F ∗ : `2 (N ) → H, F ∗ c = n∈N cn fn =: c> F are bounded. The frame operator
S := F ∗ F is positive and boundedly invertible on H, so that every f ∈ H possesses the
non–orthogonal expansions
X
X
f = SS −1 f =
hf, S −1 fn iH fn = S −1 Sf =
hf, fn iH S −1 fn .
(2.9)
n∈N

n∈N

The set F̃ = {S −1 fn : n ∈ N } is again a frame for H, the so-called canonical dual frame
with associated analysis operator FF̃ . In general, there exist many possible dual frames
{f˜n : n ∈ N } ⊂ H such that
X
X
f=
hf, f˜n iH fn =
hf, fn iH f˜n
(2.10)
n∈N

n∈N

with the norm equivalence kf kH h kFF̃ f k2 , but their construction might be less obvious.
A frame F is a Riesz basis for H if and only if ker(F ∗ ) = {0} and in such a case the dual
is uniquely determined.
Concerning the discretization of (2.1), it remains to specify a suitable frame F for the
solution space H. Here we are particularly interested in the class of wavelet frames. Due
to the fact that wavelet systems are typically constructed in L2 rather than in the solution
space H, we will consider frames that simultaneously allow expansions of the form (2.10)
in a Hilbert space H and in a densely embedded Hilbert space X ⊂ H. Here it is
X ⊂ H ' H0 ⊂ X 0 ,

(2.11)

such that (X , H, X 0 ) is a Gelfand triple. Frames tailored to this Gelfand triple situation
are given by the class of Gelfand frames, as introduced in [18]. A frame F for H with dual

4
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frame F̃ is a Gelfand frame for the Gelfand triple (X , H, X 0 ), if F ⊂ X , F̃ ⊂ X 0 and there
exists a Gelfand triple b, `2 (N ), b0 of sequence spaces such that
F ∗ : b → X , F ∗ c = c> F

and F̃ : X → b, F̃ f = hf, f˜n iX ×X 0


n∈N

(2.12)

are bounded operators. By duality, also the operators
and F : X 0 → b0 , F f = hf, fn iX 0 ×X

F̃ ∗ : b0 → X 0 , F̃ ∗ c = c> F̃



are bounded. In particular, the following reproducing formulas hold
X
hf, f˜n iX ×X 0 fn for all f ∈ X
f =

n∈N

(2.13)

(2.14)

n

g =

X

hg, fn iX 0 ×X f˜n

for all g ∈ X 0 .

(2.15)

n

In the following, we will assume that the sequence spaces b and `2 (N ) can be identified via
an isomorphism D : b → `2 (N ). As a consequence, the system D−1 F is indeed a frame for
X , see [35] for a proof. In all cases of practical interest, the sequence spaces b will turn out
to be suitable weighted `2 (N )–spaces.
For the applications we have in mind, clearly the case (X , H, X 0 ) = (H, L2 (Ω), H 0 ),
where H denotes some Sobolev space, is the most important one. One prominent example
[5, 23, 24, 25, 26, 30, 40] of a Gelfand frame is any wavelet Riesz basis Ψ = {ψλ : λ ∈ I} in
L2 (Ω), Ω ⊂ Rn , such that a range s ∈ (−γ̃, γ) of Sobolev spaces H0s (Ω) can be characterized
by weighted sequence norms of the primal wavelet coefficient arrays
kf kH s (Ω) h

X

22|λ|s hf, ψ̃λ iL2 (Ω)


2 1/2

,

f ∈ H0s (Ω).

(2.16)

λ∈I

Here we have used that for wavelet systems, the scale mapping λ 7→ |λ| ∈ Z≥j0 is well–
defined. Any such wavelet Riesz basis Ψ is a Gelfand frame for (H0s (Ω), L2 (Ω), H −s (Ω)) for
s ∈ (−γ̃, γ), with the weighted sequence spaces b := `2,2s (I) := `2,22|·|s (I). Here we use the
weighted `2 spaces
n
o
X
`2,w (I) := c = (cλ )λ∈I : kck2`2,w (I) :=
|cλ |2 w(λ) < ∞
(2.17)
λ∈I

for some weight function w : I → R+ .
Under the aforementioned assumptions on a Gelfand frame F for (H, L2 (Ω), H 0 ), the
following lemma holds [18, 38], in analogy to the case of wavelet bases.
Lemma 2.1. Let F and F ∗ be the analysis and synthesis operators of a Gelfand frame
F associated to the Gelfand triple (H, L2 (Ω), H 0 ). Then, under the assumptions (2.3) and
(2.4) on L, the operator
G := (D∗ )−1 F LF ∗ D−1
(2.18)
is a bounded operator from `2 (N ) to `2 (N ). Moreover G = G∗ , and it is boundedly invertible
on its range ran(G) = ran((D∗ )−1 F ).
5
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With
f := (D∗ )−1 F f,

(2.19)

we are therefore left with the problem to solve
Gu = f ,

(2.20)

because the solution u to (2.1) is obtained by the identity u = F ∗ D−1 u [18, 38]. It has
been shown in [19, 38] that the infinite linear system (2.20) can be solved with well known
iterative methods such as a damped Richardson iteration or a steepest descent scheme.

3
3.1

Gelfand Frames on Domains
The General Setting

We shall now be concerned with a straightforward construction of wavelet Gelfand frames
on a bounded domain Ω ⊂ Rn using domain decomposition arguments. To this end, we
assume that Ω is the union of overlapping patches C = {Ωi }m
i=1
Ω=

m
[

Ωi ,

(3.1)

i=1

where each patch Ωi is the image of the unit cube  = (0, 1)n under a suitable parametrization Ωi = κi (). We assume furthermore that the parametrizations κi are C k –diffeomorphisms
and that
| det Dκi (x)| h 1, for x ∈ .
(3.2)
Clearly, the set of admissible domains Ω is restricted by raising these regularity conditions;
the boundary of Ω has to be piecewise smooth enough. However, the particularly attractive
case of polyhedral domains is still covered.
Given a reference wavelet Riesz basis Ψ = {ψµ : µ ∈ I  } ⊂ H0s () on the cube, s > 0,
we lift the system Ψ to Ωi by setting

ψµ κ−1
i (·)
ψi,µ :=
(3.3)
 1/2 .
det Dκi κ−1
i (·)
The denominator is chosen in such a way that kψλ kL2 (Ω) = kψµ kL2 () . Analogously, we
also lift the dual wavelets to Ωi :

ψ̃µ κ−1
i (·)
(3.4)
ψ̃i,µ :=
 1/2 .
det Dκi κ−1
i (·)
Then it is immediate to see that the system Ψ(i) := {ψi,µ : µ ∈ I  } is a Riesz basis in
L2 (Ωi ) with dual Riesz basis Ψ̃(i) := {ψ̃λ : λ ∈ I  }, characterizing the corresponding scale
of Sobolev spaces over Ωi . The most simple method to derive a wavelet Gelfand frame over

6
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the domain Ω from the local bases Ψ(i) is to aggregate them by means of the zero extension
operators Ei : Ωi → Ω. Using the global index set
I :=

m
[

{i} × I  ,

(3.5)

i=1

with |λ| := |µ| for λ = (i, µ) ∈ I, we will consider the family
Ψ := {ψλ : λ ∈ I},

for (i, µ) ∈ I.

ψ(i,µ) := Ei ψi,µ ,

(3.6)

The operators Ei being bounded from H0s (Ωi ) to H0s (Ω), we have that Ψ ⊂ H0s (Ω) for
s ≥ 0. In the following we may omit Ei and we will assume that the functions are smoothly
zero-extended to all Ω. It is straightforward to see that Ψ is a frame for L2 (Ω).
Lemma 3.1. The aggregated system Ψ from (3.6) is a frame for L2 (Ω).
Proof. For f ∈ L2 (Ω), (3.2) and a transformation of coordinates imply
1/2
kf k2L2 (Ωi ) h f (·)| det Dκi (κ−1
i (·))|

2
L2 (Ωi )

h f ◦ κi (·)| det Dκi (·)|1/2

2
.
L2 ()

Inserting the frame condition for Ψ in L2 (), we get the frame condition for Ψ(i) in L2 (Ωi )
kf k2L2 (Ωi ) h

X

f ◦ κi (·)| det Dκi (·)|1/2 , ψµ

2
L2 ()

µ∈I 

=

X

2

hf, ψi,µ iL2 (Ωi ) .

(3.7)

µ∈I 

Using the inequalities
kf k2L2 (Ω) ≤

m
X

kf k2L2 (Ωi ) ≤ mkf k2L2 (Ω) ,

i=1

the frame condition for Ψ follows by summing up (3.7) over i.
Unfortunately, the global canonical dual S −1 Ψ of the frame Ψ is only implicitly given
and its properties are not obvious. In particular, it is not immediately clear how to prove
the Gelfand frame properties in (H0s (Ω), L2 (Ω), H −s (Ω)). As an alternative, we therefore
propose
S to work with non-canonical duals instead. As soon as the particular decomposition
Ω= m
i=1 Ωi admits the construction of a partition of unity {σi }1≤i≤m subordinate to the
patches Ωi , i.e.,
i) supp σi ⊂ Ω̄i ,
ii) kσi ukH s (Ωi ) . kukH s (Ω) holds uniformly in u ∈ H s (Ω), and
iii) σi u ∈ H0s (Ωi ), for all u ∈ H0s (Ω), i = 1, . . . , m,
we can immediately specify a non-canonical global dual frame for Ψ as is shown in the
following proposition, see also Subsection 4.4 of [38].

7
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Proposition 3.2. Let Ψ be defined as in (3.6) and assume that {σi }m
i=1 is a partition of
unity subordinate to the patches Ωi . Then, with ψ̃i,µ being the lifted local duals from (3.4),
the system
Ψ̃ := {ψ̃λ : λ ∈ I}, ψ̃(i,µ) := Ei (σi ψ̃i,µ ), for (i, µ) ∈ I
(3.8)
is a non-canonical global dual frame for Ψ in L2 (Ω). More specific, Ψ and Ψ̃ form a wavelet
Gelfand frame for (H0s (Ω), L2 (Ω), H −s (Ω)) with respect to the Gelfand triple of sequence
spaces (`2,2s (I), `2 (I), `2,2−s (I)).
P
2
Proof. By the partition of unity property, it is kuk2L2 (Ω) h m
i=1 kσi ukL2 (Ω) , which implies
the frame property of Ψ̃ for L2 (Ω),
m X
X

kuk2L2 (Ω) h

i=1

|hu, σi ψ̃i,µ iL2 (Ωi ) |2 ,

u ∈ L2 (Ω).

µ∈I 

Clearly, the validity of the duality relation (2.10) is induced by the partition property of
∗
the σi . Concerning the Gelfand frame property, we will show that the operators F
 :
s
∗
>
s
`2,2s (I) → H0 (Ω), F c = c Ψ, and F̃ : H0 (Ω) → `2,2s (I), F̃ f = hf, ψ̃λ iH0s (Ω)×H −s (Ω) λ∈I
are bounded. Note first that any sequence in `2,2s (I) can be uniquely resorted as an m–tuple
(i)
c = (c(1) , . . . , c(m) ) ∈ `2,2s (I  )m with c(i,µ) = cµ and equivalent norms
kck`2,2s (I) h (c(1) , . . . , c(m) )

`2,2s (I  )m

:=

m
X

kc(i) k`2,2s (I  ) ,

(3.9)

i=1

where the constants involved do not depend on s. By assumption, the local Riesz basis
property of (2−s|µ| ψi,µ )µ∈I  in H0s (Ωi ) implies that the operators (F (i) )∗ : `2,2s (I  ) →
H0s (Ωi ), (F (i) )∗ c = c> Ψ(i) , are bounded. Since the operators Ei are continuous, for any
c ∈ `2,2s (I) one has the representation
F ∗c =

m X
X

m
X

cµ(i) ψ(i,µ) =

i=1 µ∈I 

Ei (F (i) )∗ c(i) ,

i=1

from which, by applying the continuity of Ei and (F (i) )∗ , and by using (3.9) follows
kF ∗ ckH s (Ω) ≤

m
X

(F (i) )∗ c(i)

H s (Ω

i)

.

m
X

i=1

kc(i) k`2,2s (I  ) h kck`2,2s (I) .

i=1

As regards the continuity of F̃ , we know that again by the Riesz basis property of (2−s|µ| ψi,µ )µ∈I 

in H0s (Ωi ), the operators F̃ (i) : H0s (Ωi ) → `2,2s (I  ), F̃ (i) f = hf, ψ̃i,µ iH0s (Ωi )×H −s (Ωi ) µ∈I  ,
are bounded. It follows from supp ψ̃(i,µ) ⊂ Ω̄i that
kF̃ f k`2,2s (I) h

m
X

kF̃ (i) f |Ωi k`2,2s (I  ) .

i=1

m
X
i=1

8
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Thus, it remains to discuss the availability of a suitable partition of unity {σi }1≤i≤m ,
which is not obvious. SFor instance, if we consider an arbitrary domain with a reentrant
corner and a covering m
i=1 Ωi which is chosen in such a way that no subdomain contains an
entire neighbourhood of the reentrant corner, the functions σi corresponding to the adjacent
patches Ωi are definitely bound to have a singularity at the reentrant corner. Unfortunately,
in a practical application, such situations cannot always be avoided.
As a prototypical example, in the sequel, we analyze this problem for the special situation of the L-shaped domain being decomposed into two overlapping patches. It is shown
that, despite the appearance of the mentioned singularities, all necessary properties of the
partition of unity can be preserved.

3.2

Gelfand Frames on the L-shaped Domain

We shall now consider the special case that Ω := (−1, 1)2 \ [0, 1)2 is the L-shaped domain in
R2 , decomposed into two overlapping subdomains Ω = Ω1 ∪ Ω2 with Ω1 := (−1, 0) × (−1, 1)
and Ω2 := (−1, 1) × (−1, 0). Due to the reentrant corner at the origin, Ω can be seen
as a prototype for any non–convex polygonal domain in R2 . The particular overlapping
decomposition can be exploited in the construction of Gelfand frames on Ω as follows. Let
π
φ : [0, 3π
2 ] → R≥0 be a smooth function with φ(θ) = 1 for θ ≤ 2 and φ(θ) = 0 for θ ≥ π.
Then, with (r(x), θ(x)) being the polar coordinates of x with respect to the reentrant corner,
the functions σ1 := φ ◦ θ and σ2 := 1 − σ1 form a partition of unity subordinate to the
patches Ωi in the following sense, see also [19] for the special case s = 1.
Lemma 3.3. For any u ∈ H0s (Ω), s ∈ N, it is σi u ∈ H0s (Ωi ) and
kσi ukH s (Ωi ) . kukH s (Ω) ,

i ∈ {1, 2}.

(3.10)

For the proof of Lemma 3.3 as well as for the arguments in Section 4, we recall the
following theorem from [28].
Theorem 3.4 ([28, Theorem 1.4.4.4]). Let Ω be a bounded open subset of Rn with a Lipschitz
boundary Γ, and let ρ(x) denote the distance from a point x to Γ. Then, for all u ∈
W0s (Lp (Ω)), 1 ≤ p < ∞, such that s − p1 is not an integer, the following property holds
ρ−s+|α| Dα u ∈ Lp (Ω)

(3.11)

for all |α| ≤ s.
The proof of this theorem given in [28] essentially relies on an application of Hardy’s
inequality. Moreover, what will be most important for our purposes is that it follows from
the proof that
kρ−s+|α| Dα ukLp (Ω) ≤ C(p)kukW s (Lp (Ω)) , for all |α| ≤ s,
with a constant C(p) > 0 staying uniformly bounded as p tends to infinity.

9

(3.12)
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Proof of Lemma 3.3. It suffices to treat the case i = 1, since the claim for i = 2 follows by
analogy. We will show first that (3.10) holds uniformly in u ∈ H0s (Ω). To this end, for any
α ∈ Nn0 with |α| ≤ s, we want to use the multivariate Leibniz rule
X α 
α
α
Dβ (φ ◦ θ)Dα−β u,
(3.13)
D (σ1 u) = D ((φ ◦ θ)u) =
β
0≤β≤α

which holds as an equality in L2 (Ω) if the right-hand side is contained in L2 (Ω). Now, using
Theorem 3.4 for p = 2, it follows that ρ−s+|α−β| Dα−β u ∈ L2 (Ω) with
kρ−s+|α−β| Dα−β ukL2 (Ω) . kukH s (Ω)

(3.14)

for all 0 ≤ β ≤ α. It hence remains to prove that the corresponding weak derivatives of the
factors φ ◦ θ in (3.13) are compensated by the additional powers of ρ ≤ r, i.e., that
kDβ (φ ◦ θ)rs−|α−β| kL∞ (Ω1 ) < ∞

(3.15)

holds for all 0 ≤ β ≤ α. In fact, (3.15) implies that
kDβ (φ ◦ θ)Dα−β ukL2 (Ω1 ) ≤ kDβ (φ ◦ θ)rs−|α−β| kL∞ (Ω1 ) kρ−s+|α−β| Dα−β ukL2 (Ω) . kukH s (Ω) .
In the case of β = 0, (3.15) is ensured by 0 ≤ φ(θ) ≤ 1 and the boundedness of Ω1 .
For |β| ≥ 1, we utilize a multivariate Faà di Bruno formula (see Corollary 2.10 of [14]) to
compute
|β|
|β|
X
X
Y
(Dνj θ)kj
(φ(k) ◦ θ)
Dβ (φ ◦ θ) = β!
(3.16)
k !(νj !)kj
j=1 j
k=1

(k1 ,...,k|β| ,ν1 ,...,ν|β| )∈p(β,k)

which has to be understood as a pointwise identity. Here p(β, k) is the set of all tuples
P|β|
P|β|
(k1 , . . . , k|β| , ν1 , . . . , ν|β| ) with kj ∈ N0 , νj ∈ Nn0 , such that j=1 kj = k, j=1 kj νj = β
and there exists some 1 ≤ ` ≤ |β| with kj = 0 and νj = 0 for 1 ≤ j ≤ |β| − `, kj > 0 for
|β| − ` + 1 ≤ j ≤ |β| and the lexicographic order 0 ≺ ν|β|−`+1 ≺ · · · ≺ ν|β| .
Now a simple induction shows the existence of hν ∈ C ∞ [0, 32 π], ν ∈ Nn0 , such that
Dν θ = (hν ◦ θ)r−|ν| .

(3.17)

Using (3.16) and the boundedness of φ(k) ◦ θ on Ω1 , we get
kDβ (φ ◦ θ)rs−|α−β| kL∞ (Ω1 ) .

|β|
X

X

k=1 (k1 ,...,k|β| ,ν1 ,...,ν|β| )∈p(β,k)

|β|
Y
j=1

(Dνj θ)kj rs−|α−β|

L∞ (Ω1 )

,

Pn P|β|
P|β|
so that s − |α − β| ≥ |β| =
m=1
j=1 kj (νj )m =
j=1 kj |νj | and (3.17) yield (3.15),
showing that σ1 u ∈ H s (Ω1 ) and that (3.10) holds uniformly in u ∈ H0s (Ω).
In order to see that σ1 u ∈ H0s (Ω1 ), let us denote with Γ1,1 , . . . , Γ1,4 the open segments
of ∂Ω1 and with nl the outward normal with respect to Γ1,l , l = 1, . . . , 4, cf. Figure 1.
Moreover, with trl v we denote the restriction of a v ∈ H s (Ω1 ) to Γ1,l . Using this notation
it is
∂j v
H0s (Ω1 ) = {v ∈ H s (Ω1 ) : trl
= 0, 1 ≤ l ≤ 4, 0 ≤ j ≤ s − 1},
∂njl
10

[3] Adaptive Frame Approximations: Theory and Numerical Experiments

Γ1,3
Ω1
Γ1,2 ∩ ∂Ω

Γ1,2

Γ1,4

Γ1,2 ∩ Ω

Ω2
Γ1,1
Figure 1: Decomposition of the boundary of Ω1 into four segments.
see also [28, Theorem 1.5.2.1, Remark 1.5.2.11]. Since u ∈ H0s (Ω), we can choose test
functions uk ∈ C0∞ (Ω), k ∈ N, with uk → u in H s (Ω). Now, as a special case, (3.13) implies
that
j  
∂ j (σ1 uk ) X j ∂ ` (φ ◦ θ) ∂ j−` uk
=
, j = 0, . . . , s − 1.
`
∂n`l
∂njl
∂nj−`
l

`=0

|Dβ u

s
And a Taylor expansion at the origin yields
k | ≤ Ck r for all |β| ≤ s. Furthermore,
(k)
using the fact that φ (θ) = 0, for all k ≥ 0 and θ ≥ π and combining (3.16) and (3.17), it
becomes obvious that
Dβ (φ ◦ θ) = (h̃β ◦ θ)r−|β| , β ∈ Nn0 ,

where h̃β ∈ C ∞ [0, 32 π], h̃β (θ) = 0, for θ ≥ π. Together with the boundedness of the
restricted test functions uk|Ω1 and all its derivatives then follows
trl (σ1 uk ) = trl

∂ s−1 (σ1 uk )
∂(σ1 uk )
= · · · = trl
= 0,
∂nl
∂ns−1
l

l = 1, . . . , 4.

Thus, it is σ1 uk ∈ H0s (Ω1 ) for all k ∈ N. Combining this with (3.10) and the boundedness
of the trace operator from H s−j (Ω1 ) to H s−j−1/2 (∂Ω1 ), j = 0, . . . , s − 1, we finally arrive
at
∂ j (σ1 u)
∂nl

≤
H s−j−1/2 (∂Ω1 )

∂ j (σ1 (u − uk ))
∂nl

.
H s−j−1/2 (∂Ω1 )

∂ j (σ1 (u − uk ))
∂nl

H s−j (Ω1 )

. kσ1 (u − uk )kH s (Ω1 ) . ku − uk kH s (Ω) ,
for j = 0, . . . , s − 1, which tends to zero as k → ∞, so that σ1 u ∈ H0s (Ω1 ).

4

Nonlinear Approximation by Aggregated Gelfand Frames

In the context of adaptive algorithms for the solution of problem (2.1) naturally arises the
question which is the best convergence rate that can be obtained in terms of the relation
11
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between the error of approximation and the number of unknowns. Typically, the benchmark
for this optimal rate is the convergence order of a best N –term approximation of the solution
u. Classical results in the context of discretizations with respect to wavelet bases yield that
this benchmark depends on the Besov regularity of u in a certain scale. In this section, we
analyze this coherence for the case of aggregated Gelfand frames on the L-shaped domain
from Section 3.2.
It can be easily deduced from the definition, that, if Ψ is a wavelet Gelfand frame for the
Gelfand triple (H0s (Ω), L2 (Ω), H −s (Ω)) with a dual frame Ψ̃, then we have the equivalence
kukH s (Ω) h kuk`2 (I) , for all u ∈ H0s (Ω),

(4.1)


where u = 2s|λ| hu, ψ̃λ iL2 . More general, if c = (cλ )λ∈I ∈ `2,2s (I) is any sequence of
coefficients such that c> Ψ = u with convergence in H0s (Ω), then one can only ensure
kukH s (Ω) . k(2s|λ| cλ )λ∈I k`2 (I) ,

(4.2)

because of the boundedness of F ∗ : `2,2s (I) → H0s (Ω), but not vice versa. However, if we
intend to study the convergence rates of best N –term approximation in H0s (Ω), the problem
can be shifted to the coefficient level. That means one may study the properties of a best
N –term approximation of any sequence of expansion coefficients in `2 (I). Surely, then the
analysis still depends on the choice of the coefficients, and it is not a priori clear whether
other choices lead to better results. In this section, we will show that for the coefficients
of u with respect to the non-canonical dual frame given in (3.8), under slightly stronger
assumptions on u, similar results can be obtained as in the well–known theory for the case
of wavelet bases. Since it cannot be expected to obtain better rates of approximation in
the case of aggregated wavelet frames, this will be the justification for our special choice of
expansion coefficients for u.
In the following subsection, we briefly recall the concept of best N –Term approximation
in `2 (I).

4.1

N −Term Approximation

For N = 1, 2, . . . , let ΣN denote the nonlinear subspace of `2 (I) consisting of all vectors with
at most N nonzero coordinates. Given v ∈ `2 (I), we introduce the error of approximation
σN (v) := inf kv − wk`2 (I) .
w∈ΣN

(4.3)

Clearly, a best approximation to v from ΣN is obtained by taking a vector vN ∈ ΣN , which
agrees with v on those coordinates on which v takes its N largest values in modulus, and
which is zero everywhere else. Thus, vN is called a best N −term approximation to v. Note
that it is not necessarily unique.
The concept of best N −term approximation is closely related to the weak `τ –spaces
`w
(I).
Given some 0 < τ < 2, `w
τ
τ (I) is defined as
`w
:= sup k 1/τ |γk (c)| < ∞},
τ (I) := {c ∈ `2 (I) : |c|`w
τ
k∈N

12
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where γk (c) is the kth largest coefficient in modulus of c. Then, for each s > 0,
sup N s σN (v) h |v|`wτ ,

(4.5)

N

where s and τ are related according to

τ=

1
s+
2

−1
.

Hence v ∈ `w
τ (I), if and only if the error of a best N −term approximation is of the order
O(N −s ). Note that `τ (I) ,→ `w
τ (I) ,→ `τ +γ (I), for a γ ∈ (0, 2 − τ ]. The expression |v|`w
τ
defines only a quasi-norm since it does not necessarily satisfy the triangle inequality. Yet,
for each 0 < τ < 2, there exists a C(τ ) > 0 with

|v + w|`wτ ≤ C(τ ) |v|`wτ + |w|`wτ , v, w ∈ `w
(4.6)
τ (I).
We refer to [10, 27] for further details on the quasi–Banach spaces `w
τ (I).
A classical result from the theory of nonlinear approximation with wavelet Riesz bases
reads as follows. Let (Ψ, Ψ̃) be a pair of biorthogonal wavelet Riesz bases for L2 (Ω) such
that Ψ gives rise for a characterization of the Sobolev space H0t (Ω), cf. (2.16), say for a
t > 0. Hence, with D = diag(2|λ|t )λ∈I , D−1 Ψ is actually a Riesz basis for H0t (Ω). Further,
let Ψ be of order d, meaning that locally polynomials up to degree d − 1 can be represented.
Then, it is well-known (see [9]) that for sufficiently smooth wavelets, and 0 < s < (d − t)/n,
one has the relation


u ∈ Bτsn+t (Lτ (Ω)) if and only if DF̃ u = 2|λ|t hu, ψ̃λ iL2 (Ω)
∈ `τ (I),
(4.7)
λ∈I

where τ = (s+ 12 )−1 , and DF̃ u are exactly the unique expansion coefficients of u with respect
to the Riesz basis D−1 Ψ in H0t (Ω). Here, as usual, Bτα (Lτ (Ω)) denotes the classical Besov
space measuring smoothness up to order α in Lτ (Ω). Consequently, since `τ (I) ,→ `w
τ (I), if
u ∈ Bτsn+t (Lτ (Ω)), then the error of its best N -term approximation with respect to k · kH t
decays like N −s . In the next subsection, we want to prove that the latter statement can
be carried over to case of aggregated wavelet frames on the L–shaped domain by applying
(4.7) separately on each patch Ωi .

4.2

The L-shaped Domain

In the sequel, our analysis will be restricted to the case of elliptic operator equations
Lu = f

(4.8)

of integer order 2t, t ≥ 1, where L : H0t (Ω) → H −t (Ω), on the L-shaped domain Ω from
Section 3.2, i.e., n = 2. We will consider a Gelfand frame Ψ = Ψ(1) ∪ Ψ(2) for H0t (Ω), where
the local bases Ψ(i) are chosen to be biorthogonal wavelet Riesz bases of approximation
order d ≥ t + 1 such that (4.7) holds for the pair (Ψ(i) , Ψ̃(i) ) in Ωi . A sufficient smoothness
of the wavelets will be tacitly assumed.
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According to the remarks at the beginning of Section 4, first of all one has to choose a
representation of u with respect to Ψ. Proposition 3.2 implies that an arbitrary u ∈ H0t (Ω)
can be represented according to
u=

2 X
X
i=1 λ∈I 

hu, σi ψ̃i,λ iL2 ψi,λ =

2 X
X

2t|λ| hu, σi ψ̃i,λ iL2 2−t|λ| ψi,λ ,

i=1 λ∈I 

with convergence of the series in H0t (Ω), where {σi }i=1,2 is the partition of unity given at
the beginning of Section 3.2. Throughout the rest of this section, the properties of a best
N –term approximation of the sequence of expansion coefficients
u = (2t|λ| hu, σi ψ̃i,λ i)λ∈I  ,i=1,2

(4.9)

shall be analyzed. Obviously, in order to be able to use (4.7), it will be necessary to develop
a Besov regularity analysis of the products σi u. To this end, it will turn out to be beneficial
to make the following assumption on the solution u of (4.8). Therein and throughout
the present section we denote with (r(x, y), θ(x, y)) polar coordinates with respect to the
reentrant corner.
Assumption 4.1.

(i) Let the solution u to (4.8) be contained in H t+ν (Ω), for a ν > 0.

(ii) Let for all multi-indices α with |α| = j, j = 0, . . . , t, the solution u to (4.8) satisfy
Dα u(x, y) = O(r(x, y)βj ), for r(x, y) → 0, with βj > t − (j + 1).

(4.10)

In Subsections 4.2.1 and 4.2.2 below, it will be carried out that for the Poisson and
the biharmonic equation on the L–shaped domain these assumptions are actually satisfied, provided that the right-hand side f fulfills a rather mild requirement on its Sobolev
regularity.
Note that if u satisfies part (ii) of the assumption, then without loss of generality we
may also assume t − j > βj . In fact, if a function is of the order rβ , for r → 0, then it is
surely also of the order rβ̃ for all β̃ < β. We will make use of this observation in the proof of
the next proposition, where we want to establish Sobolev regularity for u1 = σ1 u = (φ ◦ θ)u
and u2 = (1 − σ1 )u.
Proposition 4.2. Let Assumption 4.1 be satisfied. Then, there exists a sufficiently small
η > 0 such that u1 and u2 are contained in H t+η (Ω).
For the proofs of Proposition 4.2 and Lemma 4.7, we shall need the following Besov
function multiplier theorem [36, Theorem 2, Section 4.4.4] and a simple conclusion thereof.
Theorem 4.3. Suppose that the following conditions are valid:
(i) 0 < s1 < s2 ,
(ii)

1
p

≤

(iii)

2
p

− s1 = ( p21 − s1 )+ + ( p22 − s2 )+ and max( p2i − si )+ > 0,

1
p1

+

1
p2 ,

i

14
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(iv) s1 + s2 >

2
p1

+

2
p2

− 2,

(v) q ≥ q1 ,
(vi) q ≥ q2 if s1 −

2
p

(vii) {i ∈ {1, 2} : si =

= s2 −
2
pi

2
p2 ,

and qi > 1} ∪ {i ∈ {1, 2} : si <

2
pi

and qi >

2
2
−si
pi

} = ∅.

Then we have the continuous embedding Bqs11 (Lp1 (Ω)) · Bqs22 (Lp2 (Ω)) ,→ Bqs1 (Lp (Ω)).
Corollary 4.4. Assume that f ∈ H ν (Ω) for some 0 < ν < 1 and that g ∈ H η (Ω) for all
ν < η < 1. Then f g is contained in H ν−ε (Ω) for all ε > 0.
2
< p < 2, since for any
Proof. It is sufficient to prove that f g ∈ B2ν (Lp (Ω)) for all 2−ν
4
sufficiently small ε > 0 we can pick p = 2+ε < 2 and append the continuous embeddings

B2ν (Lp (Ω)) ,→ Bpν−ε/2 (Lp (Ω)) ,→ H ν−ε/2−2(1/p−1/2) (Ω) = H ν−ε (Ω).
2
For any 2−ν
< p < 2, setting s2 = 2− p2 , we have ν < s2 < 1 and hence g ∈ H η (Ω) ,→ H s2 (Ω)
for all s2 < η < 1. We shall apply Theorem 4.3 for p1 = p2 = q1 = q2 = q = 2 and s1 = ν to
2
finish the proof. In fact, by s2 > ν = s1 , condition (i) is satisfied. Using p > 2−ν
> 1, we
1
1
1
2
have p < 1 = p1 + p2 and hence condition (ii) holds. Since ν < 1, it is p1 − s1 = 1 − ν > 0,
so that condition (iii) can be verified by

2

2

2

2
− s1
− s2
− s1 = 2 − s2 − = 0.
+
−
p1
p2
p
p
+
+
Condition (iv) holds due to s1 + s2 = ν + s2 > 0 = p21 + p22 − 2, and condition (v) is true by
the choice q = q1 = 2. Since s1 − p2 − (s2 − p22 ) = ν − 1 < 0, there is nothing to prove for
condition (vi). Finally, the first set in condition (vii) is empty by pi = 2 and si < 1, and the
2
2
2
2
2
second set is empty due to 2 −s
> 2 = q1 and 2 −s
> 1−ν
> 2 = q2 .
= 1−ν
= 2 −1
p1

1

p2

2

p

Proof of Proposition 4.2. It is sufficient to show that u1 ∈ H t+η (Ω) for some η > 0, since
then the statement for u2 follows from u2 = (1 − σ1 )u. Given any α ∈ Nn0 with |α| = t,
it will be our strategy to verify that Dα u1 ∈ H η (Ω) by showing that Dα u1 ∈ W 1 (Lp (Ω))
for some p > 1, since then the claim follows by the Sobolev embedding theorem. By the
representation (3.13), we can decompose Dα u1 into
X α 
Dα u1 = (φ ◦ θ)Dα u +
Dβ (φ ◦ θ)Dα−β u.
(4.11)
β
0≤β≤α
β6=0

We shall treat both addends in (4.11) separately. For the first one, note that Dα u ∈ H ν (Ω)
by Assumption 4.1 (i). Moreover, using (3.17), we clearly have
√

∂(φ ◦ θ)
∂xj

Z

p
Lp (Ω)

p −p

hej ◦ θ r

=
Ω

Z
dx1 dx2 .
0

15

2

r1−p dr
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which is finite for all 1 ≤ p < 2. Hence, by the Sobolev embedding theorem, it is φ ◦ θ ∈
H η (Ω1 ) for all 0 < η < 1, so that Corollary 4.4 implies (φ◦θ)Dα u ∈ H η (Ω) for all 0 < η < ν.
It remains to study the rightmost sum in (4.11). For one single addend, (3.17) and
Assumption 4.1 (ii) imply that
Z
∂Dβ (φ ◦ θ)Dα−β u p
p
(hβ+ej ◦ θ)Dα−β u r−(|β|+1)p dx1 dx2
.
∂xj
Lp (Ω)
Ω
Z
p
(hβ ◦ θ)Dα+ej −β u r−|β|p dx1 dx2
+
Z

Ω
√
2

.
0

Z

√

(rβ|α−β| −|β|−1 + r

2

r

.

β|α+ej −β| −|β| p

) r dr

p min{β|α−β| −|β|−1,β|α+ej −β| −|β|}+1

dr < ∞,

0

if p min{β|α−β| − |β| − 1, β|α+ej −β| − |β|} > −2. Since β|γ| < t − |γ| for all γ ∈ Nn0 with
|γ| ≤ t, the sufficient condition on p is equivalent to
p<

2
< 2.
max{|β| + 1 − β|α−β| , |β| − β|α+ej −β| }

Because of Assumption 4.1 (ii),

2
max{|β|+1−β|α−β| ,|β|−β|α+ej −β| }

(4.12)

> 1. Consequently, there ex-

ists a p̃ ∈ (1, 2), such that the rightmost sum in (4.11) is contained in W 1 (Lp̃ (Ω)), for all
1 ≤ p ≤ p̃, and a simple application of the Sobolev embedding theorem gives the existence
of an η > 0 such that it is contained in H η (Ω).
By now, we have utilized several times that the α-th derivative of σ1 = φ◦θ introduces a
factor r−|α| . In order to ensure specific properties of a product σ1 u, additional assumptions
on the cofactor u are then needed to compensate these singularities near the reentrant
corner. Lemma 3.3 showed that appropriate boundary conditions, u ∈ H0t (Ω), are sufficient
to guarantee that σ1 u ∈ H0t (Ω1 ). In order to obtain higher order Sobolev regularity of σ1 u,
Proposition 4.2 reveals that Assumption 4.1 (ii) is the adequate one.
We are now in a position to formulate the main result of this section, stating that the
frame coefficients (4.9) of the solution u exhibit a certain decay, i.e., they must be contained
in `τ (I), for a certain range of 0 < τ < 2.
Theorem 4.5. Let u be the solution to (4.8), and let Assumption 4.1 be satisfied. For s > t
and δ ∈ (0, s−t), let u ∈ Bτs (Lτ (Ω)), where τ1 = s−(t+δ)
+ 12 . Then, there exists a sufficiently
2
small η > 0 such that the sequence of frame coefficients (2t|λ| hu, σi ψ̃i,λ i)λ∈I  ,i=1,2 belongs
0
∗
to the space `τ0 (I), where τ10 = s 2−t + 12 , for all t < s0 < min{d, ηs+t−1
t+η−1 + t − 1} =: s .
Here we have assumed that u is contained in a scale of Besov spaces which lies slightly
above the classical scale of spaces which govern the convergence rates for best N –term
approximation in H t (Ω), see the DeVore/Triebel–diagram in Figure 2. At the end of Section
4.2 we will show that, under mild regularity assumptions on the right-hand side f , also this
requirement is satisfied for the weak solutions of the Poisson and the biharmonic equation
with homogeneous Dirichlet boundary conditions.
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α

1
τ

α−(t+δ)
2

+

1
2

s
u ∈ Bτ,τ

s

t+δ
t

=

Ht

1
τ

1
2

1

Figure 2: Classical scale of Besov spaces governing best N –term approximation in H t (Ω)
w.r.t. wavelet bases (solid line), and the relevant scale for the case of aggregated wavelet
frames (dashed line).
The proof of Theorem 4.5 will be based on well-known embedding theorems for Sobolev
spaces and on interpolation arguments between Sobolev and Besov spaces, see [1, 27]. In
0
0
particular, the principal idea is to show that ui is contained in Bτs (Lτ (Ωi )), τ1 = s 2−t + 12 ,
0
∗
for all t < s < s and then to employ (4.7) with respect to the local biorthogonal pairs of
wavelet bases (Ψ(i) , Ψ̃(i) ), i = 1, 2.
As an initial step, we want to establish Besov regularity for u1 and u2 . We start with
the factor σ1 .
Lemma 4.6. For any s ≥ 1 − ε, the function σ1 = φ ◦ θ is contained in Bτs (Lτ (Ω)), for
s−(1−ε)
1
+ 12 , where ε may be chosen arbitrarily small.
τ =
2
Proof. As we have seen in the proof of Proposition 4.2, σ1 = φ ◦ θ ∈ H α (Ω) for all α ∈
(0, 1). Furthermore, analogous to the proof of [15, Theorem 2.3], one can show that σ1 ∈
0
0
Bτs (Lτ (Ω)), τ1 = s2 + 12 for any s0 > 0. The asserted statement then immediately follows by
employing real interpolation between the latter Besov spaces and H α (Ω), α ∈ (0, 1).
Using Lemma 4.6 and Theorem 4.3, we obtain
Lemma 4.7. Let s > t. If u is contained in Bτs (Lτ (Ω)), for a δ ∈ (0, s − t) and τ1 =
0
0
s−(t+δ)
+ 12 , then u1 = σ1 u ∈ Bτs0 (Lτ 0 (Ω)), τ10 = s −(1−ε)
+ 12 for any s0 ∈ [1 − ε, s) and for
2
2
any ε ∈ (0, 2 + δ).
0

Proof. Lemma 4.6 tells us that σ1 ∈ Bτs0 (Lτ 0 (Ω)), τ10 = s −(1−ε)
+ 21 for any s0 > 0. It is
2
0
0
therefore sufficient to verify that Bτs0 (Lτ 0 (Ω)) · Bτs (Lτ (Ω)) ,→ Bτs0 (Lτ 0 (Ω)), for s > s0 , by an
application of Theorem 4.3. To this end, let us denote s2 = s, s1 = s0 , p1 = q1 = p = q = τ 0
and p2 = q2 = τ . Since s > s0 > 0, condition (i) holds, and the validity of condition (ii)
follows from p = p1 and p2 > 0. We clearly have p21 − s1 = τ20 − s0 = ε > 0, so that condition
(iii) is verified by p22 − s2 = −δ − t + 1 < 0. Furthermore, we have s1 + s2 = p21 + p22 − ε +
δ + t − 1 > p21 + p22 − 2, for any 0 < ε < δ + 2, and since p22 − s2 = −δ − t + 1 6= ε = p21 − s1
both conditions (iv) and (vi) are satisfied. For condition (v), there is nothing to prove due
to q = q1 = τ 0 . Moreover, the set {i ∈ {1, 2} : si = p2i and pi > 1} is clearly empty. We
0
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2

1

1
τ
s0 +ε
2

Figure 3: DeVore-Triebel diagram corresponding to the proof of Theorem 4.5.
have s2 >

2
τ2

and

2
s1 +ε

= p1 <

2
2
−s1
p1

= 2ε , for ε > 0 arbitrarily small, ensuring the validity

of condition (vii). Therefore, we can apply Theorem 4.3 and conclude the proof.
Finally, we are now prepared to prove our main result of this section.
0

Proof of Theorem 4.5. Lemma 4.7 implies ui = σi u ∈ Bτs0 (Lτ 0 (Ω)), τ10 = s −(1−ε)
+ 12 for
2
0
any s ∈ [1 − ε, s) and for any ε ∈ (0, 2 + δ). Moreover, Proposition 4.2 gives ui ∈ H t+η (Ω),
0
for an η > 0, and by using real interpolation between H t+η (Ω) and Bτs0 (Lτ 0 (Ω)), it can be
easily checked that ui ∈ Bτt00 (Lτ0 (Ω)), where τ10 = t02−t + 12 and t0 = (t + η + ε − 1)−1 ((η +
1)(s0 + ε − 1) − (s0 − t − η)) + t − 1. Indeed, t0 is obtained by computing the intersection of
the bold-faced and the dashed line in the DeVore-Triebel diagram in Figure 3. For ε → 0
and s0 → s, t0 tends to ηs+t−1
t+η−1 + t − 1. Consequently, since ε may be chosen arbitrarily
small, and since s0 may be chosen arbitrarily close to s, it follows that ui ∈ Bτ̆s̆ (Lτ̆ (Ω)),
ηs+t−1
1
where τ̆1 = s̆−t
2 + 2 , for all t < s̆ < t+η−1 + t − 1.
Finally, from Lemma 3.3 and the fact that the local systems Ψ(i) are Riesz bases of
order d with dual bases Ψ̃(i) , it can be inferred from (4.7) that the sequence of wavelet
1
coefficients (2t|λ| hu, σi ψ̃i,λ i)λ∈I  ,i=1,2 belongs to the space `τ̆ (I) for τ̆1 = s̆−t
2 + 2 for all
ηs+t−1
t < s̆ < min{d, t+η−1 + t − 1}.
0

Throughout the rest of this section, it will be pointed out that for two prominent examples of elliptic problems, i.e., the Poisson and the biharmonic equation, Assumption 4.1 as
well as the assumed Besov regularity are indeed satisfied, so that Theorem 4.5 is applicable.
4.2.1

The Poisson Equation

Let us first consider the Poisson equation with homogeneous boundary conditions on the
L-shaped domain, t = 1. First of all, we state the following well-known theorem from
[29, Chapter 2.7] which characterizes the weak solution to problem (2.5) on an arbitrary
polygonal domain.
Theorem 4.8. Let Ω ⊂ R2 be a polygonal domain with vertices Sl , l = 1 . . . , M . Let the
measures of the inner angles at Sl be denoted with ωl . With respect to polar coordinates
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(rl , θl ) in the vicinity of each vertex Sl we introduce the functions
λ

Sl,m (rl , θl ) = ζl (rl )rl l,m sin(mπθl /ωl ), when λl,m = mπ/ωl is not an integer, (4.13)
λ

Sl,m (rl , θl ) = ζl (rl )rl l,m [log rl sin(mπθl /ωl ) + θl cos(mπθl /ωl )] otherwise.

(4.14)

Here ζl denotes a suitable C ∞ truncation function, and m ≥ 1 is an integer. Then, for a
given f ∈ H s (Ω), s ≥ −1, the corresponding variational solution to (2.5) has an expansion
u = uR + uS , where uR ∈ H s+2 (Ω) and
uS =

M
X

X

cl,m Sl,m ,

(4.15)

l=1 0<λl,m <s+1

provided that no λl,m is equal to s + 1.
Usually uS and uR are called singular and regular part of the solution, respectively. For
the special case of the L-shaped domain, at the reentrant corner the measure of the inner
angle is 23 π, while at all other vertices we have ωl = π2 . Using [29, Theorem 1.2.18], it can
be easily inferred that in this case uS is contained in H α (Ω), for any α < 5/3. Therefore,
with f ∈ H µ (Ω) for a µ > −1, Assumption 4.1 (i) is surely satisfied. For the verification of
the second part of the assumption, we state the following lemma.
Lemma 4.9. Let u be the variational solution to (2.5) with a right-hand side f ∈ H µ (Ω)
for some µ > 0. Then, we have uR (x, y) = O(r(x, y)), and ∇uR (x, y) = O(1), for r →
0. Moreover, the singular part satisfies uS (x, y) = O(r(x, y)2/3 ), as well as ∇uS (x, y) =
O(r(x, y)−1/3 ), for r → 0.
Proof. The statements on uS immediately follow from Theorem 4.8. In order to prove the
statements for the regular part uR , it will be convenient to show that uR ∈ W01 (Lp (Ω))
for all 2 ≤ p < ∞. Indeed, since uR ∈ H 2+µ (Ω), the Sobolev embedding theorem implies
uR ∈ W 1 (Lp (Ω)), for all 2 ≤ p < ∞. Furthermore, using uR ∈ H01 (Ω) and taking the trace
in the H-scale, i.e. for p = 2, we get k tr uR k 12 = 0. Since uR ∈ H 2+µ (Ω), and thus for
H
sure uR ∈ C 0 (Ω), any trace operator applied to uR , i.e. for arbitrary 2 ≤ p < ∞, gives the
the same result, namely tr uR = 0. Hence, uR ∈ W01 (Lp (Ω)), for all 2 ≤ p < ∞.
Now Theorem 3.4 tells us that ρ−1+|α| Dα uR ∈ Lp (Ω) for all |α| ≤ 1, and in addition
also
kρ−1+|α| Dα uR kLp (Ω) . kuR kW 1 (Lp (Ω)) , for all |α| ≤ 1,
(4.16)
and all 2 ≤ p < ∞, with a constant depending on p only for small p. Therefore the task
is to prove that the right-hand side in (4.16) can be uniformly bounded as p approaches
infinity, because in that case it clearly follows that ρ−1+|α| Dα u ∈ L∞ (Ω), |α| ≤ 1. Together
with r−1 ≤ ρ−1 , this yields uR (x, y) = O(r(x, y)) and ∇uR (x, y) = O(1), and thus the proof
is completed.
To this end, we will again make use of the fact that uR ∈ H 2+ε (Ω), for 0 < ε ≤ µ.
Without loss of generality we may assume ε < 1. Note that by the continuity of the
1+ε (L (Ω)) ,→ C 1 (Ω), we may infer u
embeddings H 2+ε (Ω) = B22+ε (L2 (Ω)) ,→ B∞
∞
R ∈
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C 1 (Ω), so that the boundedness of the first order derivative of uR is anyway guaranteed.
Hence,
!
∂uR
∂uR
1/p
kuR kW 1 (Lp (Ω)) ≤ 2
kuR kLp (Ω) +
+
∂x Lp (Ω)
∂y Lp (Ω)
!
∂uR
∂uR
1/p
+
,
≤ (2|Ω|)
kuR kL∞ (Ω) +
∂x L∞ (Ω)
∂y L∞ (Ω)
where the upper bound stays bounded as p tends to infinity.
Moreover, [15, Theorem 2.4] implies that the variational solution u to (2.5) is contained
+ 12 , if f ∈ H µ (Ω), for µ > −1/2. Therefore,
in Bτα (Lτ (Ω)), for all 23 < α < µ + 2, τ1 = α−3/2
2
the assumption in Theorem 4.5 is fulfilled by the choice δ = 1/2 and s < µ + 2.
Hence, we arrive at the following special result, which is a direct consequence of the
latter observations and Theorem 4.5 for t = 1.
Corollary 4.10. Let u be the variational solution to (2.5). Let the right-hand side f be contained in H µ (Ω) for a µ > 0. Then, the sequence of frame coefficients (2|λ| hu, σi ψ̃i,λ i)λ∈I  ,i=1,2
1
belongs to the space `τ0 (I), where τ10 = s−1
2 + 2 , for all 1 < s < min{d, µ + 2}.
It is important to stress the fact that in the case of a wavelet basis with similar regularity and approximation properties, for the unique expansion coefficients, the analogous
statement holds under the only slightly milder requirement f ∈ H µ (Ω), µ > −1/2.
Example 4.11. Consider the case u = uS , uS as in (4.15), and f = −∆uS . In [15] it has been
shown that for any α > 0 each function Sl,m , and thus also uS is contained in Bτα (Lτ (Ω)),
1
α
1
ω
τ = 2 + 2 . Together with the fact that uS ∈ H (Ω), with ω < 5/3, this implies that in this
case the assumption of Theorem 4.5 is satisfied for any s > 1. Moreover, the right-hand side
f vanishes in a vicinity of the reentrant corner and is contained in C ∞ (Ω̄). Consequently,
the sequence of frame coefficients (2|λ| hu, σi ψ̃i,λ i)λ∈I  ,i=1,2 belongs to `τ (I), and thus to
γ−1
1
1
`w
τ (I), for τ = 2 + 2 and for all 1 < γ < d. This means that the convergence order of the
best N −term approximation is O(N −(γ−1)/2 ), for any 1 < γ < d, so that in principle the
order of convergence is only limited by the order d of the wavelets.
4.2.2

The Biharmonic Equation

As another important application of Theorem 4.5 we study the biharmonic problem, t = 2,
42 u
u=

∂u
∂nl

= f in Ω,
= 0 on Γl , l = 1, . . . , 6,

(4.17)

where the Γl denote the open segments of ∂Ω and clearly nl the outward normal at Γl . We
denote with Sl , l = 1, . . . , 6, the vertices of the L-shaped domain and declare S1 to be the
reentrant corner. Then, the inner angle ωl at a vertex Sl is equal to π2 , except for S1 , where
it is ω1 = 23 π. The counterpart of Theorem 4.8 for the biharmonic equation reads as follows,
cf. [29, Theorem 3.4.4].
20
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Theorem 4.12. Let u ∈ H02 (Ω) be the solution of (4.17) with f given in L2 (Ω). Then,
there exists a function uR ∈ H 4 (Ω) and constants cl , l = 0, . . . , 6, such that u can be written
as u = uR + uS with
uS = η(r)(c0 r1+z0 v(z0 , θ) + c1 r1+z1 v(z1 , θ)) +

6
X

cl ηl (rl )rl2 v(1, θl ),

(4.18)

l=2

where z0 ≈ 0.5445, z1 ≈ 0.9085 and with v(z, ·) being a smooth function for each fixed
z. Moreover, (rl , θl ) denote polar coordinates with respect to the corners Sl , l = 2, . . . , 6,
whereas η and ηl are suitable smooth cut-off functions.
For an explicit expression for v(z, ·), the reader is referred to [29]. Another application
of [29, Theorem 1.2.18] shows that uS is at least contained in H 2+ε (Ω) for an ε > 0.5, so
that Assumption 4.1 (i) is satisfied for uS and also for uR provided that f ∈ L2 (Ω).
Lemma 4.13. Let u be the variational solution to (4.17) with a right-hand side f ∈ L2 (Ω).
Then, Assumption 4.1 (ii) is satisfied. In particular, it holds Dα uS (x, y) = O(r(x, y)1+0.54−j )
and Dα uR (x, y) = O(r(x, y)2−j ), |α| = j, j = 0, 1, 2, r → 0.
By (4.18), the statement for uS is obvious. The proof of the result for the regular part
uR works in a completely analogous way to the proof of Lemma 4.9 and can therefore be
omitted.
Finally, an application of Theorem 4.5 yields the following final result.
Corollary 4.14. Let u be the variational solution to (4.17) with a right-hand side f ∈
L2 (Ω). Then, the sequence of frame coefficients (22|λ| hu, σi ψ̃i,λ i)λ∈I  ,i=1,2 belongs to the
0
space `τ0 (I), where τ10 = s 2−2 + 12 , for all 2 < s0 < 2.64.
Proof. In order to be able to apply Theorem 4.5, one has to establish Besov regularity in
the scale τ1 = s−(2+δ)
+ 12 for a δ > 0 and an s > 2 + δ. To this end, note first that following
2
the lines of [15], it can be shown that the variational solution u to problem (4.17) satisfies
u ∈ Bτα1 (Lτ1 (Ω)),

0 < α < 4,

α 1
1
= + .
τ1
2
2

(4.19)

[29, Theorem 1.2.18] and Lemma 4.13 imply u ∈ H 2+0.54 (Ω). Now, using again interpolation
between H 2.54 (Ω) and Bτα1 (Lτ1 (Ω)), 0 < α < 4, τ11 = α2 + 12 , it is immediate to verify that, for
any δ ∈ (0, 0.54), u ∈ Bτs (Lτ (Ω)), where τ1 = s−(2+δ)
+ 21 , for all s ∈ (2 + δ, 2 + δ + 4(0.54−δ)
2
2.54 ).
4(0.54−δ)
g(δ) := 2+δ + 2.54 is a linear and decreasing function which on R+ attains its maximum
2 + 4∗0.54
2.54 > 2.85 for δ = 0. That means that the regularity index s in Theorem 4.5 can be
chosen equal to 2.85, if δ is chosen sufficiently small.
Furthermore, it is important to note that the parameter η in Theorem 4.5 is given
by Proposition 4.2, i.e., by ui ∈ H 2+η (Ω), i = 1, 2, for some sufficiently small η > 0.
In particular, reconsidering the proof of Proposition 4.2 for the present special case, we
learn that, for |α| = 2, (φ ◦ θ)Dα u ∈ H ν̃ (Ω) for all ν̃ < 0.54. Moreover, (4.12) reads as
1−2( p1 − 12 )
2
< 2, and hence the rightmost sum in (4.11) is contained in H
(Ω) for all
p < 1.46
2
p < 1.46
. Thus, ui ∈ H 2+ν̃ (Ω) for all ν̃ < 0.54, i = 1, 2. Finally, an application of Theorem
4.5 with t = 2, s = 2.85, and η ∈ (0, 0.54) completes the proof.
21
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5

New Boundary Adapted Wavelets on the Interval

The results of the previous section are essential for a classification of an adaptive scheme
in terms of the error of approximation in relation to the number of unknowns. But in a
practical implementation also the quantitative performance is very important. It depends
on the constants involved in the error estimates used in the convergence analysis. The
most important quantity in this context is the spectral condition of the stiffness matrix G,
see [19, 38]. Its value depends on the properties of the underlying aggregated frame, and
therefore, it can be influenced by an appropriate choice of the reference systems Ψ(i) . The
latter bases are usually obtained by tensor products of wavelet bases on the interval.
Therefore, in this section, we present a new construction for biorthogonal wavelet bases
on the interval that has recently been developed in [34]. It has been shown there that
these bases exhibit good Riesz constants and give rise to well conditioned stiffness matrices
stemming from 1D Poisson problems. Thus, one can expect that using the new bases as
basic building block for the construction of wavelet frames on domains, should lead to well
conditioned stiffness matrices arising in wavelet frame discretizations of operator equations.
The construction is based on biorthogonal MRAs using the Cohen-Daubechies-Feauveau
scaling functions on R (cp. [11]) as point of departure. The primal multiresolution will
consist of spline spaces of order d, whereas the the dual multiresolution will have order
d˜ of polynomial exactness. One important feature of the construction is that the primal
multiresolution consists of the well known Schoenberg-spline spaces of order d corresponding
to equidistant knots on [0, 1], where the boundary knots have multiplicity d. Therefore, no
boundary adaption has to be done for the primal scaling functions. Furthermore, the dual
scaling functions are constructed in a way that they will have staggered supports. For
the derivation of the associated wavelet bases on the interval, we use the method of stable
completion. Combined with our approach for the MRAs, this leads to a very low number
of boundary wavelets.
Throughout this section, we focus on the special case d = 3, d˜ ≥ 3, d˜ odd. Moreover, in
view of the applications we have in mind, we only consider the case where the primal bases
satisfy homogeneous boundary conditions, and no boundary conditions are imposed on the
dual side. A more general construction is presented in [34].

5.1

Biorthogonal Scaling Functions on R

We recapitulate the fundamental properties of the well known CDF-scaling functions for
the case d = 3 and arbitrary odd d˜ ≥ 3. Let φ be the cardinal quadratic B-spline and d˜φ̃ as
defined in [11]. Then the following properties hold:
˜ d˜ + 1].
1. Compact support: supp φ = [−1, 2], supp d˜φ̃ = [−d,
R
R
2. Normalization: R φ(x)dx = R d˜φ̃(x)dx = 1.
3. Symmetry: All scaling functions are symmetric around a half.
4. Duality: hφ, d˜φ̃(· − m)iL2 (R) δ0,m , where h·, ·iL2 (R) denotes the L2 (R) scalar product.
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5. Polynomial exactness: The function φ is exact of order 3, i.e. there exist for
r = 0, 1, 2, m ∈ Z coefficients α̃m , r, such that
X
xr =
α̃m,r φ(x − m) for all x ∈ R.
m∈Z

˜ i.e. there exist for r = 0, . . . , d˜ − 1, m ∈ Z,
The functions d˜φ̃ are exact of order d,
coefficients αm,r , such that
X
xr =
αm,r d˜φ̃(x − m) for all x ∈ R.
m∈Z

Example 5.1. For the case d˜ = 5 the scaling functions have the following shape:

1.5

1

0.5

±4
-

0

±2

2

4

±0.5

Figure 4: Primal and dual scaling function for d˜ = 5

5.2

The Primal MRA on the Interval

In this section we present the primal quadratic spline MRA on the interval [0, 1] with
homogeneous boundary conditions of order one. It is associated with the the primal MRA
on R in Section 5.1.
j +1
with
For j ∈ N≥2 set T j := {tjk }2k=−1
tj−2+k =
0
, k = 1, . . . , 2
j
−j
tk = 2 k , k = 1, . . . , 2j − 1 .
j
t2j +k =
1
, k = 1, . . . , 2
The B-splines
Bkj (x) := (tjk+3 − tjk )[tjk , . . . , tjk+3 ; (t − x)2+ ]t ,

k = −1, . . . , 2j − 2

(5.1)

with (t − x)+ := max{t − x, 0} form a basis of the spline space
S (1) (3, T j ) := {f ∈ C 1 ([0, 1])|f|[tj ,tj
k

k+1 ]

∈ P3 ([tjk , tjk+1 ]), f (0) = f (1) = 0}

with boundary conditions of order one. Here Pm ([a, b]) denotes the space of all polynomials
up to degree m − 1 on the interval [a, b].
Let us summarize some familiar properties of the Bkj , k = −1, . . . , 2j − 2, cf. [37]:
23
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1. (Compact support) supp Bkj = [tjk , tjk+1 ]
2. (Symmetry) Bkj = B2jj −3−k (1 − ·) for all k = −1, . . . , 2j − 2
3. For the quadratic cardinal B-spline φ we get for j ≥ 2, k = 1, . . . , 2j − 2
j

j

j
.
φj,k = 2 2 φ(2j · −k) = 2 2 Bk−1

(5.2)

j+1
j
4. B−1
= B−1
(2·)

As basis for the primal MRA we now choose the set
j

Φj := {2 2 Bkj : k = −1, . . . , 2j − 2}
and define the space
Vj := S (1) (3, T j ) = span Φj .

(5.3)

0.7
0.6
0.5

2
B−1

B02

B12

B22

0.4
0.3
0.2
0.1
0

0.2

0.4

0.6

0.8

1

Figure 5: The B-Splines Bk2 for k = −1, . . . , 2
Remark 5.2. It is well known (see e.g. [8, 34, 42]), that the sequence {Vj }j≥2 is a Multiresolution Analysis (MRA) for the space L2 ([0, 1]). In particular, there exist matrices
j+1
j
Mj,0 ∈ R2 ×2 , such that
ΦTj = ΦTj+1 Mj,0 .
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Here we get


Mj,0

5.3
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The Dual MRA on the Interval

In this section we present the construction of the dual MRA Φ̃j on the interval. For our
˜
applications, it needs to have free boundary conditions and polynomial exactness of order d.
As initial point we use the dual scaling function φ̃ = d˜φ̃ from Section 5.1 and apply to them
some well-known technical ideas, which have been presented in [12] for the construction of
orthonormal Wavelet bases on [0, 1].
Due to the fact, that #Φj = 2j , we have to guarantee #Φ̃j = 2j as well. We set for
˜

d+1)
j ≥ j0 := d ln(2
ln(2) e

˜ . . . , 2j − d˜ − 1}.
Φ̃Ij := {φ̃j,k : k = d,

(5.4)

˜ d˜+ 1], this are all functions φ̃j,k , whose support is completely contained
Since supp φ̃ = [−d,
˜ we need 2d˜ additional functions
in [0, 1], the so called inner functions. Since #Φ̃Ij = 2j − 2d,
at each level j. This is exactly the number of boundary functions that we construct below
˜ i.e. d˜ boundary functions at the left edge and the
to preserve the polynomial exactness d,
right edge, respectively.
5.3.1

The Construction

Let us now focus on the construction of the boundary functions. Using some ideas from
[12] we define for n = 0, . . . , d˜ − 1 the following functions
φ̃L
:=
˜
d−1−n

˜ 
2X
d−1
m=n


m
φ̃(· + m − d˜ + 1)|R+ .
0
n

(5.5)

˜ from (5.5) have the following properties
Lemma 5.3. The functions φ̃L
, n = 0, . . . , d−1
˜
d−1−n
i) supp φ̃L
= [0, 2d˜ − n].
˜
d−1−n

(Staggered Supports)
25
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˜
ii) hφ(· − k), φ̃d−1−n
iR+ = 0 for k ≥ d.
˜

(Orthogonality)

0

iii) There exist two-scale-coefficients m̃L
n,k such that
φ̃L
k =

˜
d−1
X

L
m̃L
n,k φ̃n (2·) +

n=0

˜
3d−2k−1
X

m̃L
n,k φ̃(2 · −n).

(Refinement Relation)

n=d˜

˜ d˜ + 1] and (5.5).
Proof: Statement i) directly follows from supp φ̃ = [−d,
For ii) we get
hφ(· − k), φ̃L
iR+
˜
d−1−n
0

=

˜ 
2X
d−1
m=n

=

˜ 
2X
d−1
m=n

=

˜ 
2X
d−1
m=n


m
hφ(· − k), φ̃(· + m − d˜ + 1)iR+
0
n

m
hφ(· − k), φ̃(· + m − d˜ + 1)iR
n

m
δ ˜
= 0,
n m−d+1,k

since −k ≤ −d˜ < −d˜ + 1 ≤ m − d˜ + 1 for all m = n, . . . , 2d˜ − 1.
We abandon the proof of statement iii) and refer to [12, 34]. For two-scale-coefficients
we use in our application will be presented below.
We return to the situation on the interval and set for j ≥ j0 at the left boundary
j

L
L
L j
˜
2
Φ̃L
j := {φ̃j,k : k = 0, . . . , d − 1} with φ̃j,k := 2 φ̃k (2 ·)

and symmetrically at the right boundary
R
˜
Φ̃R
j := {φ̃j,k : k = 0, . . . , d − 1}

L
with φ̃R
j,k := φ̃j,k (1 − ·).

Further, we define
I
R
Φ̃j := Φ̃L
j ∪ Φ̃j ∪ Φ̃j .

(5.6)

On the primal side we subdivide the set Φj analogously into
I
R
Φj = ΦL
j ∪ Φj ∪ Φj ,

where
j

j
˜
2
ΦL
j := {2 Bk : k = −1, . . . , d − 2},

and

j

j
j
j
˜
2
ΦR
j := {2 Bk : k = 2 − d − 1, . . . , 2 − 2}

j
˜ . . . , 2j − d˜ − 1}.
ΦIj := {2 2 Bkj : d˜ − 1, . . . , 2j − d˜ − 2} = {φj,k : k = d,
j

j
2
Note, that in ΦL
j only the function 2 B−1 is a real boundary function, the others actually
coincide with the inner functions φj,k , k = 1, . . . , d˜ − 1 (cp. (5.2)).

Lemma 5.4. Let Φj , Φ̃j be defined as above. Then for j ≥ j0 the following properties hold.
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I
R
I
I
L T
I
R T
i) hΦL
j , Φ̃j i[0,1] = hΦj , Φ̃j i[0,1] = hΦj , Φ̃j i[0,1] = hΦj , Φ̃j i[0,1] = 0,
R
R
L
ii) hΦL
j , Φ̃j i[0,1] = hΦj , Φ̃j i[0,1] = 0,

iii) hΦIj , Φ̃Ij i[0,1] = I2j −2d˜.
Proof: It can be shown, that the primal boundary functions are linear combinations of
functions φj,k restricted to the interval, where the functions from ΦIj are not used. The
same is valid for the dual boundary functions. Thus, the biorthogonality of the functions
φj,k , φ̃j,k proves the assertions i) - iii).
5.3.2

Biorthogonalization

Up to now we have not considered the biorthogonality of the bases Φj , Φ̃j . While we have
L
the identities i) from Lemma 5.4, the boundary functions ΦL
j , Φ̃j are not biorthogonal. The
same is valid for the boundary functions on the right hand side. We consider the left side
case and set
L
ΓL := hΦL
j , Φ̃j i[0,1] .
The matrix ΓL can be determined with the methods presented in [12, 33, 34]. Note, that
R
ΓL is independent of j. We get the matrix ΓR := hΦR
j , Φ̃j i[0,1] by inverting the order of the
L
rows and columns of Γ . The main challenge is now to show, that ΓL is in fact invertible,
so that a biorthogonalization is possible and that is does not destroy the staggeredness of
the supports of the dual boundary functions. In [34] it is shown, that the matrix ΓL is for
2
all appropriate d˜ a regular upper triangular matrix with determinant d+2
˜ .
Example 5.5. For d˜ = 3, 5 we find
2
7

19
10

17
5

5
2

2
3


 0


L
Γ5 = 
 0

 0

0

1

3

3

0

1

2

0

0

1


1 


1 
.

1 


0

0

0


2
5

7
6

2
3



ΓL
3 = 0

1

0

0


1 
,
1







1

We now set
new
(Φ̃L
:= (ΓL )−T ΦL
j)
j,

such that
h
i
L new
L new T
L T
hΦL
i[0,1] = ΦL
) = ΦL
(ΓL )−1 = ΓL (ΓL )−1 = Id˜.
j , (Φ̃j )
j ((Φ̃j )
j (Φ̃j )
new := (ΓR )−T ΦR .
On the right hand side we set analogously (Φ̃R
j )
j
Using this transform, the primal basis remains unchanged while at the dual side the
former boundary functions are recombined to new boundary functions, which are biorthogonal to the primal side. Note, that due to the structure of ΓL , ΓR the supports of the new
dual boundary functions are still staggered after biorthogonalization.
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Remark 5.6. In contrast to (5.6) we now redefine
new
new
Φ̃j := (Φ̃L
∪ Φ̃I ∪ (Φ̃R
j)
j )

as the set of biorthogonalized dual scaling functions. From now on we only use the biorthogonalized version and set in analogy to (5.3)
Ṽj := span Φ̃j .
It can be shown that for the spaces Ṽj appropriate two-scale relations hold. In particular,
j+1
j
cf. [23, 34], there exist matrices M̃j,0 ∈ R2 ×2 , such that
Φ̃Tj = Φ̃Tj+1 M̃j,0 .
For the cases d˜ = 3, 5, the matrices M̃j,0 are given below.
Example 5.7. After biorthogonalization, for the case d˜ = 3 and j = 3 we get the two-scalematrix


M̃3,0













1 

=√ 
2













29
16

− 67
96

5
32

0

0

0

0

0

45
32

7
64

3
− 64

0

0

0

0

0

5
32

205
192

− 11
64

0

0

0

0

0

45
− 64

213
128

37
− 128

3
32

0

0

0

0

15
64

39
− 128

183
128

9
− 32

0

0

0

0

0

9
− 32

45
32

7
− 32

3
32

0

0

0

0

3
32

7
− 32

45
32

9
− 32

0

0

0

0

0

9
− 32

45
32

7
− 32

3
32

0

0

0

0

3
32

7
− 32

45
32

9
− 32

0

0

0

0

0

9
− 32

45
32

7
− 32

3
32

0

0

0

0

3
32

7
− 32

45
32

9
− 32

0

183
128

39
− 128

15
64

0

0

0

0

9
− 32

0

0

0

0

3
32

37
− 128

213
128

45
− 64

205
192

5
32

0

0

0

0

0

− 11
64

0

0

0

0

0

3
− 64

7
64

45
32

0

0

0

0

0

5
32

67
− 96

29
16
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For the case d˜ = 5 the left edge boundary block of M̃4,0 has the entries
 281 − 1731

1047
7
− 203



(M̃4,0 )n,m

15,5
n,m=1












1 

=√ 
2












128

1280

1280

640

128

315
256

211
512

− 183
512

39
256

7
− 256

21
− 256

3759
2560

− 1443
2560

227
1280

7
− 256

77
− 256

2583
2560

789
2560

181
− 1280

19
768

21
− 256

399
2560

2877
2560

333
− 1280

9
256

105
512

547
− 1024

1523
1024

79
− 512

43
512

35
− 512

129
1024

145
− 1024

709
512

587
− 1536

0

15
256

97
− 256

175
128

13
− 128

0

5
− 256

19
256

13
− 128

175
128

0

15
256

97
− 256

175
128

0

5
− 256

19
256

13
− 128

0

15
256

97
− 256
19
256

0
0
0

0

0

0

0

5
− 256

0

0

0

0

15
256

0

0

0

0

5
− 256




























The biorthogonalized boundary functions for d˜ = 5, j = 0 are shown in Figure 3.
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Figure 6: The left edge boundary functions after biorthogonalization for d˜ = 5, j = 0.

5.3.3

Polynomial Exactness and Regularity

In the following Lemma we point out some important properties of the bases {Φj }j≥j0 ,
{Φ̃j }j≥j0 .
Lemma 5.8. Let Φj , Φ̃j , j ≥ j0 be the biorthogonal bases, defined as below. Then the
following properties hold.
i) The sets Φj are locally exact of order d, i.e. all polynomials up to degree d − 1 can
˜ i.e.
be reproduced on the interval [2−j , 1 − 2−j ]. The sets Φ̃j are exact of order d,
Pd˜([0, 1]) ⊂ Ṽj .
ii) We have Φj ⊂ H s ([0, 1]) ∩ H01 ([0, 1]) for all s < 52 , i.e. kϕj kH s ([0,1]) . 2sj for all
ϕ ∈ Φj . For all d˜ we find a γ̃ > 0 such that Φ̃j ⊂ H s̃ ([0, 1]) for all s̃ < γ̃, i.e.
kϕ̃j kH s̃ ([0,1]) . 2s̃j for all ϕ̃j ∈ Φ̃j .
Proof: To i): The local exactness of Φj is a well known result from spline theory and we
refer to [37]. The proof of the polynomial exactness of Φ̃j (cg. [34]) is analogous to the
considerations in [12, 23].
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To ii): The Sobolev regularity of the functions φ, φ̃ is well known. Since the boundary
functions are linear combinations of these functions restricted to the interval the assertion
ii) can be proved with the methods from [21, 22].
Remark 5.9. From Lemma 5.8 one can infer that the sequences (Vj )j≥j0 and (Ṽj )j≥j0 both
form an MRA for L2 ([0, 1]), cf. [23, 34].
Remark 5.10. A numerical determination of γ̃ yields γ̃ ≈ 0.175 for d˜ = 3, γ̃ ≈ 0.793 for
d˜ = 5 and γ̃ ≈ 1.344 for d˜ = 7 (cg. [11, 31]).

5.4
5.4.1

Construction of the Wavelets
The Method of Stable Completion

The derivation of the wavelets is accomplished with the method of stable completion. We
do not explain this method here in detail, but refer to [6, 23, 34]. The method in [34], which
is also used here, is slightly modified in order to increase the number of inner wavelets. The
main idea of the stable completion is to find matrices Mj,1 , M̃j,1 , such that for j ≥ j0 the
sets
ΨTj := ΦTj+1 Mj,1 , Ψ̃Tj := Φ̃Tj+1 M̃j,1
form a biorthogonal system with
hΨj , Ψ̃j i = I, hΨj , Φ̃j i = hΦj , Ψ̃j i = 0.
Note, that the method of stable completion as presented in [6, 23, 34] automatically provides
the wavelets from [11] as inner wavelets added by a certain number of boundary wavelets.
A proof for this assertion is given in [34].
Example 5.11. For the case d˜ = 3 the method of stable completion produces for j = 3 the
matrices


M3,1
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− 315
256

− 15
32

0

0

0

0

0

0
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0

0

0

0

0

279
− 512

− 75
64

7
32

3
− 32

0

0

0

0

33
− 512

− 13
64

45
32

9
− 32

0

0

0

0

135
1024

27
128

− 45
32

7
32

3
32

0

0

0

45
1024

9
128

7
− 32

45
32

9
32

0

0

0

0

0

9
32

− 45
32

7
− 32

3
32

0

0

0

0

3
32

7
− 32

45
− 32

9
32

0

0

45
32

7
− 32

9
128

45
1024

7
32

45
− 32

27
128

135
1024
33
− 512

0

0

0

9
32

0

0

0

3
32

0

0

0

0

9
− 32

45
32

− 13
64

0

0

0

0

3
− 32

7
32

− 75
64

− 279
512

0

0

0

0

0

9
− 32

195
128

81
− 1024

0

0

0

0

0

3
− 32

15
− 128

1365
1024

0

0

0

0

0

0

− 15
32

− 315
256

30































[3] Adaptive Frame Approximations: Theory and Numerical Experiments

and


M̃3,1
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0
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0
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so that we have three boundary wavelets at the primal side and two boundary wavelets at
the dual side. For d˜ = 5 we find for j ≥ 4

 2079
63
35

((Mj,1 )n,m )11,3
n,m=1
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:= √ 
2
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where we have three boundary wavelets at each boundary at the primal and the dual side.
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Remark 5.12. The original wavelets ψ, ψ̃ from [11] have support width d˜ + 2. Since the
number of possible inner wavelets is thus 2j − d˜ − 1, the minimal number of wavelets,
˜
˜
that have to be added per boundary is d+1
2 . So we see, that for d = 3 the number of
added boundary wavelets is almost minimal and for d˜ = 5 minimal. As a comparison, the
construction in [23] yields for example in the case d˜ = 5 the number of 6 additional wavelets
on the primal side and 4 additional wavelets at the dual side. Due to low condition numbers
and good stability, the number of wavelets, that do not coincide with inner wavelets should
be as small as possible. In this point of view our construction is nearly optimal.
5.4.2

Stability

We finally set Ψj0 −1 := Φj0 , Ψ̃j0 −1 := Φ̃j0 and
Ψ :=

∞
[

Ψj ,

∞
[

Ψ̃ :=

j=j0 −1

Ψ̃j .

j=j0 −1

Now, the most important question is, whether the sets Ψ, Ψ̃ are really biorthogonal Riesz
bases, i.e.
kΨT ckL2 ([0,1]) ∼ kΨ̃T ckL2 ([0,1]) ∼ kck2
for all sequences c ∈ l2 (Z). Using the methods from [21, 22, 24] in [34] it is shown, that the
MRAs {Φj }j≥j0 and {Φ̃j }j≥j0 fulfill the required Bernstein- and Jackson estimates, such
that the method of stable completion in fact leads to stable bases Ψ, Ψ̃. In especially, we
have
∞
X
˜ γ̃}, 5 ),
kvk2H s ([0,1]) ∼
22sj khv, Ψ̃j i[0,1] Ψj k2L2 ([0,1]) , s ∈ (− min{d,
0
2
j=j0 −1

with γ̃ from Remark 5.10. Thus, we can actually characterize a certain scale of Sobolev
spaces with the aid of Ψ, Ψ̃.

5.5

Boundary Conditions of Higher Order

Finally, we make some remarks on the use of the previous approach for the construction of
bases with Dirichlet boundary conditions of higher order. The primal MRA as presented
in Section 5.2 has boundary condition of order one. If we skip the two outermost splines
j
j
j
j
2 2 B−1
, 2 2 B2jj −2 , the sets span{2 2 Bkj : k = 0, . . . , 2j − 3} build a MRA of L2 ([0, 1]) with
boundary conditions of order two, i.e. (Bkj )(s) (0) = (Bkj )(s) (1) = 0 for s = 0, 1. Two-scale
relation, local polynomial exactness in [2−j+1 , 1 − 2−j+1 ] and regularity remain the same as
for Φj . To be more precise, in this case we only use the inner functions φj,k , k = 1, . . . , 2j −2.
Now we have to adapt the construction of the dual side as well. Since the number of scaling
functions on the primal side is now 2j − 2, we also have to neglect two functions at the dual
˜ we cannot
side. Due to the fact, that we want to preserve polynomial exactness of order d,
skip a boundary function, but can withdraw the outermost inner functions φ̃j,d˜, φ̃j,2j −d−1
˜
(cp. (5.4)). They then have to be included into the boundary functions. The approach
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(5.5) simply changes into
φ̃L
˜
d−1−n

2d˜  
X
m
˜ +.
:=
φ̃(· + m − d)
|R0
n
m=n

The rest of the construction is completely analogous.

5.6

Wavelet Bases On The Cube

After the construction of appropriate wavelet bases on the interval, it is a straightforward
procedure to generate corresponding wavelet bases on the unit cube  := (0, 1)n via tensor
products. Here we will use the same notation as in [23, 24]. Introducing a third wavelet
type parameter e ∈ {0, 1} with
(
φj,k , e = 0
ψj,e,k :=
.
(5.7)
ψj,k , e = 1
and the index sets

n
o
n
O
N  := (j, e, k) : e ∈ {0, 1}n , k ∈
∇j,ei ,

(5.8)

i=1

where ∇j,e are the admissible translation parameters k on the level j for the wavelet type e
(
{1, . . . , 2j − 2}, e = 0
∇j,e :=
,
(5.9)
{0, . . . , 2j − 1}, e = 1
the tensor product wavelets on the cube  are simply given by
ψλ (x) :=

n
Y

ψj,ei ,ki (xi ),

x ∈ , λ = (j, e, k) ∈ N  .

(5.10)

i=1

6

Adaptive Numerical Frame Schemes

The intention of this section is to compare the quantitative numerical performance of an
adaptive numerical frame scheme for the solution of elliptic operator equations, when either
the new wavelet bases from Section 5 or the bases constructed in [24] are employed as building block for the construction of an aggregated Gelfand frame. In this section, we consider
elliptic operators L : H01 (Ω) → H −1 (Ω) of order 2t = 2, resulting from the variational
formulation of Poisson problems on the interval Ω = (0, 1) or on a two-dimensional Lshaped domain Ω = (−1, 1)2 \ [0, 1)2 . For the discretization, we will use aggregated wavelet
frames on suitable overlapping domain decompositions, as the union of wavelet bases Ψ on
(0, 1) or (0, 1)2 lifted to the subdomains. As such reference systems, tensor products of the
biorthogonal spline wavelet bases of order d = 3 with complementary boundary conditions
from Section 5 and [24] will be employed, such that the primal wavelets will have d˜ = 3
vanishing moments.
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In Section 4, we have analyzed the convergence order of a best N −term wavelet frame
approximation of the solution of an elliptic operator equation like in (2.1). First of all, in
the present section the construction of an adaptive numerical frame scheme for the solution
of the linear system (2.20) from [19] will be briefly summarized, which realizes this optimal
order of convergence in linear complexity O(N ).

6.1

An Adaptive Steepest Descent Scheme

In [19, 38] it has been shown that, in principle, the infinite linear system (2.20) can be
solved with well known iterative methods such as the damped Richardson or the steepest
descent iteration. In this paper, we focus on the latter method, which, for a starting vector
w(0) ∈ `2 (I), reads as follows
for n = 0, . . . ,
r(n) := f − Gw(n) ;
w(n+1) := w(n) +
n = n + 1;
endfor.

hr(n) ,r(n) i (n)
r ;
hGr(n) ,r(n) i

Due to the redundancy of a frame, although we assumed the operator L to be boundedly
invertible, the discrete operator G generally has a nontrivial kernel, and thus the system
(2.20) is underdetermined. But since, by Lemma 2.1, G is boundedly invertible on its
range, there exists a unique solution ū ∈ ran(G). Moreover, it is easy to prove that for
w(0) ∈ ran(G), the ideal iterates w(n) indeed converge to ū ∈ ran(G).
Nevertheless, such a method cannot be implemented directly, since an infinite matrix
and infinite sequences are involved. The conceptual outline to derive a practicable algorithm is to replace each application of the infinite stiffness matrix G, as well as the infinite
right-hand side f by appropriate finite dimensional approximations. To this end, one typically uses a routine APPLY[w, ε] → zε , which, for a finitely supported w determines a
finitely supported zε with kGw − zε k`2 ≤ ε. Basically,
this is done by extracting significant
P
columns of G in the linear combination Gw = λ G(λ) wλ , i.e., by extracting those columns
G(λ) that are multiplied with large coefficients (in modulus) wλ , and by computing finite
approximations to each of the chosen columns within a tolerance depending on the size of
the corresponding coefficient and the prescribed accuracy ε.
The right-hand side f will be approximated by a routine RHS[ε] → fε . For ε > 0, this
function has to compute a finitely supported fε with kf − fε k`2 ≤ ε. Finally, in order to
control the support lengths of the iterates, and thus also the computational cost, a third
numerical routine COARSE[w, ε] → wε is used, which determines a finitely supported wε ,
such that kw − wε k`2 ≤ ε, where again w is assumed to be finitely supported. Essentially,
this is realized by a thresholding step. For further details on the precise realization of the
numerical routines, we refer to [2, 10, 38].
Using these functions, it has been demonstrated in [19] that, by replacing one ideal
step of the above scheme with an approximation up to certain geometrically decreasing
precisions εn , n → ∞, an implementable adaptive algorithm SOLVE[ω, ε] can be derived.
Here, the input parameter ω > 0 configures the initial precision ε0 . Since in such a scheme
only perturbed steps of the former iteration are performed, the iterates may have nontrivial
34
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components in the kernel of G, which was not the case for the exact w(n) , provided that
w(0) ∈ ran(G). Such components, once occurred in an iterate and therefore in the residual, will never be reduced in subsequent steps. Nevertheless, the following result, stating
convergence of the method, can be established.
Theorem 6.1 (see [19]). Let Q denote the `2 −orthogonal projection onto ran(G). If ω ≥
kūk`2 , then for any ε > 0, SOLVE[ω, ε] =: wε terminates with kū − Qwε k`2 ≤ ε.
Observe that from kū − Qwε k`2 ≤ ε it follows that also ku − F ∗ D−1 wε kH . ε, e.g.,
[18, 38]. Since furthermore ker(G) = ker(F ∗ D−1 ), the fact that (I − Q)wε might be
nontrivial does not spoil the convergence of the method.
However, the main result in [19] was to prove that SOLVE converges with the best
possible rate in linear complexity. In particular, assume that for some s > 0 there exists a
solution u to (2.1) satisfying
sup N s σN (u) < ∞,
(6.1)
N ∈N

or equivalently u ∈
where τ = (s + 12 )−1 . Membership u ∈ `w
τ (I) implies that for
any ε > 0 there exists a uε such that
`w
τ (I),

1/s

# supp uε . ε−1/s |u|`w (I) ,

(6.2)

τ

while ku − uε k`2 (I) ≤ ε. Additionally, suppose that for some s∗ greater than any s for
which u ∈ `w
τ (I) can be expected, the routine APPLY[w, ε] → zε can be implemented in
1/s̃
such a way that for any s̃ < s∗ , # supp zε . ε−1/s̃ |w|`w , whereas the number of floating
τ
point operations and storage locations can be bounded by an absolute multiple of the same
expression. In particular, this is possible if G is s∗ −compressible, which depends on the
smoothness and number of vanishing moments of the wavelets, see [38, 39, 41] for a detailed
discussion of this relation. Analogous properties have to be required for COARSE[w, ε]
and RHS[ε]. From u ∈ `w
τ (I) and the compressibility of G, it can be inferred (cf. [19])
1/s
that also f ∈ `w
(I)
and
#
supp fε . ε−1/s |u|`w . Nevertheless, the feasibility of a routine
τ
τ

1/s

RHS[ε], computing such an approximation in O(ε−1/s |u|`w ) operations, depends on the
τ
right-hand side at hand. Under these assumptions the following result can be proved, see
[19].
Theorem 6.2. Let wε := SOLVE[ω, ε], ω ≥ kQuk`2 , and let for any s ∈ (0, s∗ ) the pro1 −1
w
jection Q onto ran(G) be bounded on `w
τ (I), τ = (s + 2 ) . Then, if the solution u ∈ `τ̆ (I),
1/s̆

τ̆ = (s̆ + 12 )−1 , for some s̆ ∈ (0, s∗ ), it is # supp wε . ε−1/s̆ |u|`w . Moreover, the number of
τ̆
arithmetic operations and storage locations can be bounded by the same expression.
Consequently, in view of (6.2), the method is of asymptotically optimal complexity.
Remark 6.3. Due to the fact that the iterates wε of SOLVE are not necessarily contained
in ran(G), i.e., in general (I − Q)wε 6= 0, in order to prove the above optimality statement,
`w
τ −boundedness of Q is assumed. So far this assumption has only been rigorously verified
for special situations, see [20, 38, Section 4.3]. For a detailed discussion of this assumption,
and ways to circumvent it, see [19, 38].
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Figure 7: Exact solution (solid line) for the one–dimensional example being the sum of the
dashed and dash–dotted functions.

6.2

Numerical Experiments

Poisson Equation on the Interval
We consider the variational formulation of the following problem of order 2 on the interval
Ω = (0, 1), with homogeneous boundary conditions
−u00 = f

in Ω,

u(0) = u(1) = 0.

The right-hand side f is given as the functional defined by f (v) := 4v( 21 ) +
where
g(x) = −9π 2 sin(3πx) − 4.

(6.3)
R1
0

g(x)v(x)dx,

The solution is consequently given by

u(x) = − sin(3πx) +

2x2
, x ∈ [0, 12 )
,
2
2(1 − x) , x ∈ [ 21 , 1]

see Figure 7. As an overlapping domain decomposition we choose Ω = Ω1 ∪ Ω2 , where Ω1 =
(0, 0.7) and Ω2 = (0.3, 1). Associated with this decomposition we construct our aggregated
wavelet frames just as the union of local bases on Ω1 and Ω2 . For this simple situation, by
employing a C ∞ -partition of the unity {σi }i=1,2 relative to the covering C = {Ω1 , Ω2 }, and
by applying (4.7) to the local wavelet bases Ψ(1) on Ω1 and σ1 u and to Ψ(2) and σ2 u, it is
immediate to see that the representation u = Dhu, Ψ̃iL2 ∈ `2 (I) of the continuous solution
u with respect to the non-canonical dual frame
Ψ̃ := {σ1 ψ̃(1,µ) }µ∈I  ∪ {σ2 ψ̃(2,µ) }µ∈I 
1 −1
is contained in `w
τ (I), τ = (s + 2 ) , for 0 < s < d − 1. Together with the assumed
boundedness of the `2 −orthogonal projection Q onto ran(G) from Theorem 6.2, this shows
that the assumption in (6.1) is indeed satisfied for Qu and τ = (s + 21 )−1 , 0 < s < d − 1.
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Figure 8: Convergence histories of the adaptive steepest descent method with respect to
the support size of the iterates (left column) or CPU time (right column) for d = d˜ = 3.
The algorithm has been tested with aggregated frames based on interval bases from Section
5 (solid line) and [24] (dashed line).

Figure 9: Exact solution (left) and right-hand side for the two–dimensional Poisson equation
in an L-shaped domain.
The left diagram in Figure 8 demonstrates the decrease of the `2 -error of an iterate uε
of SOLVE with respect to # supp uε . Indeed, the optimal convergence rate d − 1 = 2 can
be observed for both types of bases on the interval. Due to the smaller spectral condition
number of G, the basis from Section 5 performs quantitatively better. The right diagram
addresses the relation between `2 -error and CPU time. Because of the generally smaller
supports of the iterates and the smaller number of iterations needed, here, a remarkable
discrepancy between the performances of SOLVE can be observed. In particular, in order
to attain the same accuracy, when our new bases are employed, about ten times less CPU
time is needed compared to the bases from [24].
Poisson Equation on the L-shaped Domain
Let us now consider the variational formulation of Poisson’s equation in two spatial dimen37
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Figure 10: Convergence histories of the adaptive steepest descent method with respect to
the support size of the iterates (left column) or CPU time (right column) for d = d˜ = 3.
The algorithm has been tested with aggregated frames based on interval bases from Section
5 (solid line) and [24] (dashed line).
sions:
−∆u = f in Ω,

u|Ω = 0.

(6.4)

The problem is chosen in such a way that the application of adaptive algorithms pays off
most, as it is the case for domains with reentrant corners. As Theorem 4.8 shows, the
reentrant corners themselves lead to singular parts in the solutions, forcing them to have a
limited Sobolev regularity, even for smooth right-hand sides. As exact solution, we choose
2
S(r, θ) := ζ(r)r2/3 sin( θ),
3
which coincides with the first term of the inner sum related to the reentrant corner in
(4.15) and the choice cl,m = 1. It is shown together with the corresponding right-hand
side in Figure 9. Recall from Example 4.11 that S ∈ H s (Ω) for s < 5/3 only, but it is
contained in every Besov space Bτs (Lτ (Ω)), where s > 0, 1/τ = (s − 1)/2 + 1/2. While the
convergence rate of a uniform refinement strategy is determined by the Sobolev regularity of
the solution, in the context of adaptive schemes it depends on the Besov regularity [16]. In
particular, considering linear approximation with piecewise quadratic spline wavelets (d =
3), the best possible convergence rate in the H 1 (Ω)-norm for uniform refinement strategies is
5
O(N −( 3 −1)/2 ), with N being the number of unknowns, whereas our adaptive frame scheme
gives the optimal rate O(N −1 ). The latter follows from Theorem 6.2 under the assumptions
summarized in Section 6.1. We emphasize that property (6.1) for s < (d − t)/n = 1 is now
covered by Theorem 4.5. Formerly, in [19], it was assumed without further investigation,
but its verification has turned out to be a non-trivial problem.
For our numerical experiments, we have used an aggregated wavelet frame, corresponding to the covering Ω1 = (−1, 0) × (−1, 1), and Ω2 = (−1, 1) × (−1, 0) from Section 3.2.
In Figure 10 we have collected the convergence histories of SOLVE for both types of
biorthogonal wavelets on the interval. Again quantitatively better results are obtained for
38
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our new basis in terms of the degrees of freedom N and the CPU time spent.
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Abstract In this paper we develop adaptive numerical solvers for certain
nonlinear variational problems. The discretization of the variational problems
is done by a suitable frame decomposition of the solution, i.e., a complete,
stable, and redundant expansion. The discretization yields an equivalent nonlinear problem on the space of frame coefficients. The discrete problem is then
adaptively solved using approximated nested fixed point and Richardson type
iterations. We investigate the convergence, stability, and optimal complexity
of the scheme. A theoretical advantage, for example, with respect to adaptive finite element schemes is that convergence and complexity results for
the latter are usually hard to prove. The use of frames is further motivated
by their redundancy, which, at least numerically, has been shown to improve
the conditioning of the discretization matrices. Also frames are usually easier
to construct than Riesz bases. We present a construction of divergence-free
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wavelet frames suitable for applications in fluid dynamics and magnetohydrodynamics.
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1 Introduction
Adaptive numerical methods have yielded very promising results [6,7,10,22,
43] when applied to a large class of operator equations, in particular, PDE
and integral equations. In classical schemes the adaptivity is realized at the
level of the discretization and in the finite element space. The finite element space is refined and enriched locally at each iteration step depending
on some (a posteriori) error estimators [22,32]. A novel paradigm for adaptive schemes has been recently proposed in [6,7], where the discretization via
wavelet decompositions is fixed at the beginning. The adaptivity is indeed
realized at the level of the solver of the equivalent bi-infinite system of linear
equations. The basic idea is to transform the original PDE into a discrete
(infinite) linear problem on ℓ2 (N ), the space of wavelet coefficients. The discrete problem is then solved with the help of approximate iterative schemes.
The advantage of the latter approach is the fact that its convergence and
stability can be proved and its asymptotic optimal complexity can be estimated. On the contrary, it has been a very hard technical problem to obtain
such nice theoretical estimates for classical finite element methods, although
some important theoretical results have recently appeared in [4,36,37] for
linear elliptic equations. A version of the paradigm in [6,7] has been recently
proposed also for nonlinear problems in [8]. It is again based on (wavelet)
bases discretizations.
One drawback of the wavelet approach is the construction of the wavelet
system itself especially on domains with complicated geometry or manifolds [15–17], see also [42, p. 104, sec. More General Domains]. The wavelet
bases constructed so far exhibit relatively high condition numbers or limited smoothness. The patching used to construct global smooth wavelets by
domain decomposition techniques appears complicated and, in most cases,
makes the conditioning even worse. The global smoothness of the basis, when
implementing adaptive schemes in [6,7], is a necessary condition for getting
compressibility (i.e., finitely banded approximations) of (infinite) discretization matrices, especially for high order operators. This bottleneck has led
to generalizations of the wavelet approach. These generalizations are based
on frame discretizations, i.e., stable, redundant, non-orthogonal expansions
[11,35], which are much more flexible and simpler to construct even on domains of complicated geometry. Frame construction is usually implemented
by Overlapping Domain Decompositions (ODD) so no patching at the interfaces is needed to obtain global smoothness. Moreover, the use of frames,
due to their intrinsic redundancy, improves the conditioning of the corresponding discretization matrices. Certainly, ODD generates regions of the
domain where the side effect of the redundancy is that functions are no
longer uniquely representable by the global frame system. At first sight, it
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may seem that redundancy contradicts the minimality requirement on the
amount of information being used to approximate the solution. Especially
in fluid mechanics, accurate simulations already require processing of huge
amounts of data. How can one attempt such computations if the information
is also made redundant? A figurative answer to this question is the so-called
“dictionary example”: The larger and richer is my dictionary the shorter are
the phrases I compose. The use of proper terminology avoids long circumlocutions for describing an object. Of course, the key point is the capability to
choose the right terminology. Back to mathematical terms, the combination
of adaptivity (i.e., the capability to choose the right terminology) and redundancy (i.e., the richness or non-uniqueness of representations) indeed gives
rise to compressed and accurate approximations [20,25,29,38,39]. Numerical
experiments in [13,44] show that frames improve conditioning without increasing the effective dimension of the problem, and that the frame approach
has optimal complexity. The results included in [33,34] illustrate that frames
can be naturally used for domain decomposition methods, where the overlapping patches induce Schwarz alternating iterations. Thus, together with
adaptive schemes, we expect that the frame approach will produce a significant breakthrough in wavelet methods.
This encourages us to present and analyze a new adaptive scheme based on
(wavelet) frame discretizations for an abstract nonlinear variational problem.
Such nonlinear problems correspond, for example, to well-posed quadratic
saddle-point problems arising in fluid dynamics and magnetohydrodynamics, see [5,24,30]. In particular, in this paper we transform the abstract nonlinear variational problem into an equivalent nonlinear discrete problem on
ℓ2 (N ) by using suitable frame expansions. We show how the discrete problem
can be solved adaptively by means of nested fixed point and approximated
Richardson iterations. We discuss convergence, stability, and, under certain
additional assumptions, computational cost (quasi-optimal complexity) of
the proposed adaptive procedure. Indeed the emphasis in this paper is on
the theoretical investigation of the applicability of frame discretizations for
solving nonlinear variational problems. Our results confirm that the redundancy of a frame (which corresponds to an improved flexibility in practice)
is not necessarily in opposition to optimality. To emphasize the flexibility of
frames, we present a construction of divergence-free wavelet frames on domains which are not necessarily affine images of (0, 1)n . To our knowledge,
constructions of such wavelet bases or frames have not appeared in the literature so far.
The paper is organized as follows: In Section 2, we present the abstract nonlinear variational problem. We reformulate it as an equivalent fixed point
iteration, where, at each iteration step, a linear (non–symmetric) elliptic operator equation is to be solved. Next, we present a way for discretizing the
fixed point iteration. We translate the original nonlinear problem into a problem on ℓ2 (N ), the space of suitable frame coefficients. The concept of frames,
i.e., stable, redundant, and complete expansions, is recalled in Subsection 2.1.
In Subsection 2.2 we show how a linear (non-symmetric) elliptic operator
equation is discretized by means of frame expansions and how Algorithm 1 is
used to approximate its solution adaptively, up to any prescribed accuracy.
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Using Algorithm 1 as the main building block, we formulate in Section 3 a
fully discrete and finite version of the fixed point iteration. We show that this
discrete version of the fixed point iteration converges to one of the possible
sets of frame coefficients of the true solution of the original problem. In Section 4 we discuss under which conditions on the building block procedures in
Algorithm 1 the suggested scheme performs quasi-optimally with respect to
suitable sparseness classes of frame coefficients. In particular, we show how
the flexibility and redundancy of frames lead to technical difficulties, which
do not arise in case of Riesz bases, when showing complexity estimates.
Frames of divergence–free functions are crucial for applications in fluid dynamics and magnetohydrodynamics due to the incompressibility of the fluid
flow and the conservation of charge. Due to intrinsic technical difficulties,
no divergence–free wavelet bases have been constructed on general polygonal
domains, see [42, p. 104, sec. More General Domains]. Therefore, in Section
5, we present a new construction of suitable divergence-free wavelet frames
on general polygonal domains. This allows for applications of the general
adaptive scheme we propose.
Throughout this paper ‘a ∼ b’ means that both quantities are uniformly
bounded by some constant multiple of each other. Likewise, ‘a . b’ means
that there exists a positive constant C such that a ≤ Cb. We determine
the constants explicitly only if their value is crucial for further analysis. The
symbol k · k, when applied to bounded operators, denotes the operator norm
from its domain space to its image space, these are not always explicitly
specified for notational simplicity.
2 From Variational Formulation to Frame Discretization
Our analysis and numerical schemes can be used for the numerical treatment
of several classical problems arising, e.g., in fluid dynamics and magnetohydrodynamics. The problems of fluid dynamics to which our adaptive scheme
is applicable are modelled using stationary, incompressible Navier–Stokes
equations, see [24]. The ones arising in magnetohydrodynamics are modelled
using the fluid dynamics and electromagnetic field equations, see [5,30]. The
latter equations come into play, if, e.g., the fluid occupying a 3–dimensional
bounded region Ω ⊂ R3 is electrically conducting and there is a given externally generated magnetic field.
The above mentioned physical problems fit the following abstract setting:
There exist separable Hilbert spaces V and H such that V ⊂ H ⊂ V′
with bounded and dense inclusions. The triple (V, H, V′ ) is called a Gelfand
triple. The duality between V′ and V is identified on H using the inner
product h·, ·iH of H. There exists an operator A : V → V′ such that
hAv, wiV′ ×V := a(v, w) defines an elliptic bilinear form, i.e., there exist positive constants α, β such that αkvk2V ≤ a(v, v) ≤ βkvk2V for all v ∈ V. The
ellipticity of a implies that kAvkV′ ∼ kvkV and that A is a boundedly invertible operator with kA−1 k ≤ α−1 . We also assume that there exists a trilinear
form a1 inducing a bounded bilinear operator A1 : V × V → V′ , defined by
hA1 (v, w), ziV′ ×V := a1 (v, w, z) for v, w, z ∈ V.
We study the following abstract problem:
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Find u ∈ V such that
Au + A1 (u, u) = ℓ,

(1)

′

where ℓ ∈ V is a functional on V.

The local solvability of (1) is ensured by the following well-known result.
Theorem 1 Let H : V → V be given by H(v) := A−1 (ℓ − A1 (v, v)). The
following hold true
α
2kA1 k ,

(a) If 0 < r <

then H|Br is a contraction with Lipschitz constant

2kA1 kr
,
α

L :=
(b) If 0 < r <

where Br is the closed ball of radius r centered in 0;
α
′
kA1 k and kℓkV ≤ r(α − kA1 kr), then H|Br : Br → Br ;
2

α
(c) If kℓkV′ ≤ 4kA
, then the equation (1) has a unique solution u ∈ V with
1k
α
kuk < 2kA1 k and the solution is computable by the fixed point iteration

un+1 = Hun , u0 = 0,
u = lim un .

n ∈ N0 ,

(2)

n→∞

Note that (2) is equivalent to
Aun+1 = ℓ − A1 (un , un ),

n ∈ N0 ,

u0 = 0.

(3)

Under our assumptions on A, the equations in (3) are elliptic operator equations. In the rest of this section we derive a discrete problem equivalent to the
abstract nonlinear problem in (1) and prove in Theorem 4 that the solution
of the discrete problem exists and is unique under certain assumptions on the
parameters of the original problem and frames chosen for discretization. The
discrete problem is obtained using suitable stable, redundant, and nonorthogonal expansions, so–called Gelfand frames for the Gelfand triple (V, H, V′ ).
We also show that the derived discrete fixed point iteration can be realized
efficiently using the key routine SOLVE to approximate the solution of the
elliptic problems in (3) adaptively.
Remark 1 To give concrete examples of spaces V, denote by H s (Ω) the
 12
X
||Dα v||2L2 (Ω) .
Sobolev space of functions with the norm ||v||H s (Ω) =
|α|≤s

For vector–valued functions v = (v1 , v2 , v3 ) we write Hs (Ω) and L2 (Ω). Let
also H10 (Ω) denote
H10 (Ω) := {v ∈ H1 (Ω) : v|∂Ω = 0},

Ḣ 1 (Ω) and L̇2 (Ω) the subspaces of H 1 (Ω) and L2 (Ω) consisting of functions
with mean zero, respectively. In the case of fluid dynamics the space V, see
[24], can be given by
Z
V := {v ∈ H10 (Ω) :
(∇ · v)q = 0 for all q ∈ L̇2 (Ω)}.
Ω
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When modelling the stationary flow of a viscous, incompressible, electrically
conducting fluid in [30], the solution space V for the velocity v and the
electric current K is
Z
Z
K · (∇ψ) = 0
(∇ · v)q +
V := {(v, K) ∈ H10 (Ω) × L2 (Ω) :
Ω

Ω

for all (q, ψ) ∈ L̇2 (Ω) × Ḣ 1 (Ω)}.

2.1 Gelfand Frames
The sequence space ℓ2 (N ) on the countable index set N ⊂ Rd is induced by
the norm
!1/2
X
kckℓ2 (N ) :=
|cn |2
, c = {cn }n∈N ∈ ℓ2 (N ).
n∈N

The space ℓ0 (N ) ⊂ ℓ2 (N ) is the subspace of sequences with compact support.
Denote by h·, ·iH and k · kH the inner product and the norm on the separable
Hilbert space H, respectively. A sequence F := {fn }n∈N in H is a frame for
H if
X
2
kf k2H ∼
hf, fn iH , for all f ∈ H.
(4)
n∈N

Due to (4) the corresponding operators of analysis and synthesis given by

(5)
F : H → ℓ2 (N ), f 7→ hf, fn iH n∈N ,
X
F ∗ : ℓ2 (N ) → H, c 7→
cn f n ,
(6)
n∈N

are bounded. In particular, we have the following orthogonal decomposition
of ℓ2 (N )
ℓ2 (N ) = ran(F ) ⊕ ker(F ∗ ),
(7)
and

Q := F (F ∗ F )−1 F ∗ :

ℓ2 (N ) → ran(F ),

(8)

is the orthogonal projection onto ran(F ). The frame F is a Riesz basis for H
if and only if ker(F ∗ ) = {0}. In general, {0} is a proper subspace of ker(F ∗ ).
In other words, due to the redundancy of the frame there
X may exist
Xsequences
c = {cn }n∈N 6= d = {dn }n∈N in ℓ2 (N ) such that
cn f n =
dn fn . In
n∈N

n∈N

particular, the redundancy may lead to the situation when a small perturbation d of the coefficient sequence c has no effect on the synthesis operator.
This possible reduction effect on errors, noise, and numerical round-offs is
the motivation for using frames for the applications, where tolerance to errors is required. The intrinsic stability of frames is also expected to play a
role in the conditioning of the discretizations of operator equations and leads
to additional robustness that the discretization inherits from the frame. It
has been confirmed by numerical experiments in [44] that by increasing the
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redundancy of the frame we improve the conditioning of discretization matrices.
The composition S := F ∗ F is a boundedly invertible (positive and self–
adjoint) operator called the frame operator and F̃ := {S −1 fn }n∈N is again
a frame for H, called the canonical dual frame, with corresponding analysis
and synthesis operators
F̃ := F (F ∗ F )−1 ,

F̃ ∗ := (F ∗ F )−1 F ∗ .

(9)

The importance of the canonical dual frame is its use in the reconstruction
of any f ∈ H, i.e.
X
X
f = SS −1 f =
hf, S −1 fn iH fn = S −1 Sf =
hf, fn iH S −1 fn . (10)
n∈N

n∈N

Since a frame is typically overcomplete, there exist several non–canonical
duals {f˜n }n∈N in H such that
X
f=
hf, f˜n iH fn .
(11)
n∈N

A more general definition of frames is required for Banach spaces. Let B
be a Banach space continuously and densely embedded in H
B ⊆ H ≃ H′ ⊆ B ′ .

(12)

If the right inclusion is dense, then (B, H, B ′) is called a Gelfand triple. The
symbol ≃ stands for the canonical Riesz identification of H with its dual H′ .
Definition 1 A frame F (here F̃ is some dual frame, e.g., the canonical dual
frame) for H is called a Gelfand frame for the Gelfand triple (B, H, B ′ ), if
F ⊂ B, F̃ ⊂ B ′ and there exists a Gelfand triple Bd , ℓ2 (N ), Bd′ of sequence
spaces such that
X

F ∗ : Bd → B, F ∗ c =
cn fn and F̃ : B → Bd , F̃ f = hf, f˜n iB×B′ n∈N
n∈N

(13)

are bounded operators.
′
Remark 2 1. If F is a Gelfand frame for the Gelfand triple
 (B, H, B ) with
′
respect to the Gelfand triple of sequences Bd , ℓ2 (N ), Bd , then by duality
the operators
X

F̃ ∗ : Bd′ → B ′ , F̃ ∗ c =
cn f˜n and F : B ′ → Bd′ , F f = hf, fn iB′ ×B n∈N
n∈N

(14)
are bounded, see, e.g., [27] for details.
2. If B = H then Definition 1 becomes the definition of frames for Hilbert
spaces.
3. Even if V ⊂ H = L2 (Ω) ⊂ V′ is a Hilbert space, using the notation
“B” we emphasize that the frame F is not a Hilbert space frame for V. It is
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a frame for H, which also characterizes V (as a subspace of H) with frame
coefficients hf, f˜n iH belonging to Vd ⊂ ℓ2 (N ) and computed using H-inner
product.
4. Definition 1 generalizes the following case to pure frames: Consider a
wavelet system Ψ := {ψj,k }j≥−1,k∈Jj on Ω (Jj is a suitable set of indexes
depending on the scale j, see [42] for details), B = H s (Ω), H = L2 (Ω) and
1/2

X X
Bd = ℓ2,2s· := {d := {dj,k }j≥−1,k∈Jj : 
22sj |dj,k |2 
< ∞}.
j≥−1 k∈Jj

It is well known that if Ψ is a Riesz basis for L2 (Ω) and its elements, together with those of its biorthogonal dual basis Ψ̃ := {ψ̃j,k }j≥−1,k∈Jj , are
compactly supported, smooth enough, and with a sufficient number of vanishing moments, then H s (Ω) is fully characterized by Ψ in the sense that
f ∈ H s (Ω) if and only if
X X
hf, ψ̃j,k iL2 (Ω) ψj,k
(15)
f=
j≥−1 k∈Jj

and


kf kH s (Ω) ∼ 

X X

2

2sj

|hf, ψ̃j,k iL2 (Ω) |

j≥−1 k∈Jj

1/2

2

.

(16)

See [11] for the same characterization by using pure wavelet frames, constructed by Overlapping Domain Decomposition. Note that there exists a
natural unitary isomorphism from ℓ2,2s· into ℓ2 given by
DH s (Ω) : ℓ2,2js· → ℓ2 ,

d := {dj,k }j≥−1,k∈Jj 7→ DH s (Ω) d := {2js dj,k }j≥−1,k∈Jj .
(17)

2.2 Adaptive Numerical Frame Schemes for Elliptic Operator Equations
To implement the fixed point iteration described in (2), we first study the
solvability (for fixed u(n) ) of the linear operator equations in (3). Generally,
such equations are of the form
Au = f,

(18)

where A, as before, is a boundedly invertible operator from Hilbert space
V into its dual V′ , kAukV′ ∼ kukV , u ∈ V, and f ∈ V′ . We also have
that a(v, w) := hAv, wiV′ ×V , defines a bilinear form on V, where h·, ·iV×V′
defines the dual pairing of V and V′ . The form a is elliptic, i.e., there exist
positive constants α, β such that αkvk2V ≤ a(v, v) ≤ βkvk2V for all v ∈ V,
and a is non-symmetric. The non-symmetry assumption on a is motivated
by applications in [5,30].
Throughout the paper, let F = {fn }n∈N be a Gelfand frame for the
Gelfand triple (V, H, V′ ) with (Vd , ℓ2 (N ), Vd′ ) being the corresponding Gelfand
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triple of sequence spaces. Moreover, keeping in mind REMARK 4. in Subsection 3.1, let DV : Vd → ℓ2 (N ) be a unitary isomorphism, so that its
∗
ℓ2 (N )–adjoint DV
: ℓ2 (N ) → Vd′ is also an isomorphism.
We show how the Gelfand frame setting is used for the adaptive numerical
treatment of elliptic operator equations (18). Following, e.g. [6,11,35], we
use frame expansions to convert problem (18) into an operator equation
on ℓ2 (N ). The redundancy of the frame leads to a singular discretization
matrix. Nevertheless, in Theorem 2 we show that this can be handled in
practice and that the solution of (18) can be computed by a version of the
damped Richardson iteration applied to the associated normal equations.
The resulting scheme is not directly implementable since we have to deal with
infinite matrices and vectors. Therefore, similarly to [6,?,?], we also show how
the scheme can be transformed into an implementable scheme using “finite”
versions of the building blocks procedures we introduce in Subsection 2.2.2.
The result is a convergent adaptive frame algorithm.
2.2.1 A series representation
We start by generalizing Lemma 4.1 and Theorem 4.2 given in [11] to the
case of non–symmetric a.
Lemma 1 The operator
−1
∗ −1
A := (DV
) F AF ∗ DV

(19)

is a bounded operator from ℓ2 (N ) to ℓ2 (N ). Moreover, A is boundedly in∗ −1
vertible on its range ran(A) = ran((DV
) F ).
−1
Proof Since A is a composition of bounded operators DV
: ℓ2 (N ) → Vd ,
∗ −1
∗
′
′
′
F : Vd → V, A : V → V , F : V → Vd and (DV ) : Vd′ → ℓ2 (N ), A is a
bounded operator from ℓ2 (N ) to ℓ2 (N ). Moreover, from the decomposition
(19) we get
−1
ker(A) = ker(F ∗ DV
),

∗ −1
ran(A) = ran((DV
) F ).

(20)

−1
−1
∗ −1
Define L := (DV
) F F ∗ DV
. Note that ker(L) = ker(F ∗ DV
) and ran(L) =
∗ −1
∗
ran((DV ) F ). The fact that ℓ2 (N ) = ker(L ) ⊕ ran(L) implies, due to the
self-adjointness of L, that
−1
∗ −1
) ⊕ ran((DV
) F ).
ℓ2 (N ) = ker(F ∗ DV

(21)

Therefore, A| ran(A) : ran(A) → ran(A) is boundedly invertible.
Let P : ℓ2 (N ) → ran(A) be the orthogonal projection of ℓ2 (N ) onto
ran(A).
∗ −1
Theorem 2 Let f := (DV
) F f and A as in (19). The solution u ∈ V of
(18) is computed by
−1
u = F ∗ DV
u
(22)
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where
u=

α∗

∞
X

(id −α∗ A∗ A)n| ran(A)

n=0

!

A∗ f ,

(23)

with 0 < α∗ < 2/λmax , λmax = kA∗ Ak2 with k · k2 being the usual spectral
norm.
P
˜
F is a Gelfand frame,
Proof We have u =
n∈N hu, fn iH fn in H. Since P
∗
F F̃ : V → V is bounded and implies u = F ∗ F̃ u = n∈N hu, f˜n iV×V′ fn in
V. Moreover, (18) is equivalent to the following system of equations
X
(24)
hu, f˜n iV×V′ hAfn , fm iV′ ×V = hf, fm iV′ ×V , m ∈ N .
n∈N

Let u := PDV F̃ u. Then (24) can be rewritten as
Au = f .

(25)

Multiplying both sides of (25) by A∗ we get the normal equation
(A∗ A) u = A∗ f .

(26)

∗

Since A A is self–adjoint and positive–definite on ran(A), we obtain (23).
2.2.2 Numerical realization
By Theorem 2, the computation of u in (25) amounts to the damped Richardson iteration
u(i+1) = u(i) − α∗ A∗ (Au(i) − f ),

i ∈ N0 ,

u(0) = 0.

(27)

The iteration in (27) cannot be practically realized for infinite vectors u(i) ,
i ∈ N0 . To avoid this we make use of the procedures (see [6–8,35] for details
on their analysis and implementation) :
– RHS[ε, f ] → f ε : determines for f ∈ ℓ2 (N ) a vector f ε ∈ ℓ0 (N ) such that
kf − f ε kℓ2 (N ) ≤ ε;

(28)

– APPLY[ε, A, v] → wε : determines for a bounded linear operator A on
ℓ2 (N ) and for v ∈ ℓ0 (N ) a vector wε ∈ ℓ0 (N ) such that
kAv − wε kℓ2 (N ) ≤ ε;

(29)

– COARSE[ε, v] → vε : determines for v ∈ ℓ0 (N ) a vector vε ∈ ℓ0 (N )
such that
kv − vε kℓ2 (N ) ≤ ε.
(30)
We discuss the properties of the routines RHS, APPLY and COARSE
in Section 4, where we study the complexity and the computational cost
required to approximate the solution of the original problem up to some prescribed tolerance. Let ρ := ρ(α∗ ) := k (id −α∗ A∗ A)| ran(A) k2 = max{α∗ λmax −
1, 1 − α∗ λmin } < 1, where λmin := k(A∗ A| ran(A) )−1 k2 . We define the inexact
version of the damped Richardson iteration (27):
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Algorithm 1
SOLVE[ǫ, A, f ] → vǫ :
Let θ < 1/3 and K ∈ N be fixed such that 3ρK < θ.
j := 0, v(0) := 0, ǫ0 := kA−1
| ran(A) kkfkℓ2 (N )
While ǫj > ǫ do
j := j + 1
ǫj := 3ρK ǫj−1 /θ
θǫj
g(j) := RHS[ 12α∗ KkA
∗k , f ]
θǫ

f (j) := APPLY[ 12α∗jK , A∗ , g(j) ]
v(j,0) := v(j−1)
For k = 1, ..., K do
θǫj
(j,k−1)
]
w(j,k−1) := APPLY[ 12α∗ KkA
∗ k , A, v


θǫj
(j,k)
(j,k−1)
∗
∗
v
:= v
− α APPLY[ 12α∗ K , A , w(j,k−1) ] − f (j)
od
v(j) := COARSE[(1 − θ)ǫj , v(j,K) ]
od
vǫ := v(j) .
For details on the numerical implementation of procedure SOLVE to,
e.g., the Poisson equation on the L–shaped domain see [11,13,35,44].
Note that the parameter θ plays an important role in complexity estimates
for COARSE given in Section 4. The proof of the convergence of Algorithm
1 is equal to that of [35, Proposition 2.1] and of [11, Theorem 4.2] except for
the fact that here we make use of the damped Richardson iteration in (27) on
normal equations, due to the non–symmetry of a. Thus, the following result
holds.
Theorem 3 Under the assumptions of Theorem 2, let u ∈ ℓ2 (N ) be a
solution of (25). Then SOLVE[ǫ, A, f ] produces finitely supported vectors
v(j,K) , v(j) , vǫ such that
P(u − v(j) )

j ∈ N0 .

(31)

−1
−1
ku − F ∗ DV
vǫ kV ≤ kF ∗ kkDV
kǫ.

(32)

ℓ2 (N )

≤ ǫj ,

In particular,
Moreover, it holds that
Pu − (id −P)v(j−1) − v(j,K)

ℓ2 (N )

≤

2θǫj
,
3

j ≥ 1.

(33)

The implementation of the damped Richardson iteration (27) on normal
equations might exhibit a slow convergence, if the relaxation parameter α∗ is
small. To improve the efficiency of the proposed scheme, the generalizations of
Algorithm 1 towards, e.g., gradient iterations as suggested in [19,44], appear
in [13]. In the latter paper the reader can also find numerical implementations
and tests which confirm the optimality of Algorithm 1, compare Section 4.
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3 Implementation of the Fixed Point Iteration
We discretize problem (1) and use Algorithm 1 to implement the fixed point
iteration in (2). Let
−1
∗ −1
i) A := (DV
) F AF ∗ DV
: ℓ2 (N ) → ℓ2 (N ), be bounded and boundedly
∗ −1
invertible on its range ran(A) = ran((DV
) F) ;
∗ −1
ii) l := (DV
) F ℓ ∈ ran(A) ⊂ ℓ2 (N );
−1
−1
∗ −1
iii) A1(·) := (DV
) F A1 (F ∗ DV
·, F ∗ DV
·) : ℓ2 (N ) → ran(A) ⊂ ℓ2 (N );
−1
iv) H(·) := (A| ran A ) (l − A1(·)) : ℓ2 (N ) → ran(A).
∗ −1
Remark 3 Note that ran(A) = ran((DV
) F ) implies that the operators in
i)–iv) map ℓ2 (N ) into ran(A). By definition of P we also have H(P v) =
P H(v) = H(v) for any v ∈ ℓ2 (N ).

Thus, the variational problem in (1) is equivalent to the following discrete
problem.
Problem 3: Find u ∈ ran(A) ⊂ ℓ2 (N ) such that
Au + A1(u) = l,

(34)

or, equivalently, such that u is a fixed point of H in ran(A), i.e
u = H(u),

u ∈ ran(A).

(35)

Next, define the closed ball of radius r > 0 in ran(A) by
B r := {u ∈ ran(A) : kukℓ2 (N ) ≤ r}.
Theorem 4 Under the assumptions and notations specified above, the following statements hold
−1
a) If 0 < r < 2k(A| ran A )−1 kkF k3 kA1 k
, then H|B r is a contraction with

Lipschitz constant L := r 2k(A| ran A )−1 kkF k3 kA1 k < 1;


−1
b) if 0 < r < k(A| ran A )−1 kkF k3 kA1 k
and klk ≤ r k(A| ran A )−1 k−1 − kA1 kkF k3r
then H(B r ) ⊆ B r ;
−1
c) if klk < 4k(A| ran A )−1 k2 kF k3 kA1 k
then (35) has a unique solution
−1
.
u ∈ B r∗ , for some suitable r∗ such that 0 < r∗ < 2k(A| ran A )−1 kkF kkA1k

−1
∗
Proof Due to kDV k = kDV
k = kDV
k ≡ 1 and kF k = kF ∗ k, for u, v ∈ B r
−1
−1
∗ −1
kHu − Hvk ≤ k(A| ran A )−1 kk(DV
u, F ∗ DV
u)
) F A1 (F ∗ DV

∗ −1
∗ −1
− A1 (F DV v, F DV v) kℓ2 (N )

≤ 2rk(A| ran A )−1 kkF k3kA1 kku − vkℓ2 (N ) .

Thus, H is a contraction due to L < 1. For b) observe that by iv) and the
estimate above

3 2
kHukℓ2 (N ) ≤ kA−1
≤ r.
| ran A k klk + kA1 kkF k r
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−1
c) We show that if klk < 4k(A| ran A )−1 k2 kF k3 kA1 k
, then there exists

−1
r∗ with 0 < r∗ < 2k(A| ran A )−1 kkF k3 kA1k
such that
klk < r∗ k(A| ran A )−1 k−1 − kA1 kkF k3 r∗ . Using a) and b) we get that
H|B r∗ is a contractive mapping of B r∗ into itself and, thus, has a unique
fixed point. To see that such r∗ exists, consider

h(r) = r k(A| ran A )−1 k−1 − kA1 kkF k3r , a quadratic mapping, and note
−1
that h assumes values from 0 to 4k(A| ran A )−1 k2 kF k3 kA1 k
as r varies

−1
−1
3
from 0 to 2k(A| ran A ) kkF k kA1 k
.

Corollary 1 If klk < (4k(A| ran A )−1 k2 kF k3 kA1 k)−1 , then the solution u in
B r∗ of (35) is given by the following discrete fixed point iteration
un+1 = Hun , n ≥ 0,
u = lim un .

u0 = 0 ∈ ran(A),

n→∞

(36)
(37)

The discrete fixed point iteration cannot be implemented for infinite vectors. We propose the following new approximating adaptive scheme FIXPT,
where the procedure SOLVE introduced in Subsection 2.2.2 replaces the exact computation of un+1 in (36).
Algorithm 2
FIXPT[ε, A, A1, l] → uε :
i := 0, 
v0 := 0, 0 < ε0 < r∗ ; ε0 6= L; 
While εi >

„ ε0 −L
“ ”i « (ε
ε0 ε0 −L εL
0

− Li r∗ ) do

εi+1 := εi+1
0
vi+1 = SOLVE[εi+1 , A, l−A1(vi )]
i := i + 1

od
uε := vi .
Remark 4 The Algorithm 2 is a perturbation of the exact fixed point iteration
creating sequences {vi }i∈N0 of finite vectors. In general such vectors do not
belong to ran(A) and there is not much hope that limn→∞ vn = u. We can
try to see whether limn→∞ Pvn = u. It can happen that, because of an
accumulation of perturbation errors, there exists n ∈ N large enough such
that Pvn ∈
/ B r∗ !
To prove the convergence of Algorithm 2 to the solution of problem (35)
we start with the following auxiliary Lemma.
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Lemma 2 If klk < (4k(A| ran A )−1 k2 kF k3 kA1 k)−1 and if the quantities
En :=

n+1
X

εk + (1 + L)

k=2

n−3
X n−h
X

εk Ln−h−k + (ε1

h=0 k=3

X
 n−1
+ L(ε0 + k(A| ran(A) )−1 kklk)
Lk
k=0

∗
+ ε0 + kA−1
| ran(A) kklk ≤ r , for all n ∈ N0 ,

with L and r∗ as in Theorem 4 a) and c), respectively, then the sequence
{Pvi }i∈N resulting from the application of Algorithm 2 all lies in B r∗ .
Proof The proof is by induction on n. For n = 1 we get that Pv1 ∈ B r∗
kPv1 kℓ2 (N ) = kP (SOLVE[ε0 , A,l] − H(0)) + H(0)kℓ2 (N ) ≤ E0 ≤ r∗ .
Since H(v) = H(Pv) = P H(v), by (31) it holds kP SOLVE[εn+1 , A, l −
A1(vn )] − P H(vn )k ≤ εn+1 . By the hypothesis on klk, ensuring that H is
a contraction with the Lipschitz constant L, we obtain
kP(v2 − v1 )kℓ2 (N ) = kP (SOLVE[ε2 , A, l − A1(v1 )])
− P (SOLVE[ε1 , A, l − A1(v0 )])kℓ2 (N )
= kP (SOLVE[ε2 , A, l − A1(v1 )] − H(v1 )) + H(v1 ) − H(v0 )
+ H(v0 ) − P (SOLVE[ε1 , A, l − A1(v0 )]) kℓ2 (N )
≤ ε2 + ε1 + LkPv1 kℓ2 (N ) .
The induction assumption is that Pv1 , ..., Pvn ∈ B r∗ with kPvn kℓ2 (N ) ≤
En−1 . We have
kP(vn+1 − vn )kℓ2 (N ) ≤ εn+1 + εn + LkP(vn − vn−1 )kℓ2 (N )
n
X
εk Ln−k + Ln−1 (ε1 + LkPv1 kℓ2 (N ) ).
= εn+1 + (1 + L)
k=3

Using the above estimate and the triangular inequality we get Pvn+1 ∈ B r∗ .
Remark 5 Note that the assumption on En in the above Theorem is not
restrictive. It holds that
–

n+1
X
k=2

εk =

n+1
X

εk0 − 1 − ε0 =

k=0

1 − εn+2
ε20
0
− 1 − ε0 ≤
→ 0 for ε0 → 0;
1 − ε0
1 − ε0

– We bound the map
n 7→

n−3
X n−h
X

εk Ln−h−k ≤ C(ε0 , L),

h=0 k=3

with C(ε0 , L) → 0 for ε0 → 0, uniformly with respect to n;
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∞

X
ε1 + L(ε0 + kA−1
kklk
Lk + (ε0 + kA−1
| ran(A)
| ran(A) kklk) is small enough
k=0

whenever ε0 and klk are small. Note that klk . kF kkℓk, where kℓk depends usually on the size of the norms of the forcing terms and boundary
data. Note that, for the nonlinear problems we consider, the existence
and uniqueness of the solutions are ensured under certain smallness assumptions on the data. We cannot expect numerical implementations to
be less restrictive. Such restrictions do represent the worst case analysis.
We are now ready to prove the main convergence result.
Theorem 5 If klk < (4k(A| ran A )−1 k2 kF k3 kA1 k)−1 and En ≤ r∗ for all
n ∈ N, then
H(u) = u = lim Pvn = P (FIXPT[0, A, A1, l]) ,

(38)

n→∞

where {vi }i∈N are obtained by Algorithm 2. After n iterations of Algorithm
2 we get

 n 
 n
εn0 (ε0 − L εL0
εn0 (ε0 − L εL0 )
+Ln kuk ≤ ε0
+Ln r∗ .
kPvn+1 −ukℓ2 (N ) ≤ ε0
ε0 − L
ε0 − L
(39)
Moreover, for ε > 0 we have
ku − P (FIXPT[ε, A, A1, l]) k ≤ ε,

(40)

and the number N of iterations to achieve the accuracy ε > 0 is estimated by
N ∼ − log(ε).

(41)

Proof It holds that
Pvn+1 = (P (SOLVE[εn+1 , A, l − A1(vn )]) − H(Pvn )) + (H(Pvn ) − H(u)) + u
and, thus,
kPvn+1 − uk ≤ kP (SOLVE[εn+1 , A, l − A1(vn )])
− H(Pvn )kℓ2 (N ) + kH(Pvn ) − H(u)kℓ2 (N )
≤ εn+1 + LkPvn − ukℓ2 (N )
≤ εn+1 + L(εn + LkPvn−1 − ukℓ2 (N ) )
n
X
≤ ε0
ε0n−k Lk + Ln kukℓ2 (N )
k=0

= ε0


 n 
εn0 ε0 − L εL0
ε0 − L

+ Ln kukℓ2 (N ) → 0,

n → ∞.

Therefore, H(u) = u = limn→∞ Pvn = P (FIXPT[0, A, A1, l]). Moreover,
since kukℓ2 (N ) ≤ r∗ , the second inequality in (39) is valid and we get
 n
εn0 (ε0 − L εL0 )
ε0
+ Ln r ∗ ≤ ε
(42)
ε0 − L
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if and only if
εn ≤
ε0



ε0 − L
 n  (ε − Ln r∗ ),
ε0 − L εL0

(43)

which is the criterion to exit the loop in Algorithm 2. This implies (40). From
(42) we get that the necessary number of iterations to achieve the accuracy
ε is given by (41).
Similarly to the proof of formula (32) (see [11, Theorem 4.2]) we finally
show the following.
Corollary 2 If klk < (4k(A| ran A )−1 k2 kF k3 kA1 k)−1 and En ≤ r∗ for all
n ∈ N, then
X

−1
u=
(44)
DV
FIXPT[0, A, A1, l] n fn ,
n∈N

is a solution in V of the fixed point problem H(u) = u and we have that for
ε>0
X

−1
ku −
(45)
DV
FIXPT[ε, A, A1, l] n fn kV . ε.
n∈N

Remark 6 The fact that at each iteration we compute the approximation
up to a perturbation/tolerance εi also means that the scheme is stable. In
other words, not only can εi be interpreted as the numerical approximation/accuracy we achieve at each step, but also as the error tolerance we
can afford, without spoiling convergence. Moreover, the scheme is fully adaptive in the sense that the iterations are enforced (by the use of suitable
implementation of COARSE, see below) to work only with minimal number of relevant quantities (frame coefficients), in order to keep the prescribed
accuracy–complexity balance.

4 Quasi–Optimal Complexity of the Algorithm
In this section we present the complexity analysis of Algorithm 2. From formula (41), we already know that to achieve a prescribed accuracy ε > 0 we
need to execute N ∼ − log(ε) iterations. Therefore, having an estimation of
the cost of each iteration, the asymptotic analysis of the complexity of the
suggested adaptive scheme can be done. This is one of the very interesting
theoretical advantages of the adaptive (wavelet) frame approach, together
with the fact that one can prove both convergence and stability of the adaptive scheme as shown in the previous section.
Of course, the main ingredient of iterations in Algorithm 2 is the procedure SOLVE. As announced in Subsection 2.2.2, we discuss here an implementation of such a procedure and study its complexity. To this end,
we should illustrate how the building block procedures RHS, APPLY,
and COARSE can be implemented and estimate their computational cost.
Therefore, in this section we focus on the main properties and requirements
of these building blocks so that Algorithms 1 and 2 have certain complexity.
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We refer the interested reader to [7,8,11,35] for the descriptions of procedures RHS, APPLY, and COARSE that fulfill the requirements stated
below and needed for the complexity estimates. The complexity estimates
for even more general algorithms than Algorithm 2 for linear and nonlinear
variational problems, but under the more restrictive assumption that the discretizing frame F is a Riesz basis, were given in [7,8]. In order to describe
the complexity in the more general case of pure frame discretizations a bit
more (technical) effort and preparation is needed.
An algorithm for computing a finite approximation uε of u up to ε, for u
given implicitly as a solution of some equation, is called optimal if # supp(uε )
(the number of elements of the support of uε ) is not asymptotically larger
(for ε → 0) than the same quantity obtained by a direct computation of any
other approximation of u using the same tolerance ε, for u being given explicitly. In addition to this, the optimality is fully realized if the complexity
to compute uε does not exceed # supp(uε ) asymptotically (for ε → 0). In
other words, we do want the number of algebraic operations to be comparable to the size of what is being computed. For discretizations by means of
Riesz bases optimal algorithms can be realized, see [6–8], for example. Analogous algorithms for frames may exhibit “arbitrarily small reductions” with
respect to the expected optimality (see the following Theorem 5.1 for the precise statement). Since the techniques for estimating complexity we use are
similar to those in [35, Theorem 3.12], we also encounter similar difficulties
to achieve the optimality for FIXPT when dealing with pure frames. We
call this situation quasi–optimal. We start by defining a so–called sparseness
class As of vectors, s ∈ R+ . As will turn out to be such that, if u ∈ As , then
the size of the support of uε = FIXPT[ε, A, A1, l] and the computational
cost for obtaining uε can be estimated a priori.
An optimal sparseness class is modelled as follows: For given s > 0 we
define the space
Asweak := {c ∈ ℓ2 (N ) : kckAsweak := sup n1/2+s |γn (c)| < ∞},

(46)

n∈N

where γn (c) is the n−th largest coefficient in modulus of c. It turns out that
k · kAsweak is a quasi–norm and we refer to [6,21] for further details on the
quasi–Banach spaces Asweak . Such spaces can be usually found in literature
−1
∈ (0, 2), and they
under the notation ℓw
τ (weak–ℓτ ) where τ = (1/2 + s)
are nothing but particular instances of Lorentz sequence spaces. Let us only
mention that
(47)
kckAsweak ∼ sup N s kc − cN kℓ2 (N ) ,
N ∈N

where cN is the best N −term approximation of c, i.e., the subsequence of
c consisting of the N largest coefficients in modulus of c. In particular, (47)
implies that for all ε > 0 there exists Nε > 0 large enough such that for all
c the best Nε −term approximation cNε has the following properties
(i) kc − cNε kℓ2 (N ) ≤ ε;
1/s

(ii) # supp(cNε ) . ε−1/s kckAs

weak

;
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(iii) kcNε kAsweak ≤ kckAsweak .
Furthermore, from (47) we get the following useful technical estimate
kckAs̃weak . (# supp(c))s̃−s kckAsweak

(48)

whenever 0 < s < s̃ and c has finite support. This optimal class of vectors
perfectly fits with complexity estimates for adaptive schemes for elliptic linear equations [6,7,11,35]. For more general nonlinear problems a “weaker”
version of the sparseness class has been introduced and denoted by Astree in
[8].
It is not known whether there exist frames for which the solutions of
generic nonlinear equations, particularly for Navier-Stokes and magnetohydrodynamics equations, can have frame coefficients belonging to the sparseness classes described above. Therefore, we discuss next the requirements,
fulfilled by Asweak and Astree , that a generic sparseness class As should have
to ensure quasi–optimality of our scheme. In case the solution belongs to any
sparseness class with such properties, the algorithm will behave as ensured
theoretically. The introduction of As is also motivated by the need to simplify
the presentation of our complexity result. The numerical tests in [1,42] for
turbulent flows motivate our assumption that the (wavelet) frame coefficients
of the corresponding solutions do belong to some of these generic sparseness
classes (i.e., only few significant wavelet coefficients can be expected to be
relevant in the representation of the solution).
For s > 0 and for a nondecreasing function T : N → N such that N .
T (N ) we call any space As a T –sparseness class if As̃weak ⊂ As ⊆ Asweak and
As̃ ⊂ As for all s̃ > s and if for all u ∈ As and for all ε > 0 there exists a
finite vector uε with the properties
a) ku − uε k ≤ ε;
1/s
b) T (# supp(uε )) . ε−1/s kukAs ;
c) kuε kAs . kukAs .
In particular we assume that there exists a constant C1 (s) such that ku +
vkAs ≤ C1 (s)(kukAs + kvkAs ). Of course, Asweak is itself a sparseness class
with T = I. Moreover, there exist other T–sparseness classes different from
Asweak , for example, the class Astree defined in [8, Formula (6.7)], that also
turns out to be relevant in our context.
˜
Note that, for s̃˜ > s̃ > s > 0, by the inclusions As̃weak ⊂ As̃ ⊂ As ⊆ Asweak
and (48), we have
˜

˜

. (# supp(c))s̃−s kckAsweak . (T (# supp(c)))s̃−s kckAs ,
(49)
for all finite vectors c.
Now we are ready to formulate our main conceptual requirements. For a
fixed s > 0
kckAs̃ . kckAs̃˜

weak

(A1) Let θ < 1/3. We assume that for any ε > 0, v ∈ As and any finitely
supported w such that
kv − wk ≤ θε,
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for w∗ = COARSE[(1 − θ)ε, w] it holds that
1/s

T (# supp(w∗ )) . ε−1/s kvkAs ,
and

kw∗ kAs ≤ C2 (s)kvkAs ,

for some constant C2 (s) > 0. Moreover, we assume that the number of
algebraic operation needed to compute w∗ := COARSE[ε, w] for any fi1/s
nite vector w can be estimated by . T (# supp(w))+o(ε−1/s kwkAs ). See
[35, Proposition 3.2] and [8, Proposition 6.3] for examples of procedures
COARSE with such properties. As it will be clear in the proof of Theorem 6 the use of the procedure COARSE is fundamental to ensure that
the supports of the iterates generated by the algorithm can be controlled.
(A2) The vector wε := APPLY[ε, A, v] is such that
1/s
kwε kAs . kvkAs , T (# supp(wε )) . ε−1/s kvkAs , and it is computed
1/s
with a number of algebraic operations estimable by . ε−1/s kvkAs +
T (# supp(v)). See [35, Proposition 3.8] and [8, Corollary 7.5] for examples
of procedures APPLY with such properties.
(A3) A crucial procedure of the iterative approximate fixed point scheme is the
(j)
θεj
, ℓ − A1 (vi )] for each step i and j of the
realization of gi := RHS[ 12αK
outer and inner loops, respectively. In particular, it requires computing
efficiently a finite approximation to A1 (vi ), where A1 is some nonlinear
operator and vi is a given finite vector. In the work [2,8,9,18] an effective
way for solving this problem for multiscale and wavelet expansions has
been proposed. Note that the efficient evaluation of nonlinear functionals
(as the ones we consider for, e.g., Navier-Stokes equations) on coefficients
as in [2,8,9,18] is valid as soon as
a) the reference bases are multiscale, i.e., the size of the supports of the
basis functions decays dyadically for increasing levels;
b) their corresponding coefficients can be structured in suitable trees;
c) such bases characterize Besov spaces by certain norm equivalences.
Under these assumptions, the procedure is realized into two steps: i) optimal computation of a near-best tree approximation [3] of the coefficients
of the nonlinear map; ii) numerical integration of the coefficients on average at unit cost. While for ii) only results for Riesz bases are currently
available, see e.g. [18], the results in [9], which allow for an efficient realization of step i), can be straightforwardly extended to frames. In Section
5 we present a construction of suitable wavelet frames that enjoy the
above mentioned multiscale properties (a-c) and, therefore, allow for the
use of the cited results. As in [9, Assumption E, Section 7.2] we assume
that the numerical integration can be realized on average at unit cost.
On the basis of these observations we assume the existence of a proce(j)
(j)
θǫj
dure RHS such that kgi − (l − A1 (vi ))kℓ2 ≤ 12αK
, T (# supp(gi )) .
(j)
1/s
−1/s
kvi kAs , kgi kAs . 1 + kvi kAs , and the number of algebraic operaǫj
(j)

−1/s

1/s

kvi kAs +T (# supp(vi )).
tions needed to compute gi is bounded by . ǫj
The constants C silently appearing in the previous estimates may depend
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on kvi k2 (as in [9, Theorem 3.4]), i.e., C = C(kvi k2 ) and are increasing as
functions of their argument. As we will show in (58), kvi k2 . kvi kAs̃ .
˜
˜
s̃
1− s̃
s
˜
εi s kukA
s and s̃ is arbitrarily close to s, we can always assume that
C . 1 + C(kukAs ) are uniformly bounded. A careful inspection of the
proofs in [9] allow for C to depend on kPvi k2 in certain cases. Since by
Lemma 2 Pvi all lies in B r∗ , we can assume in these cases the constants
uniformly bounded by C(kuk2 ) ≤ C(r∗ ).
In the following the subscript index i refers to the iterations in the outer
loop of the fixed point iteration and the superscript j refers to the inner loop
iterations in SOLVE. Moreover, εi and ǫj refer to the outer and inner loop
tolerances, respectively. All estimations below hold asymptotically for ε → 0
( ε as in Algorithm 2 ).
Theorem 6 For 0 < s < s̃ < s̃˜ let As̃ be a T -sparseness class and u ∈ As ,
the solution of (34) as in Corollary 1. Assume that
(i) (A1)-(A3) hold for all s ∈ (0, s̃];
(ii) P is bounded on At for all t ∈ (0, s̃];
(iii) K > 0 and 0 < θ < 1/3 in Algorithm 1 are chosen so that
˜

C1 (s)C2 (s)k id −Pk(3ρK /θ)s̃/s−1 < 1.

(50)

Here the norm k id −Pk is the norm of id −P as an operator on As ;
(iv) the constants L, ε0 and r∗ satisfy
L < ε0 < r ∗

ρ−K

and

1
L
+ δ0 ≤ ,
ε0 − L
2

f or some δ0 > 0.

(51)

Then, under the assumptions of Theorem 5, for any ε > 0 and δ > 0 such
˜ = 1 + δ, the finite vector uε := FIXPT[ε, A, A1, l] satisfies
that s̃/s̃
a) ku − Puε kℓ2 (N ) ≤ ε;
(1+δ)/s

;
b) # supp(uε ) . ε−(1+δ)/s kukAs
c) the number of algebraic operations needed to compute
(1+δ)/s
uε is . ε−(1+δ)/s kukAs
.
Proof For the proof of part a) see Theorem 5. Next, we show part b). Assume that {vi }i∈N0 is the sequence of vectors generated in Algorithm 2. We
(1+δ)/s
−(1+δ)/s
for i large enough.
kukAs
want to show that T (# supp(vi )) . εi
Since P is bounded on At for all t ∈ (0, s̃], it is also bounded on As . Thus
Pu ∈ As . Then for ǫj > 0 there exists a finite vector (Pu)ǫj such that
kPu − (Pu)ǫj kℓ2 (N ) ≤ θ6 ǫj and # supp((Pu)ǫj ) . T (# supp((Pu)ǫj )) .
−1/s

ǫj

1/s

−1/s

kPukAs . ǫj

1/s

kukAs . Therefore, by (49) we have

˜
s̃/s−1

ǫj

˜
s̃/s−1

. kukAs

˜
s̃/s−1

k(Pu)ǫj kAs̃ . kukAs

˜
s̃/s−1

kPukAs . kukAs

k(Pu)ǫj kAs
˜
s̃/s

kukAs = kukAs

(52)
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for any s̃˜ > s̃ > s > 0. From (33) we get that
(j−1)

Pvex
i − (id −P)vi

(j,K)

− vi

ℓ2 (N )

≤

2θǫj
3

(53)

with vex
i := H(vi−1 ). Due to (51) and (39), we obtain for any i large enough
and some δ0 > 0 that
kPu − Pvex
i kℓ2 (N ) ≤ kH(u) − H(vi−1 )kℓ2 (N )

 i−1
ε (ε0 − L(L/ε0 )i−2 )
+ Li−2 r∗
≤ LkPu − Pvi−1 kℓ2 (N ) ≤ L 0
ε0 − L




L
L εi0 (ε0 − L(L/ε0 )i−2 )
+ Li−2 ε0 r∗ ≤ εi0
+ δ0 .
≤
ε0
ε0 − L
ε0 − L
Due to the stopping criterion of Algorithm 1 we have for all i that for the
last j−th iteration εi0 ≤ 3ρθK ǫj . Therefore, for all i large enough, due to (51)
we get
θ
kPu − Pvex
i kℓ2 (N ) ≤ ǫj ,
6
and
2θǫj
θǫj
(j,K)
(j−1)
+
,
(54)
≤
− vi
Pu − (id −P)vi
ℓ2 (N )
6
3
which implies that
(j−1)

(Pu)ǫj − (id −P)vi

(j,K)

− vi

ℓ2 (N )

≤ θǫj .

(55)
(j)

Due to (A1), (55), and k · kAs̃ being a quasi-norm, it follows that vi
(j,K)
], for i large enough, satisfies
COARSE[(1 − θ)ǫj , vi

:=

(j−1)

(j)

kAs̃
kvi kAs̃ ≤ C2 (s)k(Pu)ǫj − (id −P)vi


(j−1)
kAs̃ ,
≤ C1 (s)C2 (s) k(Pu)ǫj kAs̃ + k id −Pkkvi

so by (52) and ǫj = 3ρK /θǫj−1 (see Algorithm 1),

 ˜

 ˜
˜
˜
(j−1)
s̃/s−1
s̃/s
(j)
s̃/s−1
kAs̃ .
ǫj
kvi kAs̃ ≤ C ′ kukAs + C1 (s)C2 (s)k id −Pk(3ρK /θ)s̃/s−1 ǫj−1 kvi

We can conclude that for K > 0 large enough, and by the assumption (50),
the solutions of the homogeneous part of this recursion converge to zero, and
so
˜
˜
(j)
s̃/s
s̃/s−1
ǫj
kvi kAs̃ . kukAs ,
(56)
uniformly with respect to j. And, due to (A1) we also have
(j)

(j)

# supp(vi ) . T (# supp(vi ))
.

−1/s̃
k(Pu)ǫj
ǫj
˜

− s̃/s̃
s

. ǫj

(j−1) 1/s̃

kAs̃
− (id −P)vi
 ˜ h
i1/s̃
s̃
−1
(j−1)
ǫjs
kAs̃
k(Pu)ǫj kAs̃ + k id −Pkkvi
.
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˜ = 1 + δ that
Thus, by (52) and (56) we get with s̃/s̃
−

(j)

(j)

# supp(vi ) . T (# supp(vi )) . ǫj

˜
s̃/s̃
s

˜
s̃/s̃

1+δ

− 1+δ
s

kukAss = ǫj

kukAss .

(57)

Next, recall that 0 < s < s̃˜ and by Algorithm 1 we have εi . ǫj for all j.
˜
s̃/s−1

Then (56) implies that for all j and i large enough we have εi
˜
s̃/s
kukAs .

(j)

kvi kAs̃ .

In particular, for i large enough,
˜
s̃/s−1

εi

˜
s̃/s

kvi kAs̃ . kukAs .

(58)

By the same argument, (57) yields for i large enough
1+δ

− 1+δ
s

kukAss .

# supp(vi ) . T (# supp(vi )) . εi

(59)

Note that the stopping criterion in Algorithm 2 implies that for i large enough
we have ε . εi . Therefore, from (59) we also get that
# supp(uε ) . T (# supp(uε )) . ε−

1+δ
s

1+δ

kukAss .

(60)

To prove part c), since εi decreases geometrically, it is sufficient to show that
the number of algebraic operations needed for each iterations, i.e., for the
(1+δ)/s
−(1+δ)/s
kukAs
computation of vi := SOLVE[εi , A, l − A1(vi−1 )], is . εi
(j)
for all i large enough. Due to assumption (A3) we have T (# supp(gi−1 )) .
−1/s̃

ǫj

1/s̃

(j)

kvi−1 kAs̃ and kgi−1 kAs̃ . (1 + kvi−1 kAs̃ ). Therefore by assumption
−1/s̃

(j)

(A2) we have T (# supp(f i−1 )) . ǫj

1/s̃

(j)

kvi−1 kAs̃ and kf i−1 kAs̃ . (1+kvi−1 kAs̃ ).
(j−1)
kAs̃
kvi

. (1 + kvi−1 kAs̃ ) and
By induction assumption we have that
1/s̃
−1/s̃
(j−1)
kvi−1 kAs̃ , that are trivially valid for j = 1. There)) . ǫj
T (# supp(vi
fore, again by (A2) we have
(j,k)

kvi
and

kAs̃ . (1 + kvi−1 kAs̃ ),
(j,k)

T (# supp(vi

−1/s̃

)) . ǫj

(61)
1/s̃

kvi−1 kAs̃ ,

(62)

for all 0 ≤ k ≤ K. Therefore, by (A2) and (A3), the number of alge−1/s̃
(j,K)
(1 + kvi−1 kAs̃ )1/s̃ +
is . ǫj
braic operations required to compute vi
(j)

T (# supp(vi−1 )). Finally by assumption (A1) the application of vi :=
(j,K) 1/s̃
−1/s̃
(j,K)
(j,K)
kAs̃ ) .
kvi
))+o(ǫj
] costs . T (# supp(vi
COARSE[(1−θ)ǫj , vi
−1/s̃

ǫj

(1+kvi−1 kAs̃ )1/s̃ . Thus, by (A1), (61) and (62) the induction hypothesis
(j)

(j)

−1/s̃

holds, i.e. kvi kAs̃ . (1 + kvi−1 kAs̃ ) and T (# supp(vi )) . ǫj

(j)
vi

1/s̃

kvi−1 kAs̃

(j−1)
vi

from
for any j ∈ N0 . This implies by induction that computing
−1/s̃
(1 + kvi−1 kAs̃ )1/s̃ + T (# supp(vi−1 )).
takes a number of operations . ǫj
Since ǫj decreases geometrically and by formulas (58) and (59), the cost
of the computation of vi := SOLVE[εi , A, l − A1(vi−1 )] is a multiple of
− 1+δ
s

εi

1+δ

kukAss .
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˜ has been verified
Remark 7 1. The boundedness of P on Atweak , t ∈ (0, s̃),
numerically in [44,13] in case of wavelet frame discretization, by observing
the optimal convergence of SOLVE. According to [35, Remark 3.13], the
˜ is (almost) a necessary requireboundedness of P on Atweak for all t ∈ (0, s̃)
ment for the scheme to behave optimally. There exist frames, for example
time–frequency localized Gabor frames (and more generally all intrinsically
polynomially localized frames [23,11]), for which the boundedness of the corresponding P has been proven rigorously, see [11, Theorem 7.1 in Section 7].
Therefore, for certain operator equations (for example, certain pseudodifferential equations appearing, e.g., in wireless communication modelling [26])
the optimal application of SOLVE based on Gabor frame discretizations is
justified theoretically.
One can avoid requiring the boundedness of P and obtain a fully optimal
scheme replacing SOLVE by its modified version modSOLVE (see [35]). We
assume then, without loss of generality, that the number of algebraic opera1/s
−1/s
(j)
kvi kAs . However
tions needed to compute gi in (A3) is bounded by . ǫj
the procedure modSOLVE requires the definition of an implementable alternative projector P̃ onto ran(A) and it is possible if a suitable wavelet
frame expansion is constructed.
If F is a Riesz basis, then the scheme is certainly optimal and our result
confirms the one in [8, Theorem 7.5].
2. Due to Theorem 4, (51) holds if the physical parameters of the problem
allow for choosing L, ε0 and r∗ such that 0 < L =: r∗ γ < ε0 < r∗ < γ −1
for γ = γ(F, A, A1 ) := 2kA−1 |ran(A) kkA1 kkF k3. In particular, if 0 < γ < 1
is small enough then (51) is satisfied. For example, for the magnetohydrodynamics problem in [5] and F being a Riesz basis, the dependence of γ on
the viscosity η and the electric resistivity σ −1 of the fluid can be expressed
explicitly. Note that
−1
−1
hAu, ui = hAF ∗ DV
u, F ∗ DV
ui ≥ αk

X

−1
(DV
u)n fn kV ∼ αkukℓ2 (N ) .

n

Therefore, if F is a Riesz basis, then ran(A) = ℓ2 (N ) and kA|−1
ran(A) k =
kA−1 k . α−1 with α ≥ c(Ω) min{η, σ −1 } > 0. This implies that, if η, σ −1
are large enough,
sufficiently small. The norm
P then−1γ < 1 can be made
−1
equivalence k n∈N (DV
ukVd is valid only if F is a Riesz
u)n fn kV ∼ kDV
basis and it does not hold for pure frames.
5 Construction of Aggregated Wavelet Frames
To justify the theoretical assumptions of the previous sections and to emphasize the flexibility of frames, we present in this section a construction of
suitable multiscale divergence-free frames on a bounded domain Ω, which
are not necessarily affine images of (0, 1)n . Before we proceed with our frame
construction, let us investigate the properties of the functions in the solution
space V. In case of fluid dynamics, the solution space, for example, is given
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by
V := {v ∈ H10 (Ω) :

Z

(∇ · v)q = 0 for all q ∈ L̇2 (Ω)}.

Ω

Due to
Z

(∇ · v)q = 0 for all q ∈ L̇2 (Ω),

Ω

and [5, Lemma 1.a)] we get that the fluid velocity v ∈ V(div; Ω) ∩ H10 (Ω),
where
V(div; Ω) := {v ∈ L2 (Ω) : ∇ · v = 0}.
A detailed discussion on constructions of wavelet bases for such V on Ω,
which is an affine image of (0, 1)n , is given, for example, in [40–42]. For
later convenience, in the notation of [42, (2.26)], we define V0 (div; Ω) :=
H0 (div; Ω) ∩ V(div; Ω), where
H0 (div; Ω) = {K ∈ L2 (Ω) : ∇ · K ∈ L2 (Ω), K · n|Γ = 0}.
See [24, Theorem 2.6] for a characterization of the latter space.
In the following we present some results on constructing pure frames
for V on more general domains Ω. To do that we modify the construction
of pure frames for Hs (Ω) given in [11] and based on the ODD (Overlapping Domain Decomposition) technique: We assume that {Ωi }M
i=1 , M ∈ N,
are overlapping subdomains such that Ω = ∪M
i=1 Ωi . Such subdomains are
assumed to be affine images of the reference domain  := (0, 1)n (see Figure 1). Moreover, we assume that for each 1 ≤ i ≤ M a divergence–free

Fig. 1 Example of an Overlapping Domain Decomposition of a polygonal domain
in 2D by means of patches which are affine images of (0, 1)n .
i
wavelet basis Ψi := {ψj,k
}j≥−1,k∈Jji is given for V(div; Ωi ) ∩ H10 (Ωi ). We
M
i
show that Ψ := ∪i=1 Ψi = {ψj,k
}j≥−1,k∈Jji ,i=1,...,M is a Gelfand frame for
V(div; Ω) ∩ H10 (Ω).
These systems, called aggregated divergence–free wavelet frames, allow us
to avoid dealing with interfacing patches used in disjoint domain decompositions (DDD) (see [17,42]). DDD are usually rather complicated to implement
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and can yield ill–conditioned systems (see [42, p. 104, sec. More General Domains]).
Assume that C := {Ωi }M
i=1 is an overlapping, relatively compact covering
of Ω such that
(C1) there exist affine (or even conformal if n = 2) maps κi :  → Ωi , for all
i = 1, . . . , M .
The set of admissible domains Ω is restricted by raising condition (C1),
e.g., the boundary of Ω has to be piecewise smooth. Nevertheless, the particularly attractive case of polyhedral domains is still covered.
We assume that the wavelets we use below have sufficient regularity and
number of vanishing moments. We consider a template vector–valued wavelet

s
divergence–free basis Ψ = {ψj,k
}j≥j0 ,k∈J  for V
:= V(div; ) ∩ Hs0 (),
j


s ≥ 0, and its biorthogonal dual Ψ̃ = {ψ̃j,k
}j≥j0 ,k∈J  . It holds that Ψ is
j
s
a frame for V . Our aim is to show that the system
i
Ψ := (ψj,k
)(i,j,k)∈Λ ,

(63)

where
i
ψj,k
(x)

  −1 
∇κi κ−1
i (x) · ψj,k κi (x)
,
:=
 1/2
det ∇κi κ−1
i (x)

for all i = 1, ..., M, j ≥ j0 ,
(64)
k ∈ Jj , x ∈ Ωi ,

i
and ψj,k
(x) = 0 for x ∈ Ω \ Ωi , is a frame for Vs := V(div; Ω) ∩ Hs0 (Ω).
Analogously, we define its local duals by
  −1 
∇κi κ−1
for all i = 1, ..., M, j ≥ j0 ,
i (x) · ψ̃j,k κi (x)
i
(65)
,
ψ̃j,k (x) :=
 1/2
k ∈ Jj , x ∈ Ωi ,
−1
det ∇κi κi (x)

i
and ψ̃j,k
(x) = 0 for x ∈ Ω \ Ωi .
i
First of all observe that under assumption (C1) each Ψi := (ψj,k
)j≥j0 ,k∈J 
j
s
is again a divergence-free wavelet frame for Vi := V(div; Ωi ) ∩ Hs0 (Ωi ). Pros
vided suitable zero-extensions, the space Vi can P
be identified with a closed
i
subspace of Vs . Moreover, by [40–42] for ui =
j,k cj,k ψj,k the following
norm equivalence holds
1/2

X
kui kHs ∼ 
22sj |cj,k |2  , s ≥ 0.
(66)
j,k

Let the projections of L2 (Ω) onto Vi := V(div, Ωi ) be
X
i
i
hu, ψ̃j,k
iψj,k
, i = 1, . . . , M.
PVi (u) :=

(67)

j≥j0 ,k∈Jj

We next present the frame construction that allows us to work with Ω,
which are not necessarily affine images of (0, 1)n , and provides the characterization of Vs for any s ≥ 1. Although it may seem intuitively clear that the
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i
union of local bases Ψ := ∪M
i=1 Ψi = {ψj,k }j≥−1,k∈Jji ,i=1,...,M forms a global
Gelfand frame, currently we can prove the frame property for divergence–free
wavelets only under the following technical condition:
We require that C is such that

(C2) there exists suitable bounded operators πVis : Vs → Vis for which it holds
πVis (v)|Ωi \∪M̃

k=2 Ωik

≡ v|Ωi \∪M̃

k=2 Ωik

,

(68)

for any v ∈ Vs such that Ωi ⊆ supp(v) ⊆ ∪M̃
k=1 Ωik for {i1 , ..., iM̃ } ⊆
{1, ..., M }, without loss of generality i := i1 . The definition of πVis may
depend on {Ωi1 , ..., ΩiM̃ } only.
Remark 8 Note that the domain decomposition satisfying (C2) is necessarily
overlapping. If it were not the case, then it would hold that Ωi = Ωi \
∪{1,...,M}\{i} Ωj and, by (68), πVis v = v|Ωi . This, would imply that v|∂Ωi =
πVis (v)|∂Ωi = 0, which is not necessarily the case for an arbitrary v ∈ Vs .
To illustrate our frame construction we consider Ω = Ω1 ∪ Ω2 , which is
not an affine image of (0, 1)2 , as in Figure 2. In this case we can choose
P
1
1
πV1s v =
hv, ψ̃j,k
iψj,k
where we exclude from the index set
j≥j0 ,k∈J ,◦
j

Jj,◦ ⊂ Jj those wavelets adapted to the internal boundary of Ω1 . Both
conditions (C1)–(C2) are indeed satisfied. Therefore it holds πV1s v = v on
Ω \ Ω2 and πV1s v ∈ Vs , s ≥ 1 and PV1 (πV1s v) = πV1s v. This, implies that
v − PV1 (πV1s v) ∈ Vs . Note that by construction supp(v − PV1 (πV1s v)) ⊆ Ω2
and (v − PV1 (πV1s v))|∂Ω2 = 0. Therefore, we obtain the following decomposition v = PV1 (πV1s v) + PV2 (v − PV1 (πV1s v)).

W1

W2

Fig. 2 An example of Overlapping Domain Decomposition satisfying (C1) and
(C2).

The following theorem generalizes the argument above to domain decompositions consisting of more than two patches.
Theorem 7 Let C := {Ωi }M
i=1 be an overlapping, relatively compact covering
i
of Ω satisfying (C1)–(C2). Let Ψ := (ψj,k
)(i,j,k)∈Λ be as in (63) and PVi as
in (67). For u ∈ Vs , s ≥ 1, consider the functions and domains defined by
the following recursion
u(0) = u, Ω (0) = Ω,

s
u(n) )
 un+1 = PVn+1 (πVn+1
(n+1)
(n)
, n = 0, . . . , M − 1.
u
= u − un+1
 (n+1)
Ω
= supp(u(n) )

(69)
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Then
u=

M
X

ui =

i=1

M
X

X

i
i
hπVis u(i−1) , ψ̃j,k
iψj,k

with
kukHs

(70)

i=1 j≥j0 ,k∈J 
j



M
X
∼

X

i=1 j≥j0 ,k∈J 
j

1/2


i
22sj |hπVis u(i−1) , ψ̃j,k
i|2 

.

(71)

In particular, Ψ is an L2 frame for V0 (div; Ω) and a Gelfand frame for
(Vs , V0 (div; Ω), (Vs )′ ).
Proof By property (C2) and by induction we get u(n) ∈ Vs with ku(n) kHs .
(M)
kukHs , u(n) |∂Ω (n+1) = 0 and Ω (n) ⊆ ∪M
= ∅ and,
i=n+1 Ωi . Thus, Ω
therefore, in the recursive definition (69) we have 0 ≤ n ≤ M − 1. This
(M−1)
s u
) =
implies also that supp(u(M−1) ) ⊆ ΩM and uM = PVM (πVM
PM−1
(M−1)
(M−1)
u
. And by induction
we
get
u
=
u
−
u
.
This
implies
i
i=1

PM−1
PM
PM−1
PM−1 
(M−1)
=
=
u =
i=1 ui + u
i=1 ui , and,
i=1 ui + u −
i=1 ui
consequently, the wavelet decomposition of u is given by
u=

M
X

ui =

i=1

M
X

PVi (πVis u(i−1) ) =

X

i=1 j≥j0 ,k∈J 
j

i=1 j≥j0 ,k∈J 
j

X

i
i
hπVis u(i−1) , ψ̃j,k
iψj,k
.

i=1 j≥j0 ,k∈J 
j

i=1

By property (66) we have

M
X
kukHs . 

Conversely,

M
X
X


M
X

1/2


i
22sj |hπVis u(i−1) , ψ̃j,k
i|2 
1/2


i
22sj |hπVis u(i−1) , ψ̃j,k
i|2 

.

M
X

.

kπVis u(i−1) k2Hs

i=1

!1/2

. kukHs .

Note that the norm equivalences above hold for also for s = 0 and, thus, by
density of Vs in V0 (div; Ω), Ψ is an L2 frame for V0 (div; Ω) and a Gelfand
frame for (Vs , V0 (div; Ω), (Vs )′ ).
Remark 9 1. The choice of the decomposition C is restricted by the technical condition (C2). The existence of operators πVis satisfying (C2) is crucial
i
for showing the frame property for Ψ = (ψj,k
)(i,j,k)∈Λ . Condition (C2) can
indeed be verified, at least for s = 1 and for any overlapping decomposition
constituted by Lipschitz subdomains. We construct maps πVi1 using the following result in [31] on suitable extensions of divergence-free functions with
preassigned boundary conditions, compare also [28, Corollary 3.2].
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Theorem 8 Assume that D is a relatively compact Lipschitz domain in Rn
which is the union of two non-overlapping relatively compact Lipschitz subdomains, i.e., D = D1 ∪ D2 and D1 ∩ D2 = ∅. For all v ∈ V(div; D) ∩ H1 (D)
such that v|∂D1 ∩∂D = 0 (of course ∂D1 ∩ ∂D can be empty), there exists
ṽ ∈ V(div; D) ∩ H10 (D) such that ṽ|D1 ≡ v|D1 and kṽkH1 . kvkH1 .
Assume v ∈ V1 such that Ωi ⊆ supp(v) ⊆ ∪M̃
k=1 Ωik . Let us denote D1 =
M̃
(Ωi \ ∪M̃
Ω
)
and
D
=
(Ω
∩
(∪
Ω
)),
we
have D = D1 ∪ D2 = Ω i .
i
2
i
i
k
k
k=2
k=2
Since v|Ωi ∈ V(div; Ωi ) ∩ H1 (Ωi ), by Theorem 8 there exists ṽ ∈ Vi1 such
that ṽ|Ωi \∪M̃ Ωi ≡ v|Ωi \∪M̃ Ωi . Thus, we define πVi1 (v) = ṽ.
k=2
k=2
k
k
2. In [11,13,35] constructions of wavelet frames in H0s (Ω) are done by
pointwise multiplication with partitions of unity. Unfortunately if u ∈ Vs
and γ is a smooth function supported in Ωi , it is not true in general that
γu ∈ Vis . For this reason the arguments in [11,13,35] cannot be extended to
the case of divergence-free wavelets.
3. The aggregate wavelet frames constructed in Theorem 7 are multiscale
and produce coefficients that can be naturally structured into suitable trees,
as the ones in [16,17]. Thus, the algorithms defined in [9], see (A3), for
the evaluation of nonlinear functionals can also be applied in our case. The
optimality also requires the characterization of Besov spaces in terms of norm
equivalences. As soon as the local divergence–free bases on  provides such
a characterization and provided the operator πVis are also bounded on Besov
spaces, we can show similarly to Theorem 7 that the global divergence–free
frame characterizes Besov spaces on the whole domain. We postpone the
details to a forthcoming paper.
4. In case of magnetohydrodynamics the solution space is given by
Z
Z
V := {(v, K) ∈ H10 (Ω) × L2 (Ω) :
(∇ · v)q +
K · (∇ψ) = 0
Ω

Ω

for all (q, ψ) ∈ L̇2 (Ω) × Ḣ 1 (Ω)}.

Using the results in [24] we conclude that, as in case of fluid dynamics, the
fluid velocity v ∈ V(div; Ω) ∩ H10 (Ω). The electric current K ∈ V0 (div; Ω).
The construction of frames for V follows again from Theorem 7.
6 Conclusion
We present the first convergent and implementable adaptive scheme based
on frame decompositions for the numerical integration of nonlinear variational problems. Certainly, it is impossible to construct a universal scheme
suitable for any physical problem. Thus, the convergence of the algorithm is
ensured under certain assumptions on its physical parameters. Such assumptions are standard when dealing with nonlinear problems of fluid dynamics
and magnetohydrodynamics and still lead to the analysis of physically realistic problems, see [30].
Divergence–free vector valued functions are crucial for applications in
fluid dynamics and magnetohydrodynamics. The discretization of the problem is, therefore, realized by expanding the solution with respect to certain

203

204

[4] Adaptive Frame Methods for Nonlinear Variational Problems
Adaptive Frame Methods for Nonlinear Variational Problems

29

divergence–free wavelet frames constructed on Overlapping Domain Decompositions. The construction based on ODD is definitively an improvement
in comparison with [40–42]. There divergence–free wavelet bases have been
defined essentially only for domains that are affine images of cubes. Our construction of frames allows for more general polygonal domains and avoids
the use of fictitious domain techniques, see, e.g., [14]. Of importance is that
these aggregate divergence–free wavelet frames preserve multiscale properties
of standard wavelet bases and their capability to characterize certain function
spaces. These properties ensure the optimal convergence rates and complexity of the scheme we propose, if the solutions are in certain sparseness classes
of functions. It has not yet been theoretically proven that the solutions belong to such function spaces (e.g., Besov spaces), numerical simulations [1]
though support this assumption.
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ABSTRACT. Regularization of ill-posed linear inverse problems via ℓ1 penalization has been proposed for cases where the solution is known to be (almost) sparse. One way to obtain the minimizer of such an ℓ1 penalized functional is via an iterative soft-thresholding algorithm. We propose an alternative
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ℓ1 -balls. The corresponding algorithm uses again iterative soft-thresholding,
now with a variable thresholding parameter. We also propose accelerated versions of this iterative method, using ingredients of the (linear) steepest descent
method. We prove convergence in norm for one of these projected gradient
methods, without and with acceleration.

1.

Introduction

Our main concern in this paper is the construction of iterative algorithms
to solve inverse problems with an ℓ1 -penalization or an ℓ1 -constraint, and
that converge faster than the iterative algorithm proposed in [21] (see also
formulas (2.5) and (2.6) below). Before we get into technical details, we
introduce here the background, framework, and notations for our work.
In many practical problems, one cannot observe directly the quantities
of most interest; instead their values have to be inferred from their effect
on observable quantities. When this relationship between observable y and
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interesting quantity f is (approximately) linear, as it is in surprisingly many
cases, the situation can be modeled mathematically by the equation
y = Af ,

(1.1)

where A is a linear operator mapping a vector space K (which we assume
to contain all possible “objects” f ) to a vector space H (which contains all
possible data y). The vector spaces K and H can be finite– or infinite–
dimensional; in the latter case, we assume that K and H are (separable)
Hilbert spaces, and that A : K → H is a bounded linear operator. Our
main goal consists in reconstructing the (unknown) element f ∈ K, when
we are given y. If A is a “nice”, easily invertible operator, and if the data
y are free of noise, then this is a trivial task. Often, however, the mapping
A is ill-conditioned or not invertible. Moreover, typically (1.1) is only an
idealized version in which noise has been neglected; a more accurate model
is
y = Af + e ,
(1.2)
in which the data are corrupted by an (unknown) noise. In order to deal with
this type of reconstruction problem a regularization mechanism is required
[30]. Regularization techniques try, as much as possible, to take advantage
of (often vague) prior knowledge one may have about the nature of f . The
approach in this paper is tailored to the case when f can be represented by a
sparse expansion, i.e., when f can be represented by a series expansion with
respect to an orthonormal basis or a frame [20, 11] that has only a small
number of large coefficients. In this paper, as in [21], we model the sparsity
constraint by adding an ℓ1 −term to a functional to be minimized; it was
shown in [21] that this assumption does indeed correspond to a regularization
scheme.
Several types of signals appearing in nature admit sparse frame expansions and thus, sparsity is a realistic assumption for a very large class
of problems. For instance, natural images are well approximated by sparse
expansions with respect to wavelets or curvelets [20, 8].
Sparsity has had already a long history of successes. The design of
frames for sparse representations of digital signals has led to extremely efficient compression methods, such as JPEG2000 and MP3 [39]. A new generation of optimal numerical schemes has been developed for the computation
of sparse solutions of differential and integral equations, exploiting adaptive
and greedy strategies [12, 13, 14, 17, 18]. The use of sparsity in inverse problems for data recovery is the most recent step of this concept’s long career
of “simplifying and understanding complexity”, with an enormous potential
in applications [2, 9, 15, 19, 21, 22, 23, 25, 24, 33, 34, 36, 35, 38, 40, 44]. In
particular, the observation that it is possible to reconstruct sparse signals
from vastly incomplete information just seeking for the ℓ1 -minimal solutions
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[7, 6, 26, 41] has led to a new line of research called sparse recovery or
compressed sensing, with very fruitful mathematical and applied results.

2.

Framework and Notations

Before starting our discussion let us briefly introduce some of the notations
we will need. For some countable index set Λ we denote by ℓp = ℓp (Λ),
1 ≤ p ≤ ∞, the space of real sequences x = (xλ )λ∈Λ with norm
kxkp :=

X

p

|xλ |

λ∈Λ

!1/p

,

1≤p<∞

and kxk∞ := supλ∈Λ |xλ | as usual. For simplicity of notation, in the following k · k will denote the ℓ2 -norm k · k2 .
As is customary for an index set, we assume we have a natural enumeration
order for the elements of Λ, using (implicitly) a one-to-one map N from Λ
to N. In some convergence proofs, we shall use the shorthand notations |λ|
for N (λ), and (in the case where Λ is infinite) λ → ∞ for N (λ) → ∞.
We also assume that we have a suitable frame {ψλ : λ ∈ Λ} ⊂ K indexed by
the countable set Λ. This means that there exist constants c1 , c2 > 0 such
that
X
c1 kf k2K ≤
|hf, ψλ i|2 ≤ c2 kf k2K ,
for all f ∈ K.
(2.1)
λ∈Λ

Orthonormal bases are particular examples of frames, but there also exist many interesting frames in which the ψλ are not linearly independent.
Frames allow for a (stable) series expansion of any f ∈ K of the form
X
f =
xλ ψλ =: Fx ,
(2.2)
λ∈Λ

where x = (xλ )λ∈Λ ∈ ℓ2 (Λ). The linear operator F : ℓ2 (Λ) → K (called
the synthesis map in frame theory) is bounded because of (2.1). When
{ψλ : λ ∈ Λ} is a frame but not a basis, the coefficients xλ need not be
unique. For more details on frames and their differences from bases we refer
to [11].
We shall assume that f is sparse, i.e., that f can be written by a series of
the form (2.2) with only a small number of non-vanishing coefficients xλ with
respect to the frame {ψλ }, or that f is compressible, i.e., that f can be wellapproximated by such a sparse expansion. This can be modeled by assuming
that the sequence x is contained in a (weighted) ℓ1 (Λ)-space. Indeed, the
minimization of the ℓ1 (Λ) norm promotes such sparsity. (This has been
known for many years, and put to use in a wide range of applications,
most notably in statistics. David Donoho calls one form of it the Logan
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phenomenon in [28] – see also [27] –, after its first observation by Ben Logan
[37].) These considerations lead us to model the reconstruction of a sparse
f as the minimization of the following functional:
Fτ (x) = kKx − yk2H + 2τ kxk1 ,

(2.3)

where we will assume that the data y and the linear operator K := A ◦ F :
ℓ2 (Λ) → H are given. The second term in (2.3) is often called the penalization or regularizing term; the first term goes by the name of discrepancy,
D(x) := kKx − yk2H .

(2.4)

In what follows we shall drop the subscript H, because the space in which
we work will always be clear from the context. We discuss the problem of
finding (approximations to) x̄(τ ) in ℓ2 (Λ) that minimize the functional (2.3).
(We adopt the usual convention that for u ∈ ℓ2 (Λ) \ ℓ1 (Λ), the penalty term
“equals” ∞, and that, for such u, Fτ (u) > Fτ (x) for all x ∈ ℓ1 (Λ). Since
we want to minimize Fτ , we shall consider, implicitly, only x ∈ ℓ1 (Λ).) The
solutions f¯(τ ) to the original problem are then given by f¯(τ ) = Fx̄(τ ).
Several authors have proposed independently an iterative soft-thresholding algorithm to approximate the solution x̄(τ ) [31, 42, 43, 29]. More precisely, x̄(τ ) is the limit of sequences x(n) defined recursively by
i
h
(2.5)
x(n+1) = Sτ x(n) + K ∗ y − K ∗ Kx(n) ,
starting from an arbitrary x(0) , where Sτ is the soft-thresholding operation
defined by Sτ (x)λ = Sτ (xλ ) with

x>τ
 x−τ
Sτ (x) =
0
|x| ≤ τ .
(2.6)

x+τ
x < −τ

Convergence of this algorithm was proved in [21]. Soft-thresholding plays a
role in this problem because it leads to the unique minimizer of a functional
combining ℓ2 and ℓ1 −norms, i.e., (see [10, 21])

(2.7)
Sτ (a) = arg min kx − ak2 + 2τ kxk1 .
x∈ℓ2 (Λ)

We will call the iteration (2.5) the iterative soft-thresholding algorithm or
the thresholded Landweber iteration.

3.

Discussion of the Thresholded Landweber
Iteration

The problem of finding the sparsest solution to the under-determined linear
equation Kx = y is a hard combinatorial problem, not tractable numerically
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FIGURE 1 The path, in the kxk1 vs. kKx − yk2 plane, followed by the iterates x(n)
of three different iterative algorithms. The operator K and the data y are taken from a
seismic tomography problem [38] (see also Section 6). The boxes (in both (a) and (b))
correspond to the thresholded Landweber algorithm. In this example, iterative thresholded
Landweber (2.5) first overshoots the ℓ1 norm of the limit (represented by the fat dot), and
then requires a large number of iterations to reduce kx(n) k1 again (500 are shown in this
figure). In (a) the crosses correspond to the path followed by the iterates of the projected
Landweber iteration (3.1); in (b) the triangles correspond to the projected steepest descent
iteration (3.2); in both cases, only 15 iterates are shown. The discrepancy decreases more
quickly for projected steepest descent than for the projected Landweber algorithm. How
this translates into faster convergence (in norm) is discussed in Section 6. The solid line
corresponds to the limit trade-off curve, generated by x̄(τ ) for decreasing values of τ > 0.
The vertical axes uses a logarithmic scale for clarity.

except in relatively low dimensions. For some classes of K, however, one
can prove that the problem reduces to the convex optimization problem of
finding the solution with the smallest ℓ1 norm [26, 7, 4, 6]. Even for K
outside this class, ℓ1 − minimization seems to lead to very good approximations to the sparsest solutions. It is in this sense that an algorithm of type
(2.5) could conceivably be called ‘fast’: it is fast compared to a brute-force
exhaustive search for the sparsest x.
A more honest evaluation of the speed of convergence of algorithm (2.5)
is a comparison with linear solvers that minimize the corresponding ℓ2 penalized functional, such as, e.g., the conjugate gradient method. One finds, in
practice, that the thresholded Landweber iteration (2.5) is not competitive
at all in this comparison. It is, after all, the composition of thresholding with
the (linear) Landweber iteration x(n+1) = x(n) + K ∗ y − K ∗ Kx(n) , which is a
gradient descent algorithm with a fixed step size, known to converge usually
quite slowly; interleaving it with the nonlinear thresholding operation does
unfortunately not change this slow convergence. On the other hand, this
nonlinearity did foil our attempts to “borrow a leaf” from standard linear
steepest descent methods by using an adaptive step length – once we start
taking larger steps, the algorithm seems to no longer converge in at least
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some numerical experiments.
We take a closer look at the characteristic dynamics of the thresholded Landweber iteration in Figure 2. As this plot of the discrepancy
D(x(n) ) = kKx(n) − yk2 versus kx(n) k1 shows, the algorithm converges initially relatively fast, then it overshoots the value kx̄(τ )k1 (where x̄(τ ) :=
limn→∞ x(n) ), and it takes very long to re-correct back. In other words,
starting from x(0) = 0, the algorithm generates a path {x(n) ; n ∈ N} that
is initially fully contained in the ℓ1 -ball BR := {x ∈ ℓ2 (Λ); kxk1 ≤ R}, with
R := kx̄(τ )k1 . Then it gets out of the ball to slowly inch back to it in
the limit. A first intuitive way to avoid this long “external” detour is to
force the successive iterates to remain within the ball BR . One method to
achieve this is to substitute for the thresholding operations the projection
PBR , where, for any closed convex set C, and any x, we define PC (x) to
be the unique point in C for which the ℓ2 −distance to x is minimal. With
a slight abuse of notation, we shall denote PBR by PR ; this will not cause
confusion, because it will be clear from the context whether the subscript
of P is a set or a positive number. We thus obtain the following algorithm:
Pick an arbitrary x(0) ∈ ℓ2 (Λ), for example x(0) = 0, and iterate
i
h
(3.1)
x(n+1) = PR x(n) + K ∗ y − K ∗ Kx(n) .

We will call this the projected Landweber iteration.
The typical dynamics of this projected Landweber algorithm are illustrated in Fig. 2(a). The norm kx(n) k1 no longer overshoots R, but quickly
takes on the limit value (i.e., kx̄(τ )k1 ); the speed of convergence remains
very slow, however. In this projected Landweber iteration case, modifying
the iterations by introducing an adaptive “descent parameter” β (n) > 0 in
each iteration, defining x(n+1) by
h
i
(3.2)
x(n+1) = PR x(n) + β (n) K ∗ (y − Kx(n) ) ,
does lead, in numerical simulations, to promising, converging results (in
which it differs from the soft-thresholded Landweber iteration, where introducing such a descent parameter did not lead to numerical convergence, as
noted above).
The typical dynamics of this modified algorithm are illustrated in Fig.
2(b), which clearly shows the larger steps and faster convergence (when
compared with the projected Landweber iteration in Fig. 2(a)). We shall
refer to this modified algorithm as the projected gradient iteration or the
projected steepest descent; it will be the main topic of this paper.
The main issue is to determine how large we can choose the successive
β (n) , and still prove norm convergence of the algorithm in ℓ2 (Λ).
There exist results in the literature on convergence of projected gradient iterations, where the projections are (as they are here) onto convex
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sets, see, e.g., [1, 16] and references therein. These results treat iterative
projected gradient methods in much greater generality than we need: they
allow more general functionals than D, and the convex set on which the
iterative procedure projects need not be bounded. On the other hand, these
general results typically have the following restrictions:
• The convergence in infinite-dimensional Hilbert spaces (i.e., Λ is
countable but infinite) is proved only in the weak sense and often
only for subsequences;
• In [1] the descent parameters are typically restricted to cases for
which limn→∞ β (n) = 0. In [16], it is shown
that
i the algorithm conh
2−ε
(n)
verges weakly for any choice of β ∈ ε, kKk , for ε > 0 arbitrarily
small. Of most interest to us is the case where the β (n) are picked
adaptively, can grow with n, and are not limited to values below
2
kKk ; this case is not covered by the methods of either [1] or [16].

To our knowledge there are no results in the literature for which the
whole sequence (x(n) )n∈N converges in the Hilbert space norm to a unique
accumulation point, for “descent parameters” β (n) ≥ 2. It is worthwhile
emphasizing that strong convergence is not automatic: in [16, Remark 5.12],
the authors provide a counterexample in which strong convergence fails.
(This question had been open for some time.) One of the main results
of this paper is to prove a theorem that establishes exactly this type of
convergence; see Theorem 1 below. Moreover, the result is achieved by
imposing a choice of β (n) ≥ 1 which ensures a monotone decay of a suitable
energy. This establishes a principle of best descent similar to the well-known
steepest-descent in unconstrained minimization.
Before we get to this theorem, we need to build some more machinery
first.

4.

Projections onto ℓ1 -Balls via Thresholding
Operators

In this section we discuss some properties of ℓ2 -projections onto ℓ1 -balls.
In particular, we investigate their relations with thresholding operators and
their explicit computation. We also estimate the time complexity of such
projections in finite dimensions.
We first observe a useful property of the soft-thresholding operator.

Lemma 1. For any fixed a ∈ ℓ2 (Λ) and for τ > 0, kSτ (a)k1 is a piecewise
linear, continuous, decreasing function of τ ; moreover, if a ∈ ℓ1 (Λ) then
kS0 (a)k1 = kak1 and kSτ (a)k1 = 0 for τ ≥ maxi |ai |.
P
P
P
Proof: kSτ (a)k1 = λ |Sτ (aλ )| = λ Sτ (|aλ |) = |aλ |>τ (|aλ | − τ ); the
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kSτ (a)k1
kak1

R

τ

maxi |ai |

τ

FIGURE 2 For a given vector a ∈ ℓ2 , kSτ (a)k1 is a piecewise linear continuous and
decreasing function of τ (strictly decreasing for τ < maxi |ai |) . The knots are located at
{|ai |, i : 1 . . . m} and 0. Finding τ such that kSτ (a)k1 = R ultimately comes down to a
linear interpolation. The figure is made for the finite dimensional case.

sum in the right hand side is finite for τ > 0.
2
A schematic illustration is given in Figure 4.
The following lemma shows that the ℓ2 projection PR (a) can be obtained by a suitable thresholding of a.

Lemma 2. If kak1 > R, then the ℓ2 projection of a on the ℓ1 ball with
radius R is given by PR (a) = Sµ (a) where µ (depending on a and R) is
chosen such that kSµ (a)k1 = R. If kak1 ≤ R then PR (a) = S0 (a) = a.
Proof: Suppose kak1 > R. Because, by Lemma 1, kSµ (a)k1 is continuous in µ and kSµ (a)k1 = 0 for sufficiently large µ, we can choose µ such that
kSµ (a)k1 = R. (See Figure 4.) On the other hand (see above, or [10, 21]),
b = Sµ (a) is the unique minimizer of kx − ak2 + 2µkxk1 , i.e.,
kb − ak2 + 2µkbk1 < kx − ak2 + 2µkxk1
for all x 6= b. Since kbk1 = R, it follows that
∀x ∈ BR , x 6= b :

kb − ak2 < kx − ak2

Hence b is closer to a than any other x in BR . In other words, PR (a) = b =
Sµ (a).
2
These two lemmas prescribe the following simple recipe for computing
the projection PR (a). In a first step, sort the absolute values of the components of a (an O(m log m) operation if #Λ = m is finite), resulting in
the rearranged sequence (a∗ℓ )ℓ=1,...,m , with a∗ℓ ≥ a∗ℓ+1 ≥ 0 for all ℓ. Next,
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perform a search to find k such that
kSa∗k (a)k1 =

k−1
X

(a∗ℓ − a∗k ) ≤ R <

ℓ=1

k
X
ℓ=1


a∗ℓ − a∗k+1 = kSa∗k+1 (a)k1

or equivalently,
kSa∗k (a)k1 =

k−1
X
ℓ=1

k
X


ℓ a∗ℓ − a∗ℓ+1 ≤ R <
ℓ a∗ℓ − a∗ℓ+1 = kSa∗k+1 (a)k1 ;
ℓ=1

the complexity
of this step
 is again O(m log m). Finally, set

−1
∗
R − kSak (a)k1 , and µ := a∗k + ν. Then
ν := k
kSµ (a)k1 =

X

max(|ai | − µ, 0) =

i∈Λ

=

k−1
X

k
X

(a∗ℓ − µ)

ℓ=1

(a∗ℓ − a∗k ) + kν = kSa∗k (a)k1 + kν = R.

ℓ=1

These formulas were also derived in [36, Lemma 4.1 and Lemma 4.2], by
observing that PR (a) = a − S∞
R (a), where
S∞
(kx − ak2 + 2Rkxk∞ ),
R (a) = arg min
m
x∈R

x ∈ Rm .

(4.1)

The latter is again a thresholding operator, but it is related to an ℓ∞ penalty
term. Similar descriptions of the ℓ2 projection onto ℓ1 balls appear also in
[5].
Finally, PR has the following additional properties:

Lemma 3. For any x ∈ ℓ2 (Λ), PR (x) is characterized as the unique vector
in BR such that
hw − PR (x), x − PR (x)i ≤ 0, for all w ∈ BR .

(4.2)

Moreover the projection PR is non-expansive:
kPR (x) − PR (x′ )k ≤ kx − x′ k

(4.3)

for all x, y ∈ ℓ2 (Λ).
The proof is standard for projection operators onto convex sets; we include
it because its technique will be used often in this paper.
Proof: Because BR is convex, (1 − t)PR (x) + t w ∈ BR for all w ∈ BR and
t ∈ [0, 1]. It follows that kx − PR (x)k2 ≤ kx − [(1 − t) PR (x) + t w] k2 for all
t ∈ [0, 1]. This implies
0 ≤ −2t hw − PR (x), x − PR (x)i + t2 kw − PR (x)k2
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for all t ∈ [0, 1]. It follows that
hw − PR (x), x − PR (x)i ≤ 0 ,
which proves (4.2).
Setting w = PR (x′ ) in (4.2), we get, for all x, x′ ,
hPR (x′ ) − PR (x), x − PR (x)i ≤ 0
Switching the role of x and x′ one finds:
hPR (x′ ) − PR (x), x′ − PR (x′ )i ≥ 0
By combining these last two inequalities, one finds:
hPR (x′ ) − PR (x), x′ − x − PR (x′ ) + PR (x)i ≥ 0
or
kPR (x′ ) − PR (x)k2 ≤ hPR (x′ ) − PR (x), x′ − xi ;
by Cauchy-Schwarz this gives
kPR (x′ ) − PR (x)k2 ≤ hPR (x′ ) − PR (x), x′ − xi ≤ kPR (x′ ) − PR (x)kkx′ − xk ,
from which inequality (4.3) follows.

5.

2

The Projected Gradient Method

We have now collected all the terminology needed to identify some conditions
on the β (n) that will ensure convergence of the x(n) , defined by (3.2), to x̃R ,
the minimizer in BR of D(x) = kKx − yk2 . For notational simplicity we
set r (n) = K ∗ (y − Kx(n) ). With this notation, the thresholded Landweber
iteration (2.5) can be written as


(5.1)
x(n+1) = Sτ x(n) + r (n) .
As explained above, we consider, instead of straightforward soft-thresholding
with fixed τ , adapted soft-thresholding operations Sµ(R,x(n) +r(n) ) that correspond to the projection operator PR :


(5.2)
x(n+1) = PR x(n) + r (n) .
The dependence of µ(R, x(n) + r (n) ) on R is described above; R is kept fixed
throughout the iterations. If, for a given value of τ , R were picked such that
R = Rτ := kx̄τ k1 (where x̄τ is the minimizer of kKx − yk2 + 2τ kxk1 ), then
Lemma 2 would ensure that x̄τ = x̃R . Of course, we don’t know, in general,
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the exact value of kx̄τ k1 , so that we can’t use it as a guideline to pick R. In
practice, however, it is customary to determine x̄τ for a range of τ -values;
this then amounts to the same as determining x̃R for a range of R.
We now propose to change the step r (n) into a step β (n) r (n) (in the spirit of
the “classical” steepest descent method), and to define the algorithm: Pick
an arbitrary x(0) ∈ ℓ2 (Λ), for example x(0) = 0, and iterate


(5.3)
x(n+1) = PR x(n) + β (n) r (n) .
In this section we prove the norm convergence of this algorithm to a minimizer x̃R of kKx − yk2 in BR , under some assumptions on the descent
parameters β (n) ≥ 1.

5.1

General properties

We begin with the following characterization of the minimizers of D on BR .

Lemma 4. The vector x̃R ∈ ℓ2 (Λ) is a minimizer of D(x) = kKx − yk2
on BR if and only if
PR (x̃R + βK ∗ (y − K x̃R )) = x̃R ,

(5.4)

for any β > 0, which in turn is equivalent to the requirement that
hK ∗ (y − K x̃R ), w − x̃R i ≤ 0, for all w ∈ BR .

(5.5)

To lighten notation, we shall drop the subscript R on x̃R whenever no
confusion is possible.
Proof: If x̃ minimizes D on BR , then for all w ∈ BR , and for all t ∈ [0, 1],
D(x̃) ≤ D((1 − t)x̃ + tw), or
kK x̃ − yk2 ≤ kK x̃ − y + tK(w − x̃)k2 , or
0 ≤ 2thK x̃ − y, K(w − x̃)i + t2 kK(w − x̃)k2 .
This implies
hK ∗ (y − K x̃), w − x̃i ≤ 0.

(5.6)

It follows from this that, for all w ∈ BR and for all β > 0,
hx̃ + βK ∗ (y − K x̃) − x̃, w − x̃i ≤ 0,

(5.7)

By Lemma 3 this implies (5.4).
Conversely, if PR (x̃ + βK ∗ (y − K x̃)) = x̃, then for all w ∈ BR and for
all t ∈ [0, 1]:
k(x̃ + βK ∗ (y − K x̃)) − ((1 − t)x̃ + tw)k2 ≥ k(x̃ + βK ∗ (y − K x̃)) − x̃k2 ,
or kβK ∗ (y − K x̃) + t(x̃ − w)k2 ≥ kβK ∗ (y − K x̃))k2 ,
⇒

2tβhK ∗ (y − K x̃), x̃ − wi + t2 kx̃ − wk2 ≥ 0.
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This implies
hK ∗ (y − K x̃), x̃ − wi ≥ 0

or

hy − K x̃, K(x̃ − w)i ≥ 0.

In other words:
−ky − K x̃k2 − kK x̃ − Kwk2 + k(y − K x̃) + K(x̃ − w)k2 ≥ 0
or
D(x̃) + kK(x̃ − w)k2 ≤ D(w).
This implies that x̃ minimizes D on BR .

2

The minimizer of D on BR need not be unique. We have, however

Lemma 5. If x̃, x̃˜ are two distinct minimizers of D(x) = kKx − yk2 on
˜ ∈ ker K.
˜ i.e., x̃ − x̃
BR , then K x̃ = K x̃,
˜ ∈ ker K
Conversely, if x̃, x̃˜ ∈ BR , if x̃ minimizes kKx − yk2 and if x̃ − x̃
2
˜
then x̃ minimizes kKx − yk as well.
Proof: The converse is obvious; we prove only the direct statement.
From the last inequality in the proof of Lemma 4 we obtain D(x̃) + kK(x̃ −
˜ 2 ≤ D(x̃)
˜ = D(x̃), which implies kK(x̃
˜ − x̃)k = 0.
x̃)k
2
In what follows we shall assume that the minimizers of D in BR are not
global minimizers for D, i.e., that K ∗ (y − K x̃) 6= 0. We know from Lemma
2 that PR (a) can be computed for kak1 > R simply by finding the value
µ > 0 such that kSµ (a)k1 = R; one has then PR (a) = Sµ (a). Using this we
prove

Lemma 6. Let u be the common image under K of all minimizers of D
on BR , i.e., for all x̃ minimizing D in BR , K x̃ = u. Then there exists a
unique value τ > 0 such that, for all β > 0 and for all minimizing x̃
PR (x̃ + βK ∗ (y − u)) = Sτ β (x̃ + βK ∗ (y − u)).

(5.8)

Moreover, for all λ ∈ Λ we have that if there exists a minimizer x̃ such that
x̃λ 6= 0, then
|(K ∗ (y − u))λ | = τ.
(5.9)
Proof: From Lemma 2 and Lemma 4, we know that for each minimizing
x̃, and each β > 0, there exists a unique µ(x̃, β) such that
x̃ = PR (x̃ + βK ∗ (y − u)) = Sµ(x̃,β) (x̃ + βK ∗ (y − u)).

(5.10)

For x̃λ 6= 0 we have x̃λ = x̃λ + β(K ∗ (y − u))λ − µ(x̃, β)sgn x̃λ ; this implies
sgn x̃λ = sgn (x̃λ + β(K ∗ (y − u))λ ) and also that |(K ∗ (y − u))λ | = β1 µ(x̃, β).
If x̃λ = 0 then |(K ∗ (y − u))λ | ≤ β1 µ(x̃, β). It follows that τ := µ(x̃, β)/β =

218[5] Projected Gradient Method for Linear Inverse Problems with Sparsity Constraints

Accelerated Projected Gradient Method for Linear Inverse Problems with Sparsity Constraints

13

kK ∗ (y − u)k∞ does not depend on the choice of x̃. Moreover, if there is a
minimizer x̃ for which x̃λ 6= 0, then |(K ∗ (y − u))λ | = τ .
2
˜ satisfy x̃λ 6= 0 and
Lemma 7. If, for some λ ∈ Λ, two minimizers x̃, x̃
˜λ 6= 0, then sgn x̃λ = sgn x̃
˜λ .
x̃
Proof: This follows from the arguments in the previous proof; x̃λ 6= 0
˜λ 6= 0 implies (K ∗ (y − u))λ ) =
implies (K ∗ (y − u))λ = τ sgn x̃λ . Similarly, x̃
˜
˜
τ sgn x̃λ , so that sgn x̃λ = sgn x̃λ .
2
This immediately leads to

Lemma 8. For all x̃ ∈ BR that minimize D, there are only finitely many
x̃λ 6= 0. More precisely,
{λ ∈ Λ : x̃λ 6= 0} ⊂ Γ := {λ ∈ Λ : |(K ∗ (y−u))λ | = k(K ∗ (y−u))k∞ }. (5.11)
Moreover, if the vector e is defined by
eλ =



0,
λ∈
/Γ
sgn((K ∗ (y − u))λ ), λ ∈ Γ,

(5.12)

then hx̃, ei = R for each minimizer x̃ of D in BR .
Proof: We have already proved the set inclusion. Note that, since
K ∗ (y − u) ∈ ℓ2 (Λ), the set Γ is necessarily a finite set. We also have, for
each minimizer x̃,
hx̃, ei =

X

x̃λ eλ

λ∈Γ

=

X

x̃λ sgn((K ∗ (y − u))λ )

λ∈Γ, x̃λ 6=0

=

X

x̃λ sgn(x̃λ ) = kx̃k1 = R.

λ∈Γ, x̃λ 6=0

2

Remark 1. By changing, if necessary, signs of the canonical basis vectors,
we can assume, without loss of generality, that eλ = +1 for all λ ∈ Γ. We
shall do so from now on.
5.2

Weak convergence to minimizing accumulation points

We shall now impose some conditions on the β (n) . We shall see examples in
Section 6 where these conditions are verified.
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Definition 1. We say that the sequence β (n) n∈N satisfies Condition (B)

with respect to the sequence x(n) n∈N if there exists n0 so that:
(B1)

β̄ := sup{ β (n) ; n ∈ N } < ∞

(B2)

β (n) kK(x(n+1) − x(n) )k2 ≤ rkx(n+1) − x(n) k2

and

inf{ β (n) ; n ∈ N } ≥ 1
∀n ≥ n0 .

We shall often abbreviate this by saying that ‘the β (n) satisfy Condition
(B)’. The constant r used in this definition is r := kK ∗ Kkℓ2 →ℓ2 < 1. (We can
always assume, without loss of generality, that kKkℓ2 →H < 1; if necessary,
this can be achieved by a suitable rescaling of K and y.)
Note that the choice β (n) = 1 for all n, which corresponds to the projected Landweber iteration, automatically satisfies Condition (B); since we
shall show below that we obtain convergence when the β (n) satisfy Condition (B), this will then establish, as a corollary, convergence of the projected
Landweber iteration algorithm (3.1) as well. We shall be interested in choosing, adaptively, larger values of β (n) ; in particular, we like to choose β (n) as
large as possible.

Remark 2.
• Condition (B) is inspired by the standard length-step in the steepest
descent algorithm for the (unconstrained, unpenalized) functional
kKx − yk2 . In this case, one can speed up the standard Landweber
iteration x(n+1) = x(n) + K ∗ (y − Kx(n) ) by defining instead x(n+1) =
x(n) + αK ∗ (y − Kx(n) ), where α is picked so that it gives the largest
decrease of kKx − yk2 in this direction. This gives
i−1
ih
h
.
(5.13)
α = kK ∗ (y − Kx(n) )k2 kKK ∗ (y − Kx(n) )k2
In this linear case, one easily checks that α also equals
i−1
ih
h
;
α = kx(n+1) − x(n) k2 kK(x(n+1) − x(n) )k2

(5.14)

in fact, it is this latter expression for α (which inspired the formulation of Condition (B)) that is most useful in proving convergence of
the steepest descent algorithm.
• Because the definition of x(n+1) involves β (n) , the inequality (B2),
which uses x(n+1) to impose a limitation on β (n) , has an “implicit”
quality. In practice, it may not be straightforward to pick β (n) appropriately; one could conceive of trying first a “greedy” choice, such
kr (n) k2
as e.g. kKr
(n) k2 ; if this value works, it is retained; if it doesn’t, it
can be gradually decreased (by multiplying it with a factor slightly
smaller than 1) until (B2) is satisfied. (A similar way of testing
appropriate step lengths is adopted in [32].)
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In this section we prove that if the sequence (x(n) )n∈N is defined iteratively by (3.2), and if the β (n) used in the iteration satisfy Condition (B)
(with respect to the x(n) ), then the (weak) limit of any weakly convergent
subsequence of (x(n) )n∈N is necessarily a minimizer of D in BR .

Lemma 9. Assume kKkℓ2 →H < 1 and β ≥ 1. For arbitrary fixed x in BR ,
define the functional Fβ (·; x) by
Fβ (w; x) := kKw − yk2 − kK(w − x)k2 +

1
kw − xk2 .
β

(5.15)

Then there is a unique choice for w in BR that minimizes the restriction
to BR of Fβ (w; x). We denote this minimizer by TR (β; x); it is given by
TR (β; x) = PR (x + βK ∗ (y − Kx)).
Proof: First of all, observe that the functional Fβ (·, x) is strictly convex,
so that it has a unique minimizer on BR ; let x̂ be this minimizer. Then for
all w ∈ BR and for all t ∈ [0, 1]

⇒

Fβ (x̂; x) ≤ Fβ ((1 − t)x̂ + tw; x)


1
2t hK x̂ − y, K(w − x̂)i − hK x̂ − Kx, K(w − x̂)i + hx̂ − x, w − x̂i
β
2
t
+ kw − x̂k2 ≥ 0
β
t
[βhKx − y, K(w − x̂)i + hx̂ − x, w − x̂i] + kw − x̂k2 ≥ 0
2
hx̂ − x + βK ∗ (Kx − y), w − x̂i ≥ 0

⇒

hx + βK ∗ (y − Kx) − x̂, w − x̂i ≤ 0.

⇒

⇒

The latter implication is equivalent to x̂ = PR (x + βK ∗ (y − Kx)) by Lemma
3.
2
An immediate consequence is

Lemma 10. If the x(n) are defined by (3.2), and the β (n)
 satisfy Condition
(B) with respect to the x(n) , then the sequence D(x(n) ) n∈N is decreasing,
and
lim kx(n+1) − x(n) k = 0.

n→∞

(5.16)

Proof: Comparing the definition of x(n+1) in (3.2) with the statement
of Lemma 9, we see that x(n+1) = TR (β (n) ; x(n) ), so that x(n+1) is the mini-
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mizer, for x ∈ BR , of Fβ (n) (x; x(n) ). Setting γ =

1
r

− 1 > 0, we have

D(x(n+1) ) ≤ D(x(n+1) ) + γkK(x(n+1) − x(n) )k2
= kKx(n+1) − yk2 + (1 + γ)kK(x(n+1) − x(n) )k2 − kK(x(n+1) − x(n) )k2
1
≤ kKx(n+1) − yk2 − kK(x(n+1) − x(n) )k2 + (n) kx(n+1) − x(n) k2
β
= Fβ (n) (x(n+1) ; x(n) ) ≤ Fβ (n) (x(n) ; x(n) ) = D(x(n) ).
We also have
−Fβ (n+1) (x(n+1) ; x(n+1) ) + Fβ (n) (x(n+1) ; x(n) )
1
=
kx(n+1) − x(n) k2 − kK(x(n+1) − x(n) )k2
β (n)
1 − r (n+1)
1 − r (n+1)
kx
− x(n) k2 ≥
kx
− x(n) k2 .
≥
β̄
β (n)
This implies
N
X

kx(n+1) − x(n) k2 ≤

n=0

≤
=
≤
Therefore, the series
x(n) k = 0.

P∞

N

β̄ X 
Fβ (n) (x(n+1) ; x(n) ) − Fβ (n+1) (x(n+1) ; x(n+1) )
1 − r n=0
N

β̄ X 
Fβ (n) (x(n) ; x(n) ) − Fβ (n+1) (x(n+1) ; x(n+1) )
1−r
n=0

β̄ 
Fβ (0) (x(0) ; x(0) ) − Fβ (N+1) (x(N +1) ; x(N +1) )
1−r
β̄
F (0) (x(0) ; x(0) ).
1−r β

n=0 kx

(n+1) − x(n) k2

converges and limn→∞ kx(n+1) −
2

Because the set {x(n) ; n ∈ N} is bounded in ℓ1 (Λ) (xn are all in BR ),
it is bounded in ℓ2 (Λ) as well (since kak2 ≤ kak1 ). Because bounded closed
sets in ℓ2 (Λ) are weakly compact, the sequence (x(n) )n∈N must have weak
accumulation points. We now have

Proposition 1 Weak convergence to minimizing accumulation points.
If x# is a weak accumulation point of (x(n) )n∈N then x# minimizes D in BR .
Proof: Let (x(nj ) )j∈N be a subsequence converging weakly to x# . Then
for all a ∈ ℓ2 (Λ)
−−→ hx# , K ∗ ai = hKx# , ai.
hKx(nj ) , ai = hx(nj ) , K ∗ ai −
j→∞

(5.17)

Therefore w-limj→∞ Kx(nj ) = Kx# . From Lemma 10 we have kx(n+1) −
−−→ 0, so that we also have w-limj→∞ x(nj +1) = x# . By the definition
x(n) k −
n→∞
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of x(n+1) (x(n+1) = PR (x(n) + β (n) K ∗ (y − Kx(n) ))), and by Lemma 3, we
have, for all w ∈ BR ,
hx(n) + β (n) K ∗ (y − Kx(n) ) − x(n+1) , w − x(n+1) i ≤ 0.

(5.18)

In particular, specializing to our subsequence and taking the lim sup, we
have
lim sup hx(nj ) − x(nj +1) + β (nj ) K ∗ (y − Kx(nj ) ), w − x(nj +1) i ≤ 0.

(5.19)

j→∞

Because kx(nj ) − x(nj +1) k → 0, for j → ∞, and w − x(nj +1) is uniformly
bounded, we have
lim |hx(nj ) − x(nj +1) , w − x(nj +1) i| = 0,

j→∞

(5.20)

so that our inequality reduces to
lim sup β (nj ) hK ∗ (y − Kx(nj ) ), w − x(nj +1) i ≤ 0.

(5.21)

j→∞

By adding β (nj ) hK ∗ (y − Kx(nj +1) ), x(nj +1) − x(nj ) i, which also tends to zero
as j → ∞, we transform this into
lim sup β (nj ) hK ∗ (y − Kx(nj ) ), w − x(nj ) i ≤ 0.

(5.22)

j→∞

Since the β (nj ) are all in [1, β̄], it follows that
lim sup hK ∗ (y − Kx(nj ) ), w − x(nj ) i ≤ 0,

(5.23)

j→∞

or
i
h
lim sup hK ∗ y, w − x# i − hK ∗ Kx# , wi + kKx(nj ) k2 ≤ 0,

(5.24)

j→∞

where we have used the weak convergence of x(nj ) . This can be rewritten as
i
h
hK ∗ (y − Kx# ), w − x# i + lim sup kKx(nj ) k2 − kKx# k2 ≤ 0. (5.25)
j→∞

Since w-limj∈N Kx(nj ) = Kx# , we have
h
i
lim sup kKx(nj ) k2 − kKx# k2 ≥ 0.
j→∞

We conclude thus that
hK ∗ (y − Kx# ), w − x# i ≤ 0,

for all w ∈ BR ,

so that x# is a minimizer of D on BR , by Lemma 4.

(5.26)
2
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Strong convergence to minimizing accumulation points

In this subsection we show how the weak convergence established in the
preceding subsection can be strengthened into norm convergence, again by a
series of lemmas. Since the distinction between weak and strong convergence
makes sense only when the index set Λ is infinite, we shall implicitly assume
this is the case throughout this section.

Lemma 11. For the subsequence (x(nj ) )j∈N defined in the proof of Proposition 1,
limj→∞ K(x(nj ) ) = Kx# .
Proof: Specializing the inequality (5.25) to w = x# , we obtain
i
h
lim sup kKx(nj ) k2 − kKx# k2 ≤ 0;
j→∞

together with kKx# k2 ≤ lim inf j→∞ kKx(nj ) k2 (a consequence of the weak
convergence of Kx(nj ) to Kx# ), this implies limj→∞ kK(x(nj ) )k2 = kKx# k2 ,
and thus limj→∞ K(x(nj ) ) = Kx# .
2

Lemma 12. 
Underthe same assumptions as in Proposition 1, there exists
′
a subsequence x(nℓ )
of (x(n) )n∈N such that
ℓ∈N

′

lim kx(nℓ ) − x# k = 0,

ℓ→∞

(5.27)

Proof: Let (x(nj ) )j∈N be the subsequence defined in the proof of Proposition 1. Define now u(j) := x(nj ) − x# and v (j) := x(nj +1) − x# . Since, by
−−→ 0, we have ku(j) − v (j) k −−−→ 0. On the other
Lemma 10, kx(n+1) − x(n) k −
n→∞
j→∞
hand,


u(j) − v (j) = u(j) + x# − PR u(j) + x# + β (nj ) K ∗ (y − K(u(j) + x# ))


= u(j) + PR x# + β (nj ) K ∗ (y − Kx# )


−PR x# + β (nj ) K ∗ (y − Kx# ) + u(j) − β (nj ) K ∗ Ku(j) ,

where we have used Proposition 1 (x# is a minimizer) and Lemma 4 (so
that

x# = PR x# + β (nj ) K ∗ (y − Kx# ) ). By Lemma 11, limj→∞ kKu(j) k = 0.
Since the β (nj ) are uniformly bounded, we have, by formula (4.3),


PR x# + β (nj ) K ∗ (y − Kx# ) + u(j) − β (nj ) K ∗ Ku(j)


PR x# + β (nj ) K ∗ (y − Kx# ) + u(j)
−−→ 0.
≤ β (nj ) kK ∗ Ku(j) k −
j→∞
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−−→ 0, we obtain
Combining this with ku(j) − v (j) k −
j→∞



lim PR x# + β (nj ) K ∗ (y − Kx# ) + u(j)

j→∞



−PR x# + β (nj ) K ∗ (y − Kx# ) − u(j) = 0.

(5.28)

Since the β (nj ) are uniformly bounded, they must have at least one accumulation point. Let β (∞) be such an accumulation point, and choose a
subsequence (jℓ )ℓ∈N such that limℓ→∞ β (njℓ ) = β (∞) . To simplify notation,
we write n′ℓ := njℓ , u′(ℓ) := u(jℓ ) , v ′(ℓ) := v (jℓ ) . We have thus
′

limℓ→∞ β (nℓ )= β (∞) , and


′
limℓ→∞ PR x# + β (nℓ ) K ∗ (y − Kx# ) + u′(ℓ)


′
− PR x# + β (nℓ ) K ∗ (y − Kx# ) − u′(ℓ) = 0.

(5.29)

′

Denote h# := x# + β (∞) K ∗ (y − Kx# ) and h′(ℓ) := x# + β (nℓ ) K ∗ (y − Kx# ).
We have now
kPR (h# + u′(ℓ) ) − PR (h# ) − u′(ℓ) k
≤ kPR (h′(ℓ) + u′(ℓ) ) − PR (h′(ℓ) ) − u′(ℓ) k
+kPR (h′(ℓ) + u′(ℓ) ) − PR (h# + u′(ℓ) )k + kPR (h′(ℓ) ) − PR (h# )k
≤ kPR (h′(ℓ) + u′(ℓ) ) − PR (h′(ℓ) ) − u′(ℓ) k + 2kh′(ℓ) − h# k.
Since both terms on the right hand side converge to zero for ℓ → ∞ (see
(5.29)), we have
lim kPR (h# + u′(ℓ) ) − PR (h# ) − u′(ℓ) k = 0.

ℓ→∞

(5.30)

Without loss of generality we can assume kh# k1 > R. By Lemma 2 there
#
exists µ > 0 such that PR (h# ) = Sµ (h# ). Because
 |hλ | → 0 as |λ| → ∞,
#
this implies that, for some finite K1 > 0, PR (h ) λ = 0 for |λ| > K1 . Pick
now any ǫ > 0 that satisfies ǫ < µ/5. There exists a finite K2 > 0 so that
P
# 2
2
#
|λ|>K2 |hλ | < ǫ . Set K0 := max(K1 , K2 ), and define the vector h̃ by
#
#
h̃#
λ = hλ if |λ| ≤ K0 , h̃λ = 0 if |λ| > K0 .
By the weak convergence of the u′(ℓ) , we can, for this same K0 , deterP
′(ℓ)
mine L1 > 0 such that, for all ℓ ≥ L1 , |λ|≤K0 |uλ |2 ≤ ǫ2 . Define new
′(ℓ)

′(ℓ)

′(ℓ)

vectors ũ′(ℓ) by ũλ = 0 if |λ| ≤ K0 , ũλ = uλ if |λ| > K0 .
Because of (5.30), there exists L2 > 0 such that kPR (h# + u′(ℓ) ) −
PR (h# ) − u′(ℓ) k ≤ ǫ for ℓ ≥ L2 . Consider now ℓ ≥ L := max(L1 , L2 ). We
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have
kPR (h̃# + ũ′(ℓ) ) − PR (h̃# ) − ũ′(ℓ) k
≤ kPR (h̃# + ũ′(ℓ) ) − PR (h# + ũ′(ℓ) )k + kPR (h# + ũ′(ℓ) ) − PR (h# + u′(ℓ) )k
+

kPR (h# + u′(ℓ) ) − PR (h# ) − u′(ℓ) k + kPR (h# ) − PR (h̃# )k + ku′(ℓ) − ũ′(ℓ) k

≤

5ǫ .

On the other hand, Lemma 2 tells us that there exists σℓ > 0 such that
PR (h̃# + ũ′(ℓ) ) = Sσℓ (h̃# + ũ′(ℓ) ) = Sσℓ (h̃# ) + Sσℓ (ũ′(ℓ) ), where we used in
′(ℓ)
the last equality that h̃#
λ = 0 for |λ| > K0 and ũλ = 0 for |λ| ≤ K0 . From
#
#
′(ℓ)
kSµ (h̃ )k1 = R = kSσℓ (h̃ )k1 + kSσℓ (ũ )k1 we conclude that σℓ ≥ µ for all
ℓ ≥ L. We then deduce
(5ǫ)2 ≥ kPR (h̃# + ũ′(ℓ) ) − PR (h̃# ) − ũ′(ℓ) k2
X
X
′(ℓ)
′(ℓ)
# 2
|Sσℓ (ũλ ) − ũλ |2
|Sσℓ (h̃#
=
λ ) − Sµ (h̃λ )| +
|λ|>K0

|λ|≤K0

X h

≥

|λ|>K0

X

=

|λ|>K0

i


′(ℓ) 2
′(ℓ)
max |ũλ | − σℓ , 0 − |ũλ |

2

′(ℓ)
min |ũλ |, σℓ
≥

X

|λ|>K0

2

′(ℓ)
min |ũλ |, µ
.
′(ℓ)

Because we picked ǫ < µ/5, this is possible only if |ũλ | ≤ µ for all |λ| > K0 ,
ℓ ≥ L, and if, in addition,



X

|λ|>K0

1/2

′(ℓ)
|ũλ |2 

≤ 5ǫ ,

i.e., kũ′(ℓ) k ≤ 5ǫ .

(5.31)

i
hP
′(ℓ) 2 1/2
It then follows that ku′(ℓ) k ≤ kũ′(ℓ) k +
|
≤ 6ǫ.
|u
|λ|≤K0 λ
We have thus obtained what we set out to prove: the subsequence (xnjℓ )ℓ∈N
of (x(n) )n∈N satisfies that, given arbitrary ǫ > 0, there exists L so that, for
ℓ > L, kxnjℓ − x# k ≤ 6ǫ.
2

Remark 3. In this proof we have implicitly assumed that kh# + u(j) k1 >
R. Given that kh# k1 > R, this assumption can be made without loss of
generality, because it is not possible to have kh# k1 > R and kh# +u(j) k1 < R
infinitely often, as the following argument shows. Find K0 , L0 such that
P
′(ℓ)
#
#
|λ|<K0 |hλ | ≥ (kh k1 + R)/2 and, ∀ℓ ≥ L0 and ∀|λ| < K0 : |uλ | <
P
P
′(ℓ)
′(ℓ)
#
(K0−1 (kh# k1 − R)/4. Then |λ|<K0 |h#
|λ|<K0 |hλ | − |uλ | ≥
λ + uλ | ≥
(kh# k1 + R)/2 − (kh# k1 − R)/4 = R + (kh# k1 − R)/4 > R. Hence, ∀ℓ > L0 ,
kh# + u′(ℓ) k1 ≥ R.

226[5] Projected Gradient Method for Linear Inverse Problems with Sparsity Constraints

Accelerated Projected Gradient Method for Linear Inverse Problems with Sparsity Constraints

21

Remark 4. At the cost of more technicalities it is possible to show that the
whole subsequence (x(nj ) )j∈N defined in the proof of Proposition 1 converges
in norm to x# , i.e., that limj→∞ kx(nj ) − x# k = 0, without going to a
subsequence (xnjℓ )ℓ∈N .
The following proposition summarizes in one statement all the findings of
the last two subsections.

Proposition 2 Norm convergence to minimizing accumulation points.
Every weak accumulation point x# of the sequence (x(n) )n∈N defined by (3.2)
is a minimizer of D in BR . Moreover, there exists a subsequence (x(nℓ ) )ℓ∈N
of (x(n) )n∈N that converges to x# in norm.
5.4

Uniqueness of the accumulation point

In this subsection we prove that the accumulation point x# of (x(n) )n∈N
is unique, so that the entire sequence (x(n) )n∈N converges to x# in norm.
(Note that two sequences (x(n) )n∈N and (x′ (n) )n∈N , both defined by the
same recursion, but starting from different initial points x(0) 6= x′ (0) , can
still converge to different limits x# and x′ # .)
We start again from the inequality
hx(n) + β (n) K ∗ (y − Kx(n) ) − x(n+1) , w − x(n+1) i ≤ 0,

(5.32)

for all w ∈ BR and for all n ∈ N, and its many consequences. Define MR to
be the set of minimizers of D on BR . By Lemma 5, MR = BR ∩ (x̃ + ker K),
where x̃ is an arbitrary minimizer of D in BR . By the convention adopted
in Remark 1,
(
)
X
+
MR ⊂ BR := x ∈ ℓ1 (Λ); xλ ≥ 0 for all λ ∈ Λ, and
xλ ≤ R . (5.33)
λ∈Λ

Moreover, for each element z ∈ MR , zλ = 0 if λ ∈
/ Γ (see Lemma 8). The
set MR is both closed and convex. We define the corresponding (nonlinear)
projection operator PMR as usual,
PMR (v) := arg min{kv − zk2 ; z ∈ MR } .

(5.34)

Because MR is convex, this projection operator has the following property:
∀x̃ ∈ MR : hz − PMR (z), x̃ − PMR (z)i ≤ 0.

(5.35)

(The proof is standard, and is essentially given in the proof Lemma 3, where
in fact only the convexity of BR was used.) For each n ∈ N, we introduce
now a(n) and b(n) defined by
a(n) := PMR (x(n) ),

b(n) = x(n) − a(n) .

(5.36)
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Specializing equation (5.35) to x(n) , we obtain, for all x̃ ∈ MR and for all
n ∈ N:
hx(n) − a(n) , x̃ − a(n) i ≤ 0.
(5.37)
or
hb(n) , x̃ − a(n) i ≤ 0.
Because

a(n)

(5.38)
a(n)

and conclude

for all w ∈ BR .

(5.39)

is a minimizer, we can also apply Lemma 4 to
hK ∗ (y − Ka(n) ), w − a(n) i ≤ 0,

With these inequalities, we can prove the following crucial result.

Lemma 13. For any x̃ ∈ MR , and for any n ∈ N,
kx(n+1) − x̃k ≤ kx(n) − x̃k.

(5.40)

Proof: We set w = x̃ in (5.32), leading to
hx(n) − x(n+1) , x̃ − x(n+1) i + β (n) hK ∗ (y − Kx(n) ), −b(n+1) i ≤ 0,

(5.41)

where we have used that K x̃ = Ka(n+1) . We also have, setting w = x(n+1)
in the (n + 1)-version of (5.39),
hK ∗ (y − Ka(n+1) ), x(n+1) − a(n+1) i ≤ 0,

(5.42)

hK ∗ (y − Ka(n) ), b(n+1) i ≤ 0,

(5.43)

or
where we have used Ka(n) = Ka(n+1) . It follows that
hx(n) − x(n+1) , x̃ − x(n+1) i + β (n) h−K ∗ Kb(n) , −b(n+1) i ≤ 0,

(5.44)

hx(n) − x(n+1) , x̃ − x(n+1) i + β (n) hKb(n) , Kb(n+1) i ≤ 0,

(5.45)

or
which is also equivalent to
i
h
1
hx(n) − x̃, x̃ − x(n+1) i + kx̃ − x(n+1) k2 + β (n) kKb(n) k2 + kKb(n+1) k2
2
1
− β (n) kKb(n) − Kb(n+1) k2 ≤ 0.
2

(5.46)

Adding 21 β (n) kK(b(n) − b(n+1) )k2 ≤ 2r kx(n) − x(n+1) k2 to (5.46), we have
i
h
1
hx(n) − x̃, x̃ − x(n+1) i + kx̃ − x(n+1) k2 + β (n) kKb(n) k2 + kKb(n+1) k2
2
r (n)
(n+1) 2
kx − x
k
≤
2h
i
r
kx(n) − x̃k2 + kx(n+1) − x̃k2 − 2hx(n) − x̃, x(n+1) − x̃i .
=
2
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It follows that

r  (n+1)
r
1−
kx
− x̃k2 + (1 − r)hx̃ − x(n) , x(n+1) − x̃i − kx̃ − x(n) k2
2
2
i
h
1
(5.47)
≤ − β (n) kKb(n) k2 + kKb(n+1) k2 ≤ 0,
2
which, in turn, implies that

r  (n+1)
r
1−
kx
− x̃k2 − (1 − r)kx̃ − x(n) kkx(n+1) − x̃k − kx̃ − x(n) k2 ≤ 0.
2
2
(5.48)
This can be rewritten as
i
h
i h
r
r  (n+1)
kx
− x̃k + kx̃ − x(n) k ≤ 0,
kx̃ − x(n+1) k − kx̃ − x(n) k
1−
2
2
(5.49)
which implies kx(n+1) − x̃k ≤ kx(n) − x̃k.
2
We are now ready to state the main result of our work.

Theorem 1. The sequence x(n) n∈N as defined in (3.2), where the step
length sequence β (n) n∈N satisfies Condition (B) with respect to the x(n) ,
converges in norm to a minimizer of D on BR .

Proof: The sequence (x(n) )n∈N has a least one accumulation point x# .
By Proposition 1 x# minimizes D in BR . By Proposition 2 (x(n) )n∈N has
a subsequence x(nℓ ) ℓ∈N that converges to x# . By Lemma 13 kx(n) − x# k
decreases monotonically, hence it has a limit for n → ∞, and
lim kx(n) − x# k = lim kx(nℓ ) − x# k = 0.

n→∞

ℓ→∞

(5.50)
2

6.
6.1

Numerical Experiments and Additional
Algorithms

Numerical examples

We conduct a number of numerical experiments to gauge the effectiveness
of the different algorithms we discussed. All computations were done in
Mathematica 5.2 [46] on a 2Ghz workstation with 2Gb memory.
We are primarily interested in the behavior, as a function of time (not
number of iterations), of the relative error kx(n) − x̄k/kx̄k. To this end, and
for a given operator K and data y, we need to know in advance the actual
minimizer x̄(τ ) of the functional (2.3).
One can calculate the minimizer exactly (in practice up to computer
round-off) with a finite number of steps using the LARS algorithm described
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in [29] (the variant called ‘Lasso’, implemented independently by us). This
algorithm scales badly, and is useful in practice only when the number of
non-zero entries in the minimizer x̄(τ ) is sufficiently small. We made our
own implementation of this algorithm to make it more directly applicable to
our problem (i.e., we do not renormalize the columns of the matrix to have
zero mean and unit variance, as it is done in the statistics context [29]). We
also double-check the minimizer obtained in this manner by verifying that
it is indeed a fixed point of the iterative thresholding algorithm (2.5) (up
to machine epsilon). We then have an ‘exact’ minimizer x̄ together with
its radius R = kx̄k1 (used in the projected algorithms) and, according to
Lemma 6, the corresponding threshold τ = maxi |r̄i | with r̄ = K ∗ (y − K x̄)
(used in the iterative thresholding algorithm).
The numerical examples below are listed in order of increasing complexity; they illustrate that the algorithms can behave differently for different
(n)
examples. In these experiments we choose β (n) = βst. := kr (n) k2 /kKr (n) k2 ,
(n)
(n)
∗
(n)
(where, as before, r = K (y − Kx )); βst. is the standard descent parameter from the classical linear steepest descent algorithm.
1. When K is a partial Fourier matrix (i.e., a Fourier matrix with a
prescribed number of deleted rows), there is no advantage in using a
(n)
dynamical step size βst. = kr (n) k2 /kKr (n) k2 as this ratio is always
equal to 1. This trivially fulfills Condition (B) in Section 5.1. The
performance of the projected steepest descent iteration simply equals
that of the projected Landweber iterations.
2. By combining a scaled partial Fourier transform with a rank 1 projection operator, we constructed our second example, in which K is
a 1536 × 2049 matrix, of rank 1536, with largest singular value equal
to 0.99 and all the other singular values between 0.01 and 0.11. Because of the construction of the matrix, the FFT algorithm provides
a fast way of computing the action of this matrix on a vector. For
the y and τ that were chosen, the limit vector x̄τ has 429 nonzero
entries. For this example, the LARS procedure is slower than thresholded Landweber, which in turn is significantly slower than projected
steepest descent. To get within a distance of the true minimizer corresponding to a 5% relative error, the projected steepest descent
algorithm takes 2 sec, the thresholded Landweber algorithm 39 sec,
and LARS 151 sec. (The relatively poor performance of LARS in
this case is due to the large number of nonzero entries in the limit
vector x̄τ ; the complexity of LARS is cubic in this number of nonzero
(n)
entries.) In this case, the βst. = kr (n) k2 /kKr (n) k2 are much larger
than 1; moreover, they satisfy Condition (B) of Section 5.1 at every
step. We illustrate the results in Figure 2.
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kxn − x̄k/kx̄k
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The different convergence rates of the thresholded Landweber algorithm (dotted line), the projected steepest descent algorithm (solid line, near vertical axis) and the
LARS algorithm (dashed line), for the second example. The projected steepest descent
algorithm converges much faster than the thresholded Landweber iteration. They both
do better than the LARS method.

FIGURE 3

3. The last example is inspired by a real-life application in geoscience
[38], in particular an application in seismic tomography based on
earthquake data. The object space consists of the wavelet coefficients of a 2D seismic velocity perturbation. There are 8192 degrees
of freedom. In this particular case the number of data is 1848. Hence
the matrix K has 1848 rows and 8192 columns. We apply the different methods to the same noisy data that are used in [38] and measure
the time to convergence up to a specified relative error (see Table
1.1 and Figure 3). This example illustrates the slow convergence of
the thresholded Landweber algorithm (2.5), and the improvements
made by a projected steepest descent iteration (3.2) with the special
(n)
choice β (n) = βst. above. In this case, this choice turns out not to
satisfy Condition (B) in general. One could conceivably use successive corrections, e.g. by a line-search, to determine, starting from
(n)
βst. , values of β (n) that would satisfy condition (B), and thus guarantee convergence as established by Theorem 5.18. This would slow
(n)
down the method considerably. The βst. seem to be in the right
ballpark, and provide us with a numerically converging sequence.
We also implemented the projected Landweber algorithm (3.1); it is
listed in Table 1.1 and illustrated in Figure 3.
The matrix K in this example is extremely ill-conditioned: its largest
singular value was normalized to 1, but the remaining singular values
quickly tend to zero. The threshold was chosen, according to the
(known or estimated) noise level in the data, so that D(x̄)/σ 2 = 1848
( = the number of data points), where σ is the data noise level; this
is a standard choice that avoids overfitting.
In Figure 3, we see that the thresholded Landweber algorithm takes
more than 21 hours (corresponding to 200, 000 iterations) to converge
to the true minimizer within a 3% relative error, as measured by
the usual ℓ2 distance. The projected steepest descent algorithm is
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kxn − x̄k/kx̄k

0

5h

10h

15h

20h

The different convergence rates of the thresholded Landweber algorithm (solid
line), the projected Landweber algorithm (dashed line) and the projected steepest descent
algorithm (dotted line), for the third example. The projected steepest descent algorithm
converges about four times faster than the thresholded Landweber iteration. The projected
Landweber iteration does better at first (not visible in this plot), but looses with respect
to iterative thresholding afterwards. The horizontal axis has time (in hours), the vertical
axis displays the relative error.

FIGURE 4

about four times faster and reaches the same reconstruction error in
about 5.5 hours (25, 000 iterations). Due to one additional matrixvector multiplication and, to a minor extent, the computation of
the projection onto an ℓ1 -ball, one step in the projected steepest
descent algorithm takes approximately twice as long as one step in
the thresholded Landweber algorithm. For the projected Landweber
algorithm there is an advantage in the first few iterations, but after a
short while, the additional time needed to compute the projection PR
(i.e., to compute the corresponding variable thresholds) makes this
algorithm slower than the iterative soft-thresholding. We illustrate
the corresponding CPU time in Table 1.1.
It is worthwhile noticing that for the three algorithms the value of
the functional (2.3) converges much faster to its limit value than the
minimizer itself: When the reconstruction error is 10%, the corresponding value of the functional is already accurate up to three digits
with respect to the value of the functional at x̄. We can imagine that
in this case the functional has a long narrow “valley” with a very
gentle slope in the direction of the eigenvectors with small (or zero)
singular values. The path in the kxk1 vs. kKx − yk2 plane followed
by the iterates is shown in Figure 2. The projected steepest descent
algorithm, by construction, stays within a fixed ℓ1 -ball, and, as already mentioned, converges faster than the thresholded Landweber
algorithm. The path followed by the LARS algorithm is also pictured. It corresponds with the so-called trade-off curve which can be
interpreted as the border of the area that is reachable by any element
of the model space, i.e., it is generated by x̄(τ ) for decreasing values
of τ > 0.
In this particular example, the number of nonzero components of
x̄ equals 128. The LARS (exact) algorithm only takes 55 seconds,
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Relative
error
0.90
0.80
0.70
0.50
0.20
0.10
0.03

thresholded Landweber
n
time
3
1s
20
8s
163
1m8s
3216
22m9s
55473
6h23m
100620
11h38m
198357
21h47m

projected st. descent
n
time
2
1s
8
7s
20
17s
340
4m56s
6738
1h37m
11830
2h51m
22037
5h20m
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projected Landweber
n
time
3
2s
15
11s
59
44s
2124
27m17s

TABLE 1.1
Table illustrating the relative performance of three algorithms: thresholded
Landweber, projected Landweber and projected steepest descent, for the
third example.
which is much faster than any of the iterative methods demonstrated
here. However, as illustrated above, by the second example, LARS
looses its advantage when dealing with larger problems where the
minimizer is not sparse in absolute number of entries, as is the case
in, e.g., realistic problems of global seismic tomography. Indeed,
the example presented here is a “toy model” for proof-of-concept for
geoscience applications. The 3D model will involve millions of unknowns and solutions that may be sparse compared with the total
number of unknowns, but not sparse in absolute numbers. Because
the complexity of LARS is cubic in the number of nonzero components of the solution, such 3D problems are expected to lie beyond
its useful range.

6.2

Relationship to other methods

The projected iterations (5.2) and (5.3) are related to the POCS (Projection
on Convex Sets) technique [3]. The projection of a vector a on the solution
space {x : Kx = y} (a convex set, assumed here to be non-empty; no
such assumption was made before because the functional (2.3) always has a
minimum) is given by:
x = a − K ∗ (KK ∗ )−1 (y − Ka)

(6.1)

Hence, alternating projections on the convex sets {x : Kx = y} and BR
give rise to the algorithm [5]: : Pick an arbitrary x(0) ∈ ℓ2 (Λ), for example
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x(0) = 0, and iterate
x(n+1) = PR (x(n) − K ∗ (KK ∗ )−1 (y − Kx(n) ))

(6.2)

This may be practical in case of a small number of data or when there
is structure in K, i.e., when KK ∗ is efficiently inverted. Approximating
KK ∗ by the unit matrix, yields the projected Landweber algorithm (5.2);
approximating (KK ∗ )−1 by a constant multiple of the unit matrix yields the
projected gradient iteration (5.3) if one chooses the constant equal to β (n) .
The projected methods discussed in this paper produce iterates that (except

kK x − y k2

10

20

kxk1

Trade-off curve (solid line) and its approximation with algorithm (6.3) in 200
steps (dashed line). For comparison, the iterates of projected steepest descent are also
indicated (triangles).

FIGURE 5

for the first few) live on the ‘skin’ of the ℓ1 -ball of radius R, as shown in Fig.
2. We have found even more promising results for an ‘interior’ algorithm in
which we still project on ℓ1 -balls, but now with a slowly increasing radius,
i.e.,


x(n+1) = PR(n) x(n) + β (n) r (n) , R(n) = (n + 1)R/N, and n = 0, . . . , N,
(6.3)
where N is the prescribed maximum number of iterations (the origin is
chosen as the starting point of this iteration). We do not have a proof
of convergence of this ‘interior point type’ algorithm. We observed (also
without proof) that the path traced by the iterates x(n) (in the kxk1 vs.
kKx − yk2 plane) is very close to the trade-off curve (see Fig. 5); this is a
useful property in practice since at least part of the trade-off curve should
be constructed anyway.
Note that the strategy followed by these algorithms is similar to that of
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LARS [29], in that they both start with x(0) = 0 and slowly increase the ℓ1
norm of the successive approximations.
While we were finishing this paper, Michael Friedlander informed us of their
numerical results in [45] which are closely related to our approach, although
their analysis is limited to finite dimensions.
Different, but closely related is also the recent approach by Figueiredo,
Nowak, and Wright [32]. The authors first reformulate the minimization
of (2.3) as a bound-constrained quadratic program in standard form, and
then they apply iterative projected gradient iterations, where the projection
act componentwise by clipping to zero negative components.

7.

Conclusions

We have presented convergence results for accelerated projected gradient
methods to find a minimizer of an ℓ1 penalized functional. The innovation
due to the introduction of ‘Condition (B)’ is to guarantee strong convergence
for the full sequence. Numerical examples confirm that this algorithm can
outperform (in terms of CPU time) existing methods such as the thresholded
Landweber iteration or even LARS.
It is important to remark that the speed of convergence may depend
strongly on how the operator is available. Because most of the time in the
iterations is consumed by matrix-vector multiplications (as is often the case
for iterative algorithms), it makes a big difference whether K is given by a
full matrix or a sparse matrix (perhaps sparse in the sense that its action
on a vector can be computed via a fast algorithm, such as the FFT or a
wavelet transform). The applicability of the projected algorithms hinges on
the observation that the ℓ2 projection on an ℓ1 ball can be computed with
a O(m log m)-algorithm, where m is the dimension of the underlying space.
There is no universal method that performs best for any choice of the
operator, data, and penalization parameter. As a general rule of thumb we
expect that, among the algorithms discussed in this paper for which we have
convergence proofs,
• the thresholded Landweber algorithm (2.5) works best for an operator K close to the identity (independently of the sparsity of the
limit),
• the projected steepest descent algorithm (3.2) works best for an operator with a relatively nice spectrum, i.e., with not too many zeroes
(also independently of the sparsity of the minimizer), and
• the exact (LARS) method works best when the minimizer is sparse
in absolute terms.
Obviously, the three cases overlap partially, and they do not cover the whole
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range of possible operators and data. In future work we intend to investigate
algorithms that would further improve the performance for the case of a large
ill-conditioned matrix and a minimizer that is relatively sparse with respect
to the dimension of the underlying space. We intend, in particular, to focus
on proving convergence and other mathematical properties of (6.3).
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Abstract
Quantities of interest appearing in concrete applications often possess sparse
expansions with respect to a preassigned frame. Recently, there were
introduced sparsity measures which are typically constructed on the basis of
weighted 1 norms of frame coefficients. One can model the reconstruction
of a sparse vector from noisy linear measurements as the minimization of the
functional defined by the sum of the discrepancy with respect to the data and
the weighted 1 -norm of suitable frame coefficients. Thresholded Landweber
iterations were proposed for the solution of the variational problem. Despite
its simplicity which makes it very attractive to users, this algorithm converges
slowly. In this paper, we investigate methods to accelerate significantly the
convergence. We introduce and analyze sequential and parallel iterative
algorithms based on alternating subspace corrections for the solution of
the linear inverse problem with sparsity constraints. We prove their norm
convergence to minimizers of the functional. We compare the computational
cost and the behavior of these new algorithms with respect to the thresholded
Landweber iterations.
(Some figures in this article are in colour only in the electronic version)

1. Introduction: linear inverse problems with sparsity constraints
Often in applications the quantity of interest is not given explicitly, but only indirect
observations are furnished by measurements. Although complex phenomena are often
governed by nonlinear rules, still the assumption of linear dependence of the observations
on the quantity of interest covers many interesting problems and surprisingly works well also
for certain nonlinear situations. In this paper, we are concerned with linear inverse problems
which are mathematically described as follows.
0266-5611/07/062505+22$30.00 © 2007 IOP Publishing Ltd Printed in the UK
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Let K and H be (separable) Hilbert spaces and A : K → H be a bounded linear operator.
Assume we are given (observations) data g ∈ H,
g = Af.
Then our goal consists in reconstructing the (unknown) element f ∈ K. We are interested,
in particular, in the situation when the corresponding linear mapping from the vector f to the
vector g is not invertible or ill-conditioned. Moreover, we may assume that the data g are
corrupted by noise. Thus, in order to deal with our reconstruction problem a regularization is
required [23].
Of course, with incomplete data (i.e., few measurements) and noise disturbance, it is
impossible to recover f without imposing further constraints which help to shape the solution
of the problem. Therefore, our main assumption throughout this paper is that f is sparse with
respect to a pre-assigned frame or basis (for the Hilbert space K) [8]. Our aim is to model the
sparsity constraint within a regularization term. Let us clarify what we mean by sparsity.
We assume that we have given a suitable frame {ψλ : λ ∈ } ⊂ K indexed by a countable
set . This means that there exist constants 0 < c1  c2 < ∞ such that

c1 f 2K 
|f, ψλ |2  c2 f 2K
for all f ∈ K.
(1)
λ∈

Orthonormal bases are particular examples of frames. Frames allow for a (stable) series
expansion of any f ∈ K of the form

f = F u :=
uλ ψλ
(2)
λ∈

where u = (uλ )λ∈ ∈ 2 (). The linear operator F : 2 () → K is called the synthesis map
in the frame theory. It is bounded due to the frame inequality (1). In contrast to orthonormal
bases, the coefficients uλ need not be unique, in general. For more information on frames and
their differences with respect to bases we refer to [8].
For f to be sparse with respect to the frame {ψλ }, we mean that f can be well-approximated
by a series of the form (2) with only a small number of non-vanishing coefficients uλ . Sparsity
also means that only a little information is conveyed by f . It is reasonable to expect that
only few measurements, although incomplete to identify an arbitrary element in K, might
be sufficient to characterize and reconstruct f . Sparsity is an effective quality for the
characterization of the solution f whenever it can be compressed by means of a suitable
frame expansion, e.g., natural images, audio signals, biological signals, etc. This explains
the incredible success of this new regularization approach in a variety of applications as it will
be recalled with more references below.
It is now established, see for instance [3, 4, 19], that sparsity can be modeled as the
sequence u being contained in 1 (). Indeed, the minimization of the 1 () norm promotes
that only a few entries are non-zero.
On the basis of these considerations, several authors, e.g., [20, 24, 39, 40, 43], proposed
independently the regularized functional

J (u) = g − T u2H + τ u1 = g − T u2H + τ
|uλ |,
(3)
λ∈

which has to be minimized with respect to the vector of coefficients u = (uλ )λ∈ . Here we have
introduced the operator T = A ◦ F : 2 () → H, which combines the frame synthesis map
with the original model A. The 1 norm in this functional clearly represents the regularization
term. Once the minimizer u = (u
λ ) is determined we obtain a reconstruction of the vectors of
interest by means of f = F u = λ uλ ψλ . An iterative thresholding algorithm can be taken
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to perform the minimization with respect to u: pick an initial u(0) ∈ 2 () (u(0) = 0 is a good
choice) and iterate
u(n+1) = Sτ (u(n) + T ∗ (g − T u(n) )),

n  0,

(4)

where Sτ is the so-called soft-thresholding operator, which acts componentwise Sτ v =
(Sτ vλ )λ∈ and is defined by
⎧
τ
⎨x − sign(x) τ ,
|x| >
2
2
Sτ (x) =
⎩0,
otherwise.
As pointed out in [12], the iteration (4) combines a forward step, addressed to the minimization
of g − T u2H in the direction of its gradient, and a backward step which promotes the 1 minimization via thresholding. In [15], the algorithm in (4) was analyzed and the authors
proved that it converges strongly to a minimizer u∗ of the functional J . The proof of this
result is based on the application of Opial’s fixed-point theorem [34] which implies the
weak convergence, and on specific properties of the thresholding operator which allow us
to turn the weak convergence into strong. Besides the elegant mathematics needed for the
convergence proof, one of the major advantages of this algorithm is its simplicity, also in terms
of implementation. Indeed thresholding methods combined with wavelets have been often
presented, e.g., in image processing, as a possible good alternative to the total variation
minimization [5] which requires instead the solution of a degenerate partial differential
equation. See [18] for a recent comparison of these two methods. Unfortunately, no rate
of convergence is ensured for the algorithm in (4). In practice, the algorithm converges
relatively fast for few very initial iterations, but after this short transition, it starts dramatically
to slow down. These effects are very well documented in the paper [16], see also [32] for a
discussion of the applications. In particular, in [16] an alternative approach is proposed toward
projected gradient methods where the iteration (4) is substituted with
u(n+1) = PR (u(n) + β (n) T ∗ (g − T u(n) )),

n  0,

(5)

where PR is the projection onto the 1 -ball of radius R > 0, and β > 0 are suitable descent
parameters. Again, this latter algorithm converges strongly to a minimizer of J , where
τ = τ (R) is chosen according to R. Indeed, in this case the convergence is much faster in
practice. Nevertheless, as soon as the dimension of the problem is very large, the computation
of the projection PR and of an optimal β (n) may be computationally demanding. Since no
convergence rate can again be theoretically ensured for this second algorithm, it is difficult
to estimate the trade-off between the computational cost and fast convergence. A further
alternative is the introduction of a quadratic term for ε > 0,
(n)

Jε (u) = g − T u2H + τ u1 + εu22 .

(6)

The minimizer uε of this functional can be computed by the following iterations:
1
Sτ (u(n) + T ∗ (g − T u(n) )),
n  0.
(7)
u(n+1) =
1+ε
1
∗
In this case and for T  < 1, the function v → 1+ε Sτ (v + T (g − T v)) is a contraction, hence
the iteration converges linearly to the unique minimizer of Jε . By -convergence, see for
instance [28] for precise statements, one can show that there exist sequences of minimizers
uε which converge to a minimizer u∗ of J . Unfortunately, it is not possible to assess the rate
of convergence of this latter approximation. In the papers [27, 28], a very general family of
iterative thresholding algorithms is analyzed for joint sparse and vector-valued recovery, and
their convergence properties are also discussed. Generalizations to nonlinear inverse problems
appear in [36, 37, 42].
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We emphasize the enormous impact of inverse problems with sparsity constraints in
applications such as geophysics and image processing, e.g., brain and astronomical imaging
[17, 22, 26, 32, 39, 40]. Moreover, it is also worth stressing the strong relations between
iterations as in (4) and adaptive schemes for the solution of linear and nonlinear partial
differential equation (PDE) as proposed in [9, 10, 13, 14, 41].
In this paper, we want to study a new acceleration method of the basic iterative thresholding
algorithm (4) by alternating subspace corrections determined by a suitable decomposition of
the label set . As we shall discuss in detail in this paper, the benefit from this approach is
twofold:
(1) Instead of solving one large problem with many iteration steps, we can solve
approximatively several smaller subproblems, which might lead to an acceleration of
convergence and a reduction of the overall computational effort.
(2) The subproblems do not need more sophisticated algorithms, simply reproduce the original
problem at smaller dimensions, and they can be solved in parallel.
The paper is organized as follows. In section 2, we recall the main concepts related to domain
decomposition methods for the solution of linear problems. In section 3, we borrow these
concepts for the sake of the minimization of the functional J . We illustrate how to split
the problem into two lower dimensional problems and we propose an associated sequential
algorithm based again on iterative thresholding and alternating subspace corrections. We prove
that the weak accumulation points of the sequence produced by this algorithm are minimizers
of J . We prove also the norm convergence in 2 () of subsequences. In the case of a unique
minimizer, the whole sequence will be convergent (not only subsequences). In section 4,
we modify the algorithm in order to be parallelizable. We prove similar results as for the
sequential algorithm. Section 5 discusses the computational cost of the new algorithms and
compares them with the thresholded Landweber iteration (4). In section 6, we illustrate the
extension of the decomposition to more than two subspaces and some further variations of the
proposed algorithms.
2. Domain decomposition methods
Domain decomposition methods were introduced as techniques for solving partial differential
equations based on a decomposition of the spatial domain of the problem into several
subdomains [1, 2, 7, 29–31, 33, 35, 45, 46]. The initial equation restricted to the subdomains
defines a sequence of new local problems. The main goal is to solve the initial equation via
the solution of the local problems. This procedure induces a dimension reduction which is
the major reason for the success of such a method. Indeed, one of the principal motivations
is the formulation of solvers which can be easily parallelized. The mentioned techniques can
often be applied directly to the partial differential equation, but of course to apply them to
the discretizations of the problem is also of major interest. In this paper, we deal with frame
discretizations and the domain decomposition method will be applied on the space of the frame
coefficients. Domain decomposition methods, together with other known iterative methods
for symmetric positive definite problems, such as multigrid methods, Jacobi and Gauss–Seidel
iterations, and multilevel nodal basis preconditioners, can be viewed as subspace correction
methods, see [45]. In this paper, two types of domain decomposition based iterative schemes
for a frame discretized inverse problem will be considered. We discuss a successive subspace
correction method (inspired by the so-called multiplicative Schwarz iteration) as well as a
parallel subspace correction method (inspired by the so-called additive Schwarz iteration).
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Figure 1. An overlapping subdomain decomposition.

To introduce the approach we want to develop in this paper, we recall the main ideas of
the most classical and well-known example of the domain decomposition method, i.e., the
multiplicative Schwarz alternating algorithm. Consider the second-order self-adjoint elliptic
problem
Lu = f

in

,

u = 0 on ∂ .

(8)

For the moment, let us restrict the discussion to the case of a decomposition of a domain
⊂ R2 into two overlapping subdomains, i.e.,
= ˆ 1 ∪ ˆ 2 , see figure 1. Starting with
an initial guess u(0) , the multiplicative Schwarz alternating algorithm to solve (8) generates a
sequence of approximations u(1) , u(2) , . . . by solving the following two local problems:
⎧ (k+1)
⎧ (k+1)
⎪
⎪
Lu
= f,
in ˆ 2 ,
Lu
= f,
in ˆ 1 ,
⎪
⎪
⎨ 1
⎨ 2
(9)
and
= u(k+1)
u(k+1)
= u(k) |1 , on 1 ,
u(k+1)
2
1
|2 , on 2 ,
1
⎪
⎪
⎪
⎪
⎩ (k+1)
⎩
(k+1)
ˆ
= 0,
on ∂ ˆ 1 \1 ,
u1
u2
= 0,
on ∂ 2 \2 .
The next iterate u(k+1) is then defined by
 (k+1)
u2 (x),
(k+1)
u
(x) =
u(k+1)
(x),
1

if x ∈ ˆ 2
if x ∈

\ ˆ 2.

(10)

By Stampacchia’s theorem, the variational formulation of (9) reads as follows:
let u0 ∈ H01 ( ). For k = 0, 1, . . . compute
(k+1/2)
(k+1/2)
, where u1
satisfies
u(k+1/2) := u(k) + u1
(k+1/2)
u1
= arg minu1 ∈H01 ( ˆ 1 ) J (u1 , u(k) )
(k+1/2)

(k+1/2)

u(k+1) := u(k+1/2) + u2
, where u2
satisfies
(k+1/2)
u2
= arg minu2 ∈H01 ( ˆ 2 ) J (u2 , u(k+1/2) )
with J (v, u) := 12 a(v, v) − (f, v − a(u, v)) , a(v, u) := Lv, u, as usual, being the
corresponding bilinear form.
Inspired by this variational formulation of the classical Schwarz alternating algorithm, we
propose a minimization of the functional in (3) by alternating minimizations of local problems
restricted to suitable subspaces. Similar techniques of alternating minimizations of functionals
with auxiliary variables appear also, e.g., in [6, 11, 25, 27, 28].
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3. Domain decompositions adapted to inverse problems
In this section, we introduce a sequential domain decomposition method for the linear inverse
problem with sparsity constraints modeled by (3). The goal is to join the simplicity of the
iterative approach (4) with a dimension reduction technique provided by a decomposition
which will improve the convergence and the complexity of the algorithm without increasing
the sophistication of the algorithm.
Before starting our discussion let us briefly introduce some of the spaces we will use in
the following. For some countable index set  we denote by p = p (), 1  p  ∞, the
space of real sequences u = (uλ )λ∈ with norm

1/p

up = up () :=
|uλ |p
,
1p<∞
λ∈

and u∞ := supλ∈ |uλ | as usual.
For simplicity, we start by decomposing the ‘domain’ of the sequences  into two disjoint
sets 1 , 2 so that  = 1 ∪ 2 . The extension to decompositions into multiple subsets
 = 1 ∪ . . . ∪ N follows from an analysis similar to the basic case N = 2, and we discuss
this issue in section 6. Associated with a decomposition C = {1 , 2 } we define the extension
operators Ei : 2 (i ) → 2 (), (Ei v)λ = vλ , if λ ∈ i , (Ei v)λ = 0, otherwise, i = 1, 2.
The adjoint operator, which we call the restriction operator, is denoted by Ri := Ei∗ . With
these operators we may define the functional J (u1 , u2 ), J : 2 (1 ) × 2 (2 ) → R, given by
J (u1 , u2 ) := J (E1 u1 + E2 u2 ),
where the functional J is defined in (3). For the sequence ui we use the notation uλ,i in
order to denote its components. In analogy to the Schwarz multiplicative algorithm, we want
(0)
(0)
∈
to formulate and analyze the following algorithm: pick an initial E1 u(0)
1 + E2 u2 := u
1 (), for example u(0) = 0, and iterate
⎧ (n+1)
⎪
u
= arg minv1 ∈2 (1 ) J v1 , u(n)
⎪
2
⎨ 1
(n+1)
(n+1)
(11)
= arg minv2 ∈2 (2 ) J u1 , v2
u2
⎪
⎪
⎩ (n+1)
(n+1)
:= E1 u(n+1)
+
E
u
.
u
2 2
1
Let us observe that E1 u1 + E2 u2 1 () = u1 1 (1 ) + u2 1 (2 ) , hence
= arg min
arg min J v1 , u(n)
2
v1 ∈2 (1 )

v1 ∈2 (1 )

g − T E2 u(n)
− T E1 v1
2

2
H

+ τ v1 1 .

, v2 . This means that the solution of
A similar formulation holds for arg minv2 ∈2 (2 ) J u(n+1)
1
the local problems on i is of the same kind as the original problem arg minu∈2 () J (u), but the
dimension for each has been reduced. Unfortunately, the functionals J ·, u(n)
and J u(n+1)
,·
2
1
do not need to have a unique minimizer. Therefore the formulation as in (11) is not in principle
well defined. In the following we will consider a particular choice of the minimizers and in
particular we will implement the algorithm in (4) in order to solve each local problem. This
(0)
(0)
∈ 1 (), for
choice leads to the following algorithm: pick an initial E1 u(0)
1 + E2 u2 := u
(0)
example u = 0, and iterate
⎧
(n+1,0)
⎪
= u(n,L)
⎪ u1
1
⎪
⎪
⎪
⎪
⎪ u(n+1,+1)
=
Sτ u(n+1,)
+ R1 T ∗ g − T E2 u(n,M)
− T E1 u(n+1,)
 = 0, . . . , L − 1
⎪
1
2
1
⎨ 1
(n+1,0)
(n,M)
(12)
u
= u2
⎪ 2
⎪
⎪
(n+1,+1)
(n+1,)
(n+1,L)
(n+1,)
∗
⎪
u2
= Sτ u 2
+ R2 T g − T E1 u1
− T E2 u2
 = 0, . . . , M − 1
⎪
⎪
⎪
⎪
⎩ (n+1)
(n+1,L)
(n+1,M)
u
:= E1 u1
+ E2 u2
.
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Of course, for L = M = ∞ the previous algorithm realizes a particular instance of (11).
However, in practice we will never execute an infinite number of inner iterations and therefore
it is important to analyze the convergence of the algorithm when L, M ∈ N are finite.
Moreover, as we will discuss in section 5, the computational cost of the whole algorithm and
its convergence rate depends on the choice of L and M. It is not convenient to choose their
values to be too large.
At this point the question is whether algorithm (12) really converges to a minimizer of
the original functional J . This is the scope of the following sections.
3.1. Weak convergence of the sequential DD algorithm
A main tool in the analysis of non-smooth functionals and their minima is the concept
of a subdifferential. Recall that for a convex functional F on some Banach space V its
subdifferential ∂F (x) at a point x ∈ V with F (x) < ∞ is defined as the set
∂F (x) = {x ∗ ∈ V ∗ , x ∗ (z − x) + F (x)  F (z) for all z ∈ V },
where V ∗ denotes the dual space of V . It is obvious from this definition that 0 ∈ ∂F (x) if and
only if x is a minimizer of F.
Example 1. Let V = 1 () and F (x) := x1 be the 1 norm. We have
∂ · 1 (x) = {ξ ∈ ∞ () : ξλ ∈ ∂| · |(xλ ), λ ∈ }

(13)

where ∂| · |(z) = {sign(z)} if z = 0 and ∂| · |(0) = [−1, 1].
The following functional will turn out to be useful to us:
J S (u, a) := g − T u2H + τ u1 + u − a22 − T u − T a2H .

(14)

A direct calculation shows
J S (u, a) = (a + T ∗ (g − T a)) − u22 + u1 − a + T ∗ (g − T a)22 + g2H − T a2H + a22 .

In the following we assume that T  < 1. This condition can be always achieved by suitable
rescaling of T and g. Observe that
u − a22 − T u − T a2H  Cu − a22 ,

(15)

for C = (1 − T  ) > 0. Hence
2

J (u) = J S (u, u)  J S (u, a),

(16)

J S (u, a) − J S (u, u)  Cu − a22 .

(17)

and
In particular, J is strictly convex with respect to u and it has a unique minimizer with
respect to u once a is fixed. By observing that ∂ T · −g2H (u) = {2T ∗ (T u − g)} (see [27,
lemma 3.2]) and by an application of [21, proposition 5.2] combined with the example above,
we obtain the following characterizations of the subdifferentials of J and J S .
S

Lemma 3.1.
(i) The subdifferential of J at u is given by
∂ J (u) = 2T ∗ (T u − g) + τ ∂ · 1 (u)
= {ξ ∈ ∞ () : ξλ ∈ [2T ∗ (T u − g)]λ + τ ∂| · |(uλ )}.
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(ii) The subdifferential of J S with respect to the sole component u is given by
∂u J S (u, a) = −2(a + T ∗ (g − T a)) + 2u + τ ∂ · 1 (u)
= {ξ ∈ ∞ () : ξλ ∈ [−2(a + T ∗ (g − T a))]λ + 2uλ + τ ∂| · |(uλ )}.
Since u = Sτ (z) is the unique solution of the subdifferential inclusion 0 ∈ 2(u − z) +
τ ∂ · 1 (u), see for instance [27] and [15, proposition 2.1], from lemma 3.1 (ii) we obtain
immediately
arg min J S (u, a) = Sτ (a + T ∗ (g − T a)).
u∈2 ()

In light of this result we can reformulate the algorithm in (12) by

⎧⎧ (n+1,0)
⎨u1
⎪
= u(n,L)
⎪
1
⎪

⎪
⎪
⎪
⎪⎩u(n+1,+1)
 = 0, . . . , L − 1
=
arg minu1 ∈2 (1 ) J S E1 u1 + E2 u(n,M)
, E1 u(n+1,)
+ E2 u(n,M)
⎪
1
2
1
2
⎪
⎨⎧
(n+1,0)
(n,M)
⎨u2
= u2
⎪
⎪

⎪
⎪
(n+1,+1)
⎪
⎪
 = 0, . . . , M − 1
= arg minu2 ∈2 (2 ) J S E1 u(n+1,L)
+ E2 u2 , E1 u(n+1,L)
+ E2 u(n+1,)
⎪⎩u2
1
1
2
⎪
⎪
⎩ (n+1)
(n+1,M)
:= E1 u(n+1,L)
+
E
u
.
u
2 2
1

(18)
Before we actually start proving the weak convergence of the algorithm in (18) we recall the
following definition [38].
Definition 1. Let V be a topological space and A = (An )n∈N a sequence of subsets of V . The
subset A ⊆ V is called the limit of the sequence A, and we write A = limn An , if


A = a ∈ V : ∃ an ∈ An , a = lim an .
n

The following observation will be useful for us, see, e.g., [38, proposition 8.7].
Lemma 3.2. Assume that  is a convex function on RM and (xn )n∈N ⊂ RM a convergent
sequence with limit x such that (xn ), (x) < ∞. Then the subdifferentials satisfy
lim ∂(xn ) ⊆ ∂(x).

n→∞

In other words, the subdifferential ∂ of a convex function is an outer semicontinuous setvalued function.
Theorem 3.3 (weak convergence). The algorithm in (18) produces a sequence (u(n) )n∈N in
2 () whose weak accumulation points are minimizers of the functional J . In particular, the
set of weak accumulation points is non-empty and if u(∞) is a weak accumulation point then
u(∞) = Sτ (u(∞) + T ∗ (g − T u(∞) )).
Proof. Let us first observe that by (16)
(n,L)

J (u(n) ) = J S (u(n) , u(n) ) = J S E1 u1

+ E2 u(n,M)
, E1 u(n,L)
+ E2 u(n,M)
2
1
2

= J S E1 u(n,L)
.
+ E2 u(n,M)
, E1 u(n+1,0)
+ E2 u(n,M)
1
2
1
2
By the definition of u(n+1,1)
and its minimal properties in (18) we have
1
(n,L)

J S E1 u1

+ E2 u(n,M)
, E1 u(n+1,0)
+ E2 u(n,M)
2
1
2

 J S E1 u(n+1,1)
.
+ E2 u(n,M)
, E1 u(n+1,0)
+ E2 u(n,M)
1
2
1
2
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Again, an application of (16) gives
(n+1,1)

J S E1 u1

+ E2 u(n,M)
, E1 u(n+1,0)
+ E2 u(n,M)
2
1
2

 J S E1 u(n+1,1)
+ E2 u(n,M)
, E1 u(n+1,1)
+ E2 u(n,M)
.
1
2
1
2
Putting in line these inequalities we obtain
(n+1,1)

J (u(n) )  J S E1 u1

.
+ E2 u(n,M)
, E1 u(n+1,1)
+ E2 u(n,M)
2
1
2

In particular, from (17) we have
(n+1,1)

J (u(n) ) − J S E1 u1

 C u(n+1,1)
+ E2 u(n,M)
, E1 u(n+1,1)
+ E2 u(n,M)
− u(n+1,0)
2
1
2
1
1

2
.
2 (1 )

By induction we obtain
(n+1,1)

J (u(n) )  J S E1 u1

 ···
+ E2 u(n,M)
, E1 u(n+1,1)
+ E2 u(n,M)
2
1
2

 J S E1 u(n+1,L)
+ E2 u(n,M)
, E1 u(n+1,L)
+ E2 u(n,M)
1
2
1
2
= J E1 u(n+1,L)
,
+ E2 u(n,M)
1
2
and
(n+1,L)

J (u(n) ) − J E1 u1

+ E2 u(n,M)
C
2

L−1


u(n+1,+1)
− u(n+1,)
1
1

2
.
2 (1 )

=0

and its minimal properties we have
By the definition of u(n+1,1)
2
(n+1,L)
(n+1,L)
J S E1 u1
+ E2 u(n,M)
,
E
+ E2 u(n,M)
1 u1
2
2
(n+1,1)
(n+1,L)
 J S E1 u(n+1,L)
+
E
u
,
E
+ E2 u(n+1,0)
2
1 u1
1
2
2

.

By similar arguments as above we find
J (u(n) )  J S E1 u1

(n+1,L)

= J (u(n+1) ),
+ E2 u(n+1,M)
, E1 u(n+1,L)
+ E2 u(n+1,M)
2
1
2

and

L−1


J (u ) − J (u
(n)

(n+1)

)C

u(n+1,+1)
− u(n+1,)
1
1

(19)

2
2 (1 )

=0

+

M−1


u(n+1,m+1)
− u(n+1,m)
2
2

2
2 (2 )

.

(20)

m=0

From (19) we have J (u(0) )  J (u(n) )  τ u(n) 1 ()  τ u(n) 2 () . This means that
(u(n) )n∈N is uniformly bounded in 2 (), hence there exists a weakly convergent subsequence
(u(nj ) )j ∈N . Let us denote by u(∞) the weak limit of the subsequence. For simplicity, we rename
such subsequence as (u(n) )n∈N . Moreover, since the sequence (J (u(n) ))n∈N is monotonically
decreasing and bounded from below by 0, it is also convergent. From (20) and the latter
convergence we deduce
L−1
M−1
 (n+1,+1)
 (n+1,m+1)
2
2
u1
u2
− u(n+1,)
+
− u(n+1,m)
→ 0, n → ∞. (21)
1
2
2 (1 )
2 (2 )
=0

m=0

In particular, by the standard inequality (a 2 + b2 )  12 (a + b)2 for a, b > 0 and the triangle
inequality, we have also
u(n) − u(n+1) 2 () → 0,

n → ∞.

We would now like to show that
0 ∈ lim ∂ J (u(n) ) ⊂ ∂ J (u(∞) ).
n→∞

(22)
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To this end, and in light of lemma 3.1, we reason componentwise. By the definition of u(n+1,L)
1
we have


0 ∈ −2 u(n+1,L−1)
− T E1 u(n+1,L−1)
+ R1 T ∗ g − T E2 u(n,M)
1
2
1
λ
,
+ 2u(n+1,L)
+ τ ∂| · | u(n+1,L)
λ,1
λ,1

(23)

u(n+1,M)
2

for λ ∈ 1 , and by the definition of
we have


0 ∈ −2 u(n+1,M−1)
− T E2 u(n+1,M−1)
+ R2 T ∗ g − T E1 u(n+1,L)
2
1
2
λ
,
+ 2u(n+1,M)
+ τ ∂| · | u(n+1,M)
λ,2
λ,2

(24)

for λ ∈ 2 . Let us compute ∂ J (u
)λ ,


(n+1,L)
(n+1)
∗
∂ J (u
,
)λ = −2T g − T E1 u1
− T E2 u(n+1,M)
+ τ ∂| · | u(n+1,K)
λ,i
2
λ
(n+1)

(25)

where λ ∈ i and K = L, M for i = 1, 2 respectively. We would like to find a
ξλ(n+1) ∈ ∂ J (u(n+1) )λ such that ξλ(n+1) → 0 for n → ∞. By (23) we have that for λ ∈ 1


(n+1)
0 = −2 u(n+1,L−1)
+ R1 T ∗ g − T E2 u(n,M)
+ 2u(n+1,L)
+ τ ξλ,1
,
− T E1 u(n+1,L−1)
1
2
1
λ,1
λ
(n+1)
, and, by (24), for λ ∈ 2
for a ξλ,1
∈ ∂| · | u(n+1,L)
λ,1


(n+1,M−1)
(n+1)
0 = −2 u2
+ R2 T ∗ g − T E1 u(n+1,L)
) − T E2 u(n+1,M−1)
+ 2u(n+1,M)
+ τ ξλ,2
,
1
2
λ,2
λ
(n+1)
. Thus by adding zero to (25) as represented by the previous two
for a ξλ,2
∈ ∂| · | u(n+1,M)
λ,2
formulae, we can choose


ξλ(n+1) = 2 u(n+1,L)
− u(n+1,L−1)
− u(n+1,L−1)
+ R1 T ∗ T E1 u(n+1,L)
λ,1
λ,1
1
1
λ

(n,M) 
+ R1 T ∗ T E2 u(n+1,M)
−
u
,
2
1
λ

if λ ∈ 1 and



ξλ(n+1) = 2 u(n+1,M)
+ R2 T ∗ T E1 u(n+1,M)
− u(n+1,M−1)
− u(n+1,M−1)
,
λ,2
λ,2
2
1
λ

if λ ∈ 2 . For both these choices, from (21) and (22), and by continuity of T, we have
ξλ(n+1) → 0 for n → ∞. By continuity of T, the weak convergence of u(n) (which implies the
componentwise convergence), and lemma 3.2 we obtain
0 ∈ lim ∂ J (u(n) )λ ⊂ ∂ J (u(∞ )λ ,
n→∞

∀ λ ∈ .

It follows from lemma 3.1 that 0 ∈ ∂ J (u(∞ ). By the properties of the subdifferential we have
that u(∞) is a minimizer of J . Of course, the reasoning above holds for any weakly convergent
subsequence and therefore all weak accumulation points of the original sequence (u(n) )n are
minimizers of J .
Similarly, by taking now the limit for n → ∞ in (23) and (24), and by using (21) we
obtain
0 ∈ [−2(R1 u(∞) + R1 T ∗ ((g − T E2 R2 u(∞) ) − T E1 R1 u(∞) ))]λ + 2u(∞)
+ τ ∂| · | u(∞)
λ
λ
for λ ∈ 1 and
0 ∈ [−2(R2 u(∞) + R2 T ∗ ((g − T E1 R1 u(∞ ) − T E2 R2 u(∞) )]λ + 2u(∞)
+ τ ∂| · | u(∞)
λ
λ
for λ ∈ 2 . In other words, we have
0 ∈ ∂u J S (u(∞) , u(∞) ).
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An application of lemma 3.1 and [15, proposition 2.1] implies
u(∞) = Sτ (u(∞) + T ∗ (g − T u(∞) )).



Remarks
(1) Because u(∞) = Sτ (u(∞) + T ∗ (g − T u(∞) )), we could infer the minimality of u(∞) by
invoking [15, proposition 3.10]. In the previous proof, we wanted to present an alternative
argument based on differential inclusions. Conversely, any minimizer u∗ of J satisfies
the fixed-point equation u∗ = Sτ (u∗ + T ∗ (g − T u∗ )). Indeed, if u∗ is a minimizer of J ,
it is also a minimizer of J S (u, u∗ ), since J S (u, u∗ )  J (u) and J S (u∗ , u∗ ) = J (u∗ ).
Therefore, 0 ∈ ∂u J S (u∗ , u∗ ) and one concludes as above.
(2) Since (u(n) )n∈N is bounded and (21) holds, also un,
are bounded for i = 1, 2.
i
n,
3.2. Strong convergence of the sequential DD algorithm
In this section we want to show that the convergence of a subsequence (unj )j to any
accumulation point u(∞) holds not only in the weak topology, but also in the Hilbert space
2 () norm. Let us define
− u(∞)
η(n+1) := u(n+1,L)
1
1 ,
(n+1)

µ

:=

u(n+1,M)
2

−

u(∞)
2 ,

η(n+1/2) := u(n+1,L−1)
− u(∞)
1
1 ,
µ(n+1/2) := u(n+1,M−1)
− u(∞)
2
2 ,

:= Ri u(∞) . From theorem 3.3 we also have
where u(∞)
i
u(∞)
,
= Sτ u(∞)
+ Ri T ∗ g − T E1 u(∞)
− T E2 u(∞)
i
2
i
 1


i = 1, 2.

:=hi

Let us also denote h := E1 h1 + E2 h2 and ξ (n) := E1 η(n+1/2) + E2 µ(n+1/2) .
For the proof of strong convergence we need the following technical lemmas.
Lemma 3.4 (lemma 2.2 [15]). The operator Sτ is non-expansive, i.e., Sτ (u) − Sτ (v)2 
u − v2 .
Lemma 3.5. T ξ (n) 2H → 0 for n → ∞.
Proof. Since
η(n+1) − η(n+1/2) = Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) ) − Sτ (h1 ) − η(n+1/2) ,
µ(n+1) − µ(n+1/2) = Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) ) − Sτ (h2 ) − µ(n+1/2) ,
− u(n+1,L−1)
and η(n+1) − η(n+1/2) 2 (1 ) = u(n+1,L)
1
1
u(n+1,M)
− u(n+1,M−1)
2
2
∗

2 (2 )

2 (1 )

→ 0, µ(n+1) − µ(n+1/2) 2 (1 ) =

→ 0 by (21), we have

Sτ (h1 + (I − R1 T T E1 )η
− R1 T ∗ T E2 µ(n) ) − Sτ (h1 ) − η(n+1/2) 2 (1 )
 |Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) )
(n+1/2)

− Sτ (h1 )2 (1 ) − η(n+1/2) 2 (1 ) | → 0,

(26)

and
Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) ) − Sτ (h2 ) − µ(n+1/2) 2 (2 )
 |Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) )
− Sτ (h2 )2 (2 ) − µ(n+1/2) 2 (2 ) | → 0.

(27)
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By non-expansivity of Sτ we have the estimates
Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) ) − Sτ (h2 )2 (2 )
 (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) 2 (2 )
 (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1/2) 2 (2 )
+ R2 T ∗ T E1 (η(n+1/2) − η(n+1) 2 (2 ) .



:=ε(n)

Similarly, we have
Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) ) − Sτ (h1 )2 (1 )
 (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) 2 (1 )
 (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n+1/2) 2 (1 )
+ R1 T ∗ T E2 (µ(n+1/2) − µ(n) )2 (1 ) .



δ (n)

Combining the previous inequalities, we obtain the estimates
Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) − Sτ (h1 )22 (1 )
+ Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) − Sτ (h2 )22 (2 )
 (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) 22 (1 )
+ (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) 22 (2 )
= (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n+1/2) 2 (1 )
+ R1 T ∗ T E2 (µ(n+1/2) − µ(n) )2 (1 )

2

+ (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1/2) 2 (2 )
+ R2 T ∗ T E1 (η(n+1/2) − η(n+1) 2 (2 )

2

 (I − T ∗ T )ξ (n) 22 () + ((ε(n) )2 + (δ (n) )2 + C  (ε(n) + δ (n) ))
 ξ (n) 22 () + ((ε(n) )2 + (δ (n) )2 + C  (ε(n) + δ (n) )).
The constant C  > 0 is due to the boundedness of u(n,)
. Certainly, by (21), for every ε > 0
i
there exists n0 such that for n > n0 we have (ε(n) )2 + (δ (n) )2 + C  (ε(n) + δ (n) )  ε. Therefore,
if
Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) − Sτ (h1 )22 (1 )
+ Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1)
− Sτ (h2 )22 (2 )  ξ (n) 22 () ,
then
0  (I − R1 T ∗ T E1 )µ(n+1/2) − R1 T ∗ T E2 µ(n) 22 (1 ) + (I − R2 T ∗ T E2 )µ(n+1/2)
− R2 T ∗ T E1 η(n+1) 22 () − ξ (n) 22 ()  (ε(n) )2 + (δ (n) )2 + C  (ε(n) + δ (n) )  ε.
If, instead, we have
Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) ) − Sτ (h1 )22 (1 )
+ Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) )
− Sτ (h2 )22 (2 ) < ξ (n) 22 () ,
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then by (26) and (27)
ξ (n) 22 () − (I − R1 T ∗ T E1 )µ(n+1/2) − R1 T ∗ T E2 µ(n) )22 (1 ) + (I − R2 T ∗ T E2 )µ(n+1/2)
− R2 T ∗ T E1 η(n+1) )22 (2 )  ξ (n) 22 () − Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2)
− R1 T ∗ T E2 µ(n) ) − Sτ (h1 )22 (1 ) − Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2)

− R2 T ∗ T E1 η(n+1) ) − Sτ (h2 )2
= ξ (n) 2
∗

− Sτ (h1 + (I − R1 T T E1 )η

2 (2 )
(n+1/2)

2 ()

∗

− R1 T T E2 µ(n) ) − Sτ (h1 )22 (1 )


− Sτ (h2 + (I − R2 T T E2 )µ
− R2 T ∗ T E1 η(n+1) ) − Sτ (h2 )22 (2 ) 

 η(n+1/2) 22 (1 ) − Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2)
 
− R1 T ∗ T E2 µ(n) ) − Sτ (h1 )22 (1 )  + µ(n+1/2) 22 (2 )

ε
− Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) ) − Sτ (h2 )2
∗

(n+1/2)

2 (2 )

for large enough n. This implies

lim ξ (n) 22 () − (I − R1 T ∗ T E1 )µ(n+1/2) − R1 T ∗ T E2 µ(n) 22 (1 )
n→∞

+ (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) 22 (2 ) = 0.
Recall now that
(I − R1 T ∗ T E1 )µ(n+1/2) − R1 T ∗ T E2 µ(n) 22 (1 )
+ (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) 22 (2 )
 ((I − R1 T ∗ T E1 )µ(n+1/2) − R1 T ∗ T E2 µ(n+1/2) 2 (1 ) + δ (n) )2
+ ((I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1/2) 2 (2 ) + ε(n) )2
 (I − T ∗ T )ξ (n) 22 () + ((ε(n) )2 + (δ (n) )2 + 2C  (ε(n) + δ (n) )),
for a suitable constant C  > 0 as above. Therefore we have
ξ (n) 22 () − (I − R1 T ∗ T E1 )µ(n+1/2) − R1 T ∗ T E2 µ(n) )22 (1 )
+ (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) )22 (2 )
 ξ (n) 22 () − (I − T ∗ T )ξ (n) 22 () − ((ε(n) )2 + (δ (n) )2 + 2C  (ε(n) + δ (n) ))
= 2T ξ (n) 2H − T ∗ T ξ (n) 22 () − ((ε(n) )2 + (δ (n) )2 + 2C  (ε(n) + δ (n) ))
 T ξ (n) 2H − ((ε(n) )2 + (δ (n) )2 + 2C  (ε(n) + δ (n) )).
This implies T ξ (n) 2H → 0 for n → ∞.
Lemma 3.6. For h = E1 h1 + E2 h2 , Sτ (h + ξ

(n)

) − Sτ (h) − ξ

(n)


2 () → 0, for n → ∞.

Proof. We have
Sτ (h + ξ (n) − T ∗ T ξ (n) ) = E1 (Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n+1/2) ))
+ E2 (Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1/2) )).
Therefore, we can write
Sτ (h + ξ (n) − T ∗ T ξ (n) ) = E1 [Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) )
+ Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n+1/2) )
− Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) )]
+ E2 [Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) )
+ Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1/2) )
− Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) )].
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By using the non-expansivity of Sτ , the boundedness of the operators Ei , Ri , T ∗ T , and the
triangle inequality we obtain
Sτ (h + ξ (n) ) − Sτ (h) − ξ (n) 2 ()  Sτ (h + ξ (n) − T ∗ T ξ (n) ) − Sτ (h) − ξ (n) 2 ()
+ Sτ (h + ξ (n) ) − Sτ (h + ξ (n) − T ∗ T ξ (n) )2 ()
⎛
⎜
 ⎝Sτ (h1 + (I − R1 T ∗ T E1 )η(n+1/2) − R1 T ∗ T E2 µ(n) ) − Sτ (h1 ) − η(n+1/2) 2 (1 )



:=A(n)

+ Sτ (h2 + (I − R2 T ∗ T E2 )µ(n+1/2) − R2 T ∗ T E1 η(n+1) ) − Sτ (h2 ) − µ(n+1/2) 2 (2 )



:=B (n)

⎞

⎟
+ µ(n+1/2) − µ(n) 2 (2 ) + η(n+1) − η(n+1/2) 2 (1 ) + T ∗ T ξ (n) 2 () ⎠ .


 


:=C (n)

:=D (n)

The quantities A , B vanish for n → ∞ because of (26) and (27). The quantity C (n)
vanishes for n → ∞ because of (21), and D (n) vanishes for n → ∞ thanks to lemma 3.5. 
(n)

(n)

Lemma 3.7 (lemma 3.18 [15]).
If for some a ∈ 2 () and some sequence
(ξ (n) )n∈N , w-limn→∞ ξ (n) = 0 (i.e., ξ (n) vanishes weakly) and limn→∞ Sτ (a + ξ (n) ) − Sτ (a) −
ξ (n) 2 () = 0, then limn→∞ ξ (n) 2 () = 0.
By combining the previous technical achievements, we can now state the strong convergence.
Theorem 3.8 (strong convergence). The algorithm in (18) produces a sequence (u(n) )n∈N in
2 () whose strong accumulation points are minimizers of the functional J . In particular,
the set of strong accumulation points is non-empty.
Proof. Let u(∞) be a weak accumulation point and let (u(nj ) )j ∈N be a subsequence weakly
convergent to u(∞) . Let us denote the latter sequence (u(n) )n∈N again. With the notation used
in this section, by theorem 3.3 and (21) we have that ξ (n) = E1 η(n+1/2) + E2 µ(n+1/2) weakly
converges to zero. By lemma 3.6 we have limn→∞ Sτ (h + ξ (n) ) − Sτ (h) − ξ (n) 2 () = 0.
From lemma 3.7 we conclude that ξ (n) = E1 η(n+1/2) + E2 µ(n+1/2) converges to zero strongly.

Again by (21) we have that (u(n) )n∈N converges to u(∞) strongly.
4. A parallel domain decomposition method
The most natural modification to (12) in order to obtain a parallelizable algorithm is to
with R1 u(n) in the second inner iterations. This makes the inner
substitute the term u(n+1,L)
1
iterations on 1 and 2 mutually independent, hence executable by two processors at the same
time. We obtain the following algorithm: pick an initial u(0) ∈ 1 (), for example u(0) = 0,
and iterate
⎧ (n+1,0)
⎪
u1
= R1 u(n)
⎪
⎪
⎪
(n+1,+1)
⎪
 = 0, . . . , L − 1
u
= Sτ u(n+1,)
+ R1 T ∗ (g − T E2 R2 u(n) ) − T E1 u(n+1,)
⎪
1
1
⎨ 1
(n+1,0)
(n)
(28)
u2
= R2 u
⎪
⎪
(n+1,+1)
(n+1,)
(n+1,)
∗
(n)
⎪
⎪ u2
= Sτ u2
+ R2 T (g − T E1 R1 u ) − T E2 u2
 = 0, . . . , M − 1
⎪
⎪
⎩ (n+1)
(n+1,M)
:= E1 u(n+1,L)
+
E
u
.
u
2
1
2
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Figure 2. On the left we show u(2n) , in the center u(2n+1) and on the right u(∞) . The two
consecutive iterations contain different features which will appear in the solution.

The behavior of this algorithm is somehow bizarre. Indeed, the algorithm usually alternates
between the two subsequences given by u(2n) and its consecutive iteration u(2n+1) . These
two sequences are complementary in the sense that they encode independent patterns of the
solution. In particular, for u(∞) = u + u , u(2n) ≈ u and u(2n+1) ≈ u for n which is not too
large. During the iterations and for large n the two subsequences slowly approach each other,
merging the complementary features and shaping the final limit which usually coincides with
the wanted minimal solution, see figure 2. Unfortunately, this ‘oscillatory behavior’ makes
it impossible to prove monotonicity of the sequence (J (u(n) ))n∈N and we have no proof of
convergence. However, since the subsequences early indicate different features of the final
+ E2 u(n+1,M)
with
limit, we may modify the algorithm by substituting u(n+1) := E1 u(n+1,L)
1
2
(E u(n+1,L) +E u(n+1,M) )+u(n)

2 2
that is the average of the current iteration and the previous
u(n+1) := 1 1
2
one. This enforces an early merging of complementary features and leads to the following
algorithm: pick an initial u(0) ∈ 1 (), for example u(0) = 0, and iterate
⎧ (n+1,0)
⎪
u
= R1 u(n)
⎪
⎪ 1
⎪
⎪
(n+1,+1)
⎪
 = 0, . . . , L − 1
= Sτ u(n+1,)
+ R1 T ∗ (g − T E2 R2 u(n) ) − T E1 u(n+1,)
⎪
1
1
⎨u1
(n+1,0)
u2
= R2 u(n)
⎪
⎪
⎪
⎪
 = 0, . . . , M − 1
u(n+1,+1)
= Sτ u(n+1,)
+ R2 T ∗ (g − T E1 R1 u(n) ) − T E2 u(n+1,)
⎪
2
2
2
⎪
(n+1,L)
(n+1,M)
⎪
⎩ (n+1)
(E1 u1
+E2 u2
)+u(n)
u
:=
.
2
(29)

In the following we provide the convergence proof for the iterations in (29).
4.1. Weak convergence of the parallel DD algorithm
Theorem 4.1 (weak convergence). The algorithm in (29) produces a sequence (u(n) )n∈N in
2 () whose weak accumulation points are minimizers of the functional J . In particular, the
set of weak accumulation points is non-empty and if u(∞) is a weak accumulation point then
u(∞) = Sτ (u(∞) + T ∗ (g − T u(∞) )).
Proof. By following the arguments in the proof of theorem 3.3 we find
(n+1,L)

J (u(n) ) − J E1 u1

+ E2 R2 u(n)  C

L−1


u(n+1,+1)
− u(n+1,)
1
1

2
2 (1 )

=0

and
(n+1,M)

J (u(n) ) − J E1 R1 u(n) + E2 u2

C

M−1

=0

u(n+1,+1)
− u(n+1,)
2
2

2
.
2 (2 )
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By adding and halving the previous inequalities we obtain
1
(n+1,L)
J (u(n) ) − J E1 u1
+ E2 R2 u(n) + J E1 R1 u(n) + E2 u(n+1,M)
2
2
L−1
M−1
 (n+1,+1)
C  (n+1,+1)
2
u
u2

− u(n+1,)
+
− u(n+1,)
1
2
2 (1 )
2 =0 1
=0
By convexity we have



T u(n+1) − g2H = T

E1 u(n+1,L)
+ u(n)
+ E2 u(n+1,M)
1
2
2

2
2 (2 )

.

2

−g
H

1
1
 T (E1 u(n+1,L) + E2 R2 u(n) ) − g2H + T (E1 R1 u(n) + E2 u(n+1,M) ) − g2H .
2
2
Moreover, by the triangle inequality we have
u(n+1) 1 () 

1
2

E1 u(n+1,L)
+ E2 u(n+1,M)
1
2

=

1
2

E1 u(n+1,L)
+ E2 R2 u(n)
1

1 ()
1 ()

+ u(n) 1 ()

+ E1 R1 u(n) + E2 u(n+1,M)
2

1 ()

.

By the last two inequalities we immediately show
J (u(n+1) ) 

hence
J (u(n) ) − J (u(n+1) ) 

+

M−1


C
2

1
2

(n+1,L)

J E1 u1

L−1


,
+ E2 R2 u(n) + J E1 R1 u(n) + E2 u(n+1,M)
2

u(n+1,+1)
− u(n+1,)
1
1

2
2 (1 )

=0

u(n+1,+1)
− u(n+1,)
2
2

2
2 (2 )

.

(30)

=0

We have J (u(0) )  J (u(n) )  τ u(n) 1 ()  τ u(n) 2 () . This means that (u(n) )n∈N is
uniformly bounded in 2 (), hence there exists a weakly convergent subsequence (u(nj ) )j ∈N .
Let us denote by u(∞) the weak limit of the subsequence. For simplicity, we rename such
subsequence as (u(n) )n∈N . Moreover, since the sequence (J (u(n) ))n∈N is monotonically
decreasing and bounded from below by 0, it is also convergent. From (30) and the latter
convergence we deduce
L−1
M−1
 (n+1,+1)
 (n+1,m+1)
2
2
u1
u2
− u(n+1,)
+
− u(n+1,m)
→ 0, n → ∞. (31)
1
2
2 (1 )
2 (2 )
=0

m=0

In particular, by the standard inequality (a 2 + b2 )  12 (a + b)2 for a, b > 0 and the triangle
inequality, we have also
L−1
2
L−1

 (n+1,+1)
(n+1,+1)
(n+1,) 2
(n+1,)

u1
u
− u1

C
−
u
1
1
2 (1 )
2 (1 )
=0

=0

 C  E1 u(n+1,L) − E1 R1 u(n) 22 ()
= C  E1 u(n+1,L) + E1 R1 u(n) − 2E1 R1 u(n) 22 () .
Analogously we have
M−1

=0

u(n+1,+1)
− u(n+1,)
2
2

2
2 (2 )

 C  E2 u(n+1,M) + E2 R2 u(n) − 2E2 R2 u(n) 22 () .

253

254

[6] Decomposition Methods for Linear Inverse Problems with Sparsity Constraints
Decomposition methods for inverse problems

2521

By denoting C  = 12 C  we obtain
L−1
M−1
 (n+1,+1)
C  (n+1,+1)
2
u1
u2
− u(n+1,)
+
− u(n+1,)
1
2
2 (1 )
2 =0
=0

2
2 (2 )

CC 
E1 u(n+1,L) + E2 u(n+1,M) + u(n) − 2u(n) 22 ()
4
= CC  u(n+1) − u(n) 22 () .


Therefore, we finally have
u(n) − u(n+1) 2 () → 0,

n → ∞.

(32)

u(n+1,L)
1

By definition of
we have


(n+1,L−1)
+ R1 T ∗ (g − T E2 R2 u(n) ) − T E1 u(n+1,L−1)
+ 2u(n+1,L)
0 ∈ −2 u1
1
λ,1
λ
,
+ τ ∂| · | u(n+1,L)
λ,1

(33)

u(n+1,M)
2

and by definition of
we have


(n+1,M−1)
∗
+ R2 T (g − T E1 R1 u(n) ) − T E2 u(n+1,M−1)
+ 2u(n+1,M)
0 ∈ −2 u2
2
λ,2
λ
.
+ τ ∂| · | u(n+1,M)
λ,2

(34)

Similarly to the argument used in the proof of theorem 3.3, by taking now the limit for n → ∞
in (33) and (34), and by using (31) we obtain
,
+ τ ∂| · | u(∞)
0 ∈ [−2(R1 u(∞) + R1 T ∗ ((g − T E2 R2 u(∞) ) − T E1 R1 u(∞) ))]λ + 2u(∞)
λ
λ
for λ ∈ 1 and
+ τ ∂| · | u(∞)
0 ∈ [−2(R2 u(∞) + R2 T ∗ ((g − T E1 R1 u(∞ ) − T E2 R2 u(∞) )]λ + 2u(∞)
λ
λ
for λ ∈ 2 . In other words, we have
0 ∈ ∂u J S (u(∞) , u(∞) ).
An application of lemma 3.1 and [15, proposition 2.1] implies that
u(∞) = Sτ (u(∞) + T ∗ (g − T u(∞) )).
We conclude the minimality of u(∞) by an application of [15, proposition 3.10].



4.2. Strong convergence of the parallel DD algorithm
By using the same notations as in subsection 3.2, we can prove the convergence of the parallel
domain decomposition algorithm (29).
Theorem 4.2 (strong convergence). The algorithm in (29) produces a sequence (u(n) )n∈N in
2 () whose strong accumulation points are minimizers of the functional J . In particular,
the set of strong accumulation points is non-empty.
Proof. Let u(∞) be a weak accumulation point and let (u(nj ) )j ∈N be a subsequence weakly
convergent to u(∞) . Let us denote the latter sequence (u(n) )n∈N again. By theorem 4.1 and
(31) we have that ξ (n) = E1 η(n+1/2) + E2 µ(n+1/2) weakly converges to zero. By substituting
the use of (21) with that of (31) whenever relevant and by substituting η(n+1) with η(n) in
the proofs, one easily verifies that both lemmas 3.5 and 3.6 hold again. In particular, we
have limn→∞ Sτ (h + ξ (n) ) − Sτ (h) − ξ (n) 2 () = 0. From lemma 3.7 we conclude that
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ξ (n) = E1 η(n+1/2) + E2 µ(n+1/2) converges to zero strongly. Again by (31) we have that

(u(n) )n∈N converges to u(∞) strongly.
Remark. If J has a unique minimizer then necessarily the whole sequences (u(n) )n∈N
produced both by (12) and (29) converge in norm to it (and not only a subsequence).
Unfortunately, we could not prove the uniqueness of the accumulation point without this
assumption, although numerical experiments support the conjecture that:
(1) the accumulation point is indeed unique;
(2) it coincides with the limit of the thresholded Landweber iterations.
A similar analysis can be provided for the minimization of Jε (u) = g − T u2H + τ u1 +
εu22 via domain decompositions. In this case we have to consider in front of all the
1
, giving, e.g., for the sequential
thresholding operations an additional scalar factor 1+ε
algorithm, the following iterations:
⎧⎧ (n+1,0)
⎨u1
= u(n,L)
⎪
1
⎪
⎪
⎪
⎪
(n+1,+1)
1
⎪
⎩
⎪
u
= 1+ε
Sτ u(n+1,)
+ R1 T ∗
⎪
1
⎨⎧ 1
(n+1,0)
(n,M)
⎨u2
= u2
⎪
⎪
⎪
(n+1,+1)
⎪
1
⎩
⎪
u2
= 1+ε
Sτ u(n+1,)
+ R2 T ∗
⎪
2
⎪
⎪
⎩ (n+1)
(n+1,L)
(n+1,M)
:= E1 u1
+ E2 u2
.
u



g − T E2 u(n,M)
− T E1 u(n+1,)
2
1
g−

T E1 u1(n+1,L)



−

T E2 u(n+1,)
2



 = 0, . . . , L − 1

(35)
 = 0, . . . , M − 1

In this case, the functional Jε is strictly convex, hence it has always a unique minimizer.
Therefore, the whole sequence (u(n) )n∈N produced, e.g., by (35) will converge to its minimizer.
5. On the computational cost
Let us assume that # = N < ∞ and that #1 = N/2. For simplicity we assume that the
matrix representing the operator T is full, so that the matrix–vector multiplication by the matrix
T ∗ T costs O(N 2 ) algebraic operations. The computational cost of the original algorithm (4)
is therefore O(N 2 × nmax ), where nmax is the number of iterations to achieve the desired
accuracy. Here we have neglected the cost of Sτ which in practice can be executed very
rapidly (compared to the matrix–vector multiplication). Let us now estimate the cost due to
(12). For each outer iteration (indicated by the label n) we execute L + M inner iterations
2
(indicated by the label ). For each inner iteration we have to execute O N2 operations
(due to the matrix–vector multiplications with halved dimension). Therefore the total cost is
2
given by O((L + M) × N4 × mmax ), where mmax is the number of outer iterations to achieve
the desired accuracy. In practice, we can verify experimentally (on random matrices T)
(L+M)×mmax
n
∼ max
in order to
that one can choose the parameters L, M, mmax so that
4
2
achieve the same accuracy, see figure 3. (Here we used |J (u(n+1) ) − J (u(n) )| as an indicator
of accuracy for the computed minimum.) This means that by decomposing the problem as in
(12) we can halve the computational cost. Note also that this operation does not imply any
significant increase in the complexity of the implementation. In particular, no parallelization
is yet required. Indeed, algorithm (12) is fully sequential, i.e., it is implementable by a single
processor.
We illustrate the characteristic dynamics of the thresholded Landweber iteration in
figure 4 (on the top-left) by plotting the trajectory of the iterations (u(n) 1 , T u(n) − gH ).
Indeed, while the algorithm initially converges relatively fast, then it overshoots the limit
value of u(n) 1 and takes a long time to re-correct back. We have to imagine that, starting
from u(0) = 0, the algorithm generates a path {u(n) }n∈N which is initially fully contained
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Figure 3. We assume K = R40 and H = R10 , T is a 40 × 10 random matrix with i.i.d. Gaussian
entries, renormalized so that T  < 1, and g ∈ R10 is a random vector. We fix the regularization
parameter τ = 0.1. The figure shows the normalized frequency for multiple random trials
versus the percentage ratio between the number of operations required by the sequential domain
decomposition method (12) in order to achieve an accuracy of 10−15 and that required by the
thresholded Landweber iteration (4). Here we have fixed L = M = 8. This experiment confirms
that in most of the cases (i.e., with high probability) the computational cost due to (12) is half that
of (4).
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Figure 4. Dynamics of the iterations (u(n) 1 , T u(n) − gH ) of the thresholded Landweber
iterations (on the left) and of the sequential domain decomposition algorithm (on the right). On
the bottom row we compare the final iterations (‘the tail’).

in the 1 -ball BR := {u ∈ 2 () : u1  R}, with R := u(∞) (τ )1 . Then it gets out
of the ball to come back to it only at the limit, typically on a vertex or on an edge of the
ball (which corresponds to regions where several components are indeed zero). It is this
‘tail’ which requires most of the computational cost. A similar dynamic is realized by the
sequential domain decomposition method, but it is visible that the subspace corrections due
to the inner iterations indeed accelerate the convergence. Such an acceleration becomes very
relevant on the ‘tail’, where the thresholded Landweber iteration is very slow, so that much
fewer steps are needed to get to convergence. This acceleration compensates the effort due to
few lower dimensional subspace corrections. This will no longer be true for L and M when
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they are too large and the trade-off between the acceleration and computational cost has to
be considered. Indeed, this is a rather common issue in domain decomposition methods. A
theoretical a priori estimate of this trade-off is far from being achieved and a very interesting
open problem, intimately related to the choice of the splitting  = 1 ∪ 2 .
In applications the splitting of the label set  = 1 ∪ 2 can be naturally provided by
the problem itself. In large dimensional problems one is forced by speed, memory resources
and geometrical limitations to decompose the domain into small subsets and on each of them
a basis or a frame is defined, see, e.g., [13, 14, 41]. In this case, there is a natural geometrical
splitting. In other applications, the solution can be composed of different features, each better
approximated by different frames. For example, natural images contain discontinuities, color
homogeneities and texture elements. The reconstruction of an image can be performed by
discretizing the problem by means of a frame which is a union of curvelets, local Fourier
basis, and by performing alternating 1 -minimizations combined with TV-minimization, see,
e.g., [22]. In this case, a morphological component analysis is the guidance to the splitting
choice. More generally, in order to ensure the fastest convergence of the domain decomposition
algorithm, one should decompose the label set in such a way that the suboperators Ri T ∗ T Ei
are well-conditioned. For certain matrices, random column selections allow us to extract
submatrices which are ensured to have prescribed condition numbers with high probability
[44].
An extensive study of the choice of the splitting in order to ensure optimal performances
of the domain decomposition algorithm is the subject of a subsequent work.

6. Variations on a theme
In this section, we make explicit the generalization of the subspace correction algorithms
to multiple decompositions. We now split the index set  into multiple disjoint sets
1 , 2 , . . . , N so that  = N
i=1 i .
Associated with a decomposition C = {1 , 2 , . . . , N } we define the extension
operators Ei : 2 (i ) → 2 (), (Ei v)λ = vλ , if λ ∈ i , (Ei v)λ = 0, otherwise,
i = 1, 2, . . . , N . Again we denote by Ri the adjoint of Ei . For a sequence of natural
numbers L1 , . . . , LN we define the sequential iterations
⎧⎧ (n+1,0)
1)
⎪
= u(n,L
⎪
⎨u1
1
⎪
⎪

(n+1,+1)
(n,Li )
⎪
⎪
− T E1 u(n+1,)
u1
= Sτ u(n+1,)
+ R1 T ∗ g − N
⎪
i=2 T Ei ui
1
1
⎪
⎪
⎪⎩
⎪
 = 0, . . . , L1 − 1
⎪
⎪
⎪
⎨. . .
⎧
(n+1,0)
N)
⎪
= u(n,L
⎨uN
⎪⎪
N
⎪
 −1
⎪
(n+1,+1)
(n+1,Li )
⎪
⎪
− T EN u(n+1,)
uN
= Sτ u(n+1,)
+ RN T ∗ g − N
⎪
N
N
i=1 T Ei ui
⎪
⎪
⎩
⎪
⎪
 = 0, . . . , LN − 1
⎪
⎪
⎩ (n+1)

(n+1,Li )
u
:= N
.
i=1 Ei ui

(36)

The analysis of this algorithm follows from a straightforward generalization of the case
N = 2 and the proofs are essentially identical. For the parallel version again we have to take
into account a suitable average of two consecutive iterations together with the number N of
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patches. We obtain the following parallel algorithm:
⎧⎧ (n+1,0)
1)
= u(n,L
⎪
1
⎨u1
⎪⎪
⎪

⎪
⎪
(n)
⎪
− T E1 u(n+1,)
u(n+1,+1)
= Sτ u(n+1,)
+ R1 T ∗ g − N
⎪
i=2 T Ei Ri u
1
1
1
⎪⎪
⎩
⎪
⎪
 = 0, . . . , L1 − 1
⎪
⎪
⎪
⎨. . .
⎧ (n+1,0)
N)
= u(n,L
⎪
⎪
N
⎨uN
⎪
⎪
 −1
⎪
⎪
(n)
⎪ u(n+1,+1)
− T EN u(n+1,)
= Sτ u(n+1,)
+ RN T ∗ g − N
⎪
N
N
N
i=1 T Ei Ri u
⎪
⎪
⎩
⎪
⎪
−
1

=
0,
.
.
.
,
L
⎪
N
⎪
⎪
N
(n+1,Li )
⎩ (n+1)
Eu
+(N −1)u(n)
u
:= i=1 i i N
.

2525

(37)

With this modification the proof of convergence again follows from the approach considered
for the case N = 2.
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SUBSPACE CORRECTION METHODS FOR TOTAL VARIATION AND
ℓ1 −MINIMIZATION
MASSIMO FORNASIER∗ AND CAROLA-BIBIANE SCHÖNLIEB†
Abstract. This paper is concerned with the numerical minimization of energy functionals in Hilbert spaces
involving convex constraints coinciding with a semi-norm for a subspace. The optimization is realized by alternating
minimizations of the functional on a sequence of orthogonal subspaces. On each subspace an iterative proximity-map
algorithm is implemented via oblique thresholding, which is the main new tool introduced in this work. We provide
convergence conditions for the algorithm in order to compute minimizers of the target energy. Analogous results
are derived for a parallel variant of the algorithm. Applications are presented in domain decomposition methods for
singular elliptic PDE’s arising in total variation minimization and in accelerated sparse recovery algorithms based
on ℓ1 -minimization. We include numerical examples which show efficient solutions to classical problems in signal
and image processing.
Key words. Domain decomposition method, subspace corrections, convex optimization, parallel computation,
discontinuous solutions, total variation minimization, singular elliptic PDE’s, ℓ1 -minimization, image and signal
processing
AMS subject classifications. 65K10, 65N55 65N21, 65Y05 90C25, 52A41, 49M30, 49M27, 68U10

1. Introduction. Let H be a real separable Hilbert space. We are interested in the numerical
minimization in H of the general form of functionals
J (u) := kT u − gk2H + 2αψ(u),
where T ∈ L(H) is a bounded linear operator, g ∈ H is a datum, and α > 0 is a fixed constant.
The function ψ : H → R+ ∪ {+∞} is a semi-norm for a suitable subspace Hψ of H. In particular,
we investigate splittings into arbitrary orthogonal subspaces H = V1 ⊕ V2 for which we may have
ψ(πV1 (u) + πV2 (v)) 6= ψ(πV1 (u)) + ψ(πV2 (v)),

u, v ∈ H,

where πVi is the orthogonal projection onto Vi . With this splitting we want to minimize J by
(0)
(0)
suitable instances of the following alternating algorithm: Pick an initial V1 ⊕ V2 ∋ u1 + u2 :=
(0)
Ψ
(0)
u ∈ H , for example u = 0, and iterate

(n)
(n+1)

≈ argminv1 ∈V1 J (v1 + u2 )
 u1
(n+1)
(n+1)
+ v2 )
u2
≈ argminv2 ∈V2 J (u1

 (n+1)
(n+1)
(n+1)
u
:= u1
+ u2
.

This algorithm is implemented by solving the subspace minimizations via an oblique thresholding
iteration. We provide a detailed analysis of the convergence properties of this sequential algorithm
and of its modification for parallel computation. We motivate this rather general approach by two
relevant applications in domain decomposition methods for total variation minimization and in
accelerated sparse recovery algorithms based on ℓ1 -minimization. Nevertheless, the applicability
of our results reaches far beyond these particular examples.
1.1. Domain decomposition methods for singular elliptic PDE’s. Domain decomposition methods were introduced as techniques for solving partial differential equations based on
a decomposition of the spatial domain of the problem into several subdomains [33, 7, 47, 15, 36,
48, 32, 6, 34]. The initial equation restricted to the subdomains defines a sequence of new local
problems. The main goal is to solve the initial equation via the solution of the local problems.
This procedure induces a dimension reduction which is the major responsible of the success of
∗ Johann Radon Institute for Computational and Applied Mathematics (RICAM), Austrian Academy of Sciences,
Altenbergerstrasse 69, A-4040, Linz, Austria Email: massimo.fornasier@oeaw.ac.at
† Department of Applied Mathematics and Theoretical Physics (DAMTP), Centre for Mathematical Sciences,
Wilberforce Road, Cambridge CB3 0WA, United Kingdom.Email: c.b.s.schonlieb@damtp.cam.ac.uk
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such a method. Indeed, one of the principal motivations is the formulation of solvers which can
be easily parallelized.
We apply the theory and the algorithms developed in this paper to adapt domain decompositions
to the minimization of functionals with total variation constraints. Differently from situations classically encountered in domain decomposition methods for nonsingular PDE’s, where solutions are
usually supposed at least continuous, in our case the interesting solutions may be discontinuous,
e.g., along curves in 2D. These discontinuities may cross the interfaces of the domain decomposition
patches. Hence, the crucial difficulty is the correct treatment of interfaces, with the preservation
of crossing discontinuities and the correct matching where the solution is continuous instead. We
consider the minimization of the functional J in the following setting: Let Ω ⊂ Rd , for d = 1, 2,
be a bounded open set with Lipschitz boundary. We are interested in the case when H = L2 (Ω),
Hψ = BV (Ω) and ψ(u) = |Du|(Ω), the variation of u. Then a domain decomposition Ω = Ω1 ∪ Ω2
induces the space splitting into Vi := {u ∈ L2 (Ω) : supp(u) ⊂ Ωi }, i = 1, 2. Hence, by means of
the proposed alternating algorithm, we want to minimize the functional
J (u) := kT u − gk2L2 (Ω) + 2α|Du|(Ω).
The minimization of energies with total variation constraints traces back to the first uses of such
a functional model in noise removal in digital images as proposed by Rudin, Osher, and Fatemi
[39]. There the operator T is just the identity. Extensions to more general operators T and
numerical methods for the minimization of the functional appeared later in several important
contributions [14, 22, 3, 45, 13]. From these pioneering and very successful results, the scientific
output related to total variation minimization and its applications in signal and image processing
increased dramatically in the last decade. It is not worth here to mention all the possible directions
and contributions. We limit ourself to mention that, to our knowledge, this paper is the first in
presenting a successful domain decomposition approach to total variation minimization. The
motivation is that several approaches are directed to the solution of the Euler-Lagrange equations
associated to the functional J , which determine a singular elliptic PDE involving the 1-Laplace
operator. Due to the fact that |Du|(Ω) is not differentiable, one has to discretize its subdifferential,
and its characterization is indeed hard to implement numerically in a correct way. The lack of
a simple characterization of the subdifferential of the total variation especially raises significant
difficulties in dealing with discontinuous interfaces between patches of a domain decomposition.
Our approach overcomes these difficulties by minimizing the functional via an iterative proximitymap algorithm, as proposed, e.g., in [13], instead of attempting the direct solution of the EulerLagrange equations. It is also worth to mention that, due to the generality of our setting, our
approach can be extended to more general subspace decompositions, not only those arising from
a domain splitting. This can open room to more sophisticated multiscale algorithms where Vi are
multilevel spaces, e.g., from a wavelet decomposition.
1.2. Accelerated sparse recovery algorithms based on ℓ1 -minimization. In this application, we are concerned with the use of the alternatingPalgorithm to the case where Λ is a
countable index set, H = ℓ2 (Λ), and ψ(u) = kukℓ1 (Λ) := λ∈Λ |uλ |. The minimization of the
functional
J (u) := kT u − gk2ℓ2 (Λ) + 2αkukℓ1 ,
proved to be an extremely efficient alternative to the well-known Tikhonov regularization [27],
whenever
T u = g,
is an ill-posed problem and the solution u is expected to be a vector with a moderate number of
nonzero entries. Indeed, the imposition of the ℓ1 -constraint does promote a sparse solution. The
use of the ℓ1 norm as a sparsity-promoting functional can be found first in reflection seismology
and in deconvolution of seismic traces [17, 40, 42]. In the last decade more understanding of the
deep motivations why ℓ1 -minimization tends to promote sparse recovery was developed. Rigorous
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results began to appear in the late-1980s, with Donoho and Stark [25] and Donoho and Logan
[24]. Applications for ℓ1 minimization in statistical estimation began in the mid-1990s with the
introduction of the LASSO algorithm [43] (iterative thresholding). In the signal processing community, Basis Pursuit [16] was proposed in compression applications for extracting a sparse signal
representation from highly overcomplete dictionaries. From these early steps the applications and
understanding of ℓ1 minimization have continued to increase dramatically. It is now hard to trace
all the relevant results and applications and it is beyond the scope of this paper. We shall address
the interested reader to the review papers [4, 10]1 . We may simply emphasize the importance
of the study of ℓ1 -minimization by saying that, due to the surprisingly effectiveness in several
applications, it can be considered today as the “modern successor” of least squares. From this
lapidary statement it follows the clear need for efficient algorithms for the minimization of J . An
iterative thresholding algorithm was proposed for this task [18, 19, 21, 41, 43]. We refer also to the
recent developments [30, 31]. Unfortunately, despite its simplicity which makes it very attractive
to users, this algorithm does not perform very well. For this reason, together with other acceleration methods, e.g., [20], a “domain decomposition” algorithm was proposed in [29], and we proved
its effectiveness in accelerating the convergence and we provided its parallelization. There the
domain is the label set Λ which is disjointly decomposed Λ = Λ1 ∪ Λ2 . This decomposition induces
i
an orthogonal splitting of ℓ2 (Λ) into the subspaces Vi = ℓΛ
2 (Λ) := {u ∈ ℓ2 (Λ) : supp(u) ⊂ Λi },
i = 1, 2. In this paper we investigate the application of the alternating algorithm to more general orthogonal subspace decompositions and we discuss how the choice can influence convergence
properties and speed-up. Again the generality of our approach allows to experiment several possible decompositions, but we limit ourself to present some key numerical examples in specific cases
which help to highlight the properties, i.e., virtues and limitations, of the algorithm.
1.3. Content of the paper. In section 2 we illustrate the general assumptions on the convex
constraint function ψ and the subspace decompositions. In section 3 we formulate the minimization
problem and motivate the use of the alternating subspace correction algorithm. With section 4
we start the construction of the algorithmic approach to the minimization, introducing the novel
concept of oblique thresholding, computed via a generalized Lagrange multiplier. In section 5
we investigate convergence properties of the alternating algorithm, presenting sufficient conditions
which allow it to converge to minimizers of the target functional J . The same results are presented
in section 6 for a parallel variant of the algorithm. Section 7 is dedicated to applications and
numerical experiments in domain decomposition methods for total variation minimization in 1D
and 2D problems, and in accelerations of convergence for ℓ1 −minimization.
2. Preliminary Assumptions. We begin this section with a short description of the generic
notations used in this paper.
In the following H is a real separable Hilbert space endowed with the norm k · kH . For some
countable index set Λ we denote by ℓp = ℓp (Λ), 1 ≤ p ≤ ∞, the space of real sequences u = (uλ )λ∈Λ
with norm
!1/p
X
kukp = kukℓp :=
, 1≤p<∞
|uλ |p
λ∈Λ

and kuk∞ := supλ∈Λ |uλ | as usual. If (vλ ) is a sequence of positive weights then we define the
weighted spaces ℓp,v = ℓp,v (Λ) = {u, (uλ vλ ) ∈ ℓp (Λ)} with norm
!1/p
X p
p
kukp,v = kukℓp,v = k(uλ vλ )kp =
vλ |uλ | )
λ∈Λ

(with the standard modification for p = ∞). The Euclidean space is denoted by RM endowed with
M
the Euclidean norm, but we will also use the M -dimensional space ℓM
endowed with the
q , i.e., R
ℓq -norm. By R+ we denote the non-negative real numbers.
1 The reader can also find a sufficiently comprehensive collection of the ongoing recent developments at the
web-site http://www.dsp.ece.rice.edu/cs/.
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Usually Ω ⊂ Rd will denote an open bounded set with Lipschitz boundary. The symbol Lp (Ω)
denotes the usual Lebesgue space of p-summable functions, C k (Ω) is the space of functions ktimes continuously differentiable, and BV (Ω) the space of functions with bounded variation. For
a topological vector space V we denote V ′ its topological dual. Depending on the context, the
symbol ≃ may define an equivalence of norms or an isomorphism of spaces or sets. The symbol
1Ω denotes the characteristic function of the set Ω.
More specific notations will be defined in the paper, where they turn out to be useful.
2.1. The convex constraint function ψ. We are given a function ψ : H → R+ ∪ {+∞}
with the following properties:
(Ψ1) ψ(0) = 0;
(Ψ2) ψ is sublinear, i.e., ψ(u + v) ≤ ψ(u) + ψ(v) for all u, v ∈ H;
(Ψ3) ψ is 1-homogeneous, i.e., ψ(λu) = |λ|ψ(u) for all λ ∈ R.
(Ψ4) ψ is lower-semincontinuous in H, i.e., for any converging sequence un → u in H
ψ(u) ≤ lim inf ψ(un ).
n∈N

Associated with ψ we assume that there exists a dense subspace Hψ ⊂ H for which ψ|Hψ is a
seminorm and Hψ endowed with the norm
kukHψ := kukH + ψ(u),
is a Banach space. We do not assume instead that Hψ is reflexive in general; note that due to the
dense embedding Hψ ⊂ H we have
Hψ ⊂ H ≃ H′ ⊂ (Hψ )′ ,
and the duality h·, ·i(Hψ )′ ×Hψ extends the scalar product on H. In particular, H is weakly-∗-dense
in (Hψ )′ . In the following we require
(H1) bounded subsets in Hψ are sequentially bounded in another topology τ ψ of Hψ ;
(H2) ψ is lower-semicontinuous with respect to the topology τ ψ ;
In practice, we will always require also that
(H3) Hψ = {u ∈ H : ψ(u) < ∞}.
We list in the following the specific examples we consider in this paper.
Examples 2.1. 1. Let Ω ⊂ Rd , for d = 1, 2 be a bounded open set with Lipschitz boundary,
and H = L2 (Ω). We recall that for u ∈ L1loc (Ω)
Z


d
V (u, Ω) := sup
u div ϕ dx : ϕ ∈ Cc1 (Ω) , kϕk∞ ≤ 1
Ω

is the variation of u and that u ∈ BV (Ω) (the space of bounded variation functions, [1, 28]) if
and only if V (u, Ω) < ∞, see [1, Proposition 3.6]. In such a case, |D(u)|(Ω) = V (u, Ω), where
|D(u)|(Ω) is the total variation of the finite Radon measure Du, the derivative of u in the sense of
distributions. Thus, we define ψ(u) = V (u, Ω) and it is immediate to see that Hψ must coincide
with BV (Ω). Due to the embedding L2 (Ω) ⊂ L1 (Ω) and the Sobolev embedding [1, Theorem 3.47]
we have
kukHψ = kuk2 + V (u, Ω) ≃ kuk1 + |Du|(Ω) = kukBV .

Hence (Hψ , k · kHψ ) is indeed a Banach space. It is known that V (·, Ω) is lower-semincontinuous
with respect to L2 (Ω) [1, Proposition 3.6]. We say that a sequence (un )n in BV (Ω) converges to
u ∈ BV (Ω) with the weak-∗-topology if (un )n converges to u in L1 (Ω) and Dun converges to Du
with the weak-∗-topology in the sense of the finite Randon measures. Bounded sets in BV (Ω) are
sequentially weakly-∗-compact ([1, Proposition 3.13]), and V (·, Ω) is lower-semicontinuous with
respect to the weak-∗-topology.
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2. Let Λ be a countable index set and H = ℓ2 (Λ).PFor a strictly positive sequence w = (wλ )λ∈Λ ,
i.e., wλ ≥ w0 > 0, we define ψ(u) = kukℓ1,w (Λ) := λ∈Λ wλ |uλ |. The space Hψ simply coincides
with ℓ1,w (Λ). Observe that bounded sets in Hψ are sequentially weakly compact in H and that, by
Fatou’s lemma, ψ is lower-semicontinuous with respect to both strong and weak topologies of H.
3. Let H = RN endowed with the Euclidean norm, and Q : RN → Rn , for n ≤ N , is a fixed
linear operator. We define ψ(u) = kQukℓn1 . Clearly Hψ = RN and all the requested properties
are trivially fulfilled. One particular example of this finite dimensional situation is associated with
the choice of Q : RN → RN −1 given by Q(u)i := N (ui+1 − ui ), i = 0, . . . , N − 2. In this case
ψ(u) = kQukℓN −1 is the discrete variation of the vector u and the model can be seen as a discrete
1
approximation to the situation encountered in the first example, by discrete sampling and finite
differences, i.e., setting ui := u( Ni ) and u ∈ BV (0, 1).
2.2. Bounded subspace decompositions. In the following we will consider orthogonal
decompositions of H into closed subspaces. We will also require that such a splitting is bounded
in Hψ .
Assume that V1 , V2 are two closed, mutually orthogonal, and complementary subspaces of H, i.e.,
H = V1 ⊕ V2 , and πVi are the corresponding orthogonal projections, for i = 1, 2. Moreover we
require the mapping property
πVi |Hψ : Hψ → Viψ := Hψ ∩ Vi ,

i = 1, 2,

continuously in the norm of Hψ , and Range(πVi |Hψ ) = Viψ is closed. This implies that Hψ splits
into the direct sum Hψ = V1ψ ⊕ V2ψ .
Examples 2.2. 1. Let Ω1 ⊂ Ω ⊂ Rd , for d = 1, 2, be two bounded open sets with Lipschitz
boundaries, and Ω2 = Ω \ Ω1 . We define
Vi := {u ∈ L2 (Ω) : supp(u) ⊂ Ωi },

i = 1, 2.

Then πVi (u) = u1Ωi . For ψ(u) = V (u, Ω), by [1, Corollary 3.89], Viψ = BV (Ω) ∩ Vi is a closed
subspace of BV (Ω) and πVi (u) = u1Ωi ∈ Viψ , i = 1, 2, for all u ∈ BV (Ω).
2. Similar decompositions can be considered for the examples where H = ℓ2 (Λ) and ψ(u) = kukℓ1,w ,
see, e.g., [29], and H = RN and ψ(u) = kQukℓn1 .
3. A Convex Variational Problem and Subspace Splitting. We are interested in the
minimization in H (actually in Hψ ) of the functional
J (u) := kT u − gk2H + 2αψ(u),
where T ∈ L(H) is a bounded linear operator, g ∈ H is a datum, and α > 0 is a fixed constant.
In order to guarantee the existence of its minimizers we assume that:
(C) J is coercive in H, i.e., {J ≤ C} := {u ∈ H : J (u) ≤ C} is bounded in H.
Examples 3.1. 1. Assume Ω ⊂ Rd , for d = 1, 2 be a bounded open set with Lipschitz
boundary, H = L2 (Ω) and ψ(u) = V (u, Ω) (compare Examples 2.1.1). In this case we deal with
total variation minimization. It is well-known that if T 1Ω 6= 0 then condition (C) is indeed
satisfied, see [45, Proposition 3.1] and [14].
2. Let Λ be a countable index set and H = ℓ2 (Λ).PFor a strictly positive sequence w = (wλ )λ∈Λ ,
i.e., wλ ≥ w0 > 0, we define ψ(u) = kukℓ1,w (Λ) := λ∈Λ wλ |uλ | (compare with Examples 2.1.2).
In this case condition (C) is trivially satisfied since J (u) ≥ 2αψ(u) = 2αkukℓ1,w (Λ) ≥ γkukℓ2(Λ) ,
for γ = 2αw0 > 0.
Lemma 3.2. Under the assumptions above, J has minimizers in Hψ .
Proof. The proof is a standard application of the direct method of calculus of variations. Let
(un )n ⊂ H, a minimizing sequence. By assumption (C) we have kun kH + ψ(un ) ≤ C for all n ∈ N.
Therefore by (H1) we can extract a subsequence in Hψ converging in the topology τ ψ . Possibly
passing to a further subsequence we can assume that it also converges weakly in H. By lowersemicontinuity of kT u − gk2H with respect to the weak topology of H and the lower-semicontinuity
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of ψ with respect to the topology τ ψ , ensured by assumption (H2), we have the wanted existence
of minimizers.
The minimization of J is a classical problem [26] which was recently re-considered by several
authors, [13, 18, 19, 21, 41, 43], with emphasis on the computability of minimizers in particular
cases. They studied essentially the same algorithm for the minimization.
For ψ with properties (Ψ1 − Ψ4), there exists a closed convex set Kψ ⊂ H such that
ψ ∗ (u) = sup {hv, ui − ψ(v)}
v∈H

0
if u ∈ Kψ
= χKψ (u) =
+∞ otherwise.
See also Examples 4.2.2 below. In the following we assume furthermore that Kψ = −Kψ . For any
closed convex set K ⊂ H we denote PK (u) = argminv∈K ku − vkH the orthogonal projection onto
K. For Sψ
α := I − PαKψ , called the generalized thresholding map in the signal processing literature,
the iteration
(n)
u(n+1) = Sψ
+ T ∗ (g − T u(n) ))
α (u
ψ

(3.1)
(0)

ψ

converges weakly to a minimizer u ∈ H of J , for any initial choice u
∈ H , provided T
and g are suitably rescaled so that kT k < 1. For particular situations, e.g., H = ℓ2 (Λ) and
ψ(u) = kukℓ1,w , one can prove the convergence in norm [19, 21].
As it is pointed out, for example in [20, 29], this algorithm converges with a poor rate, unless
T is non-singular or has special additional spectral properties. For this reason accelerations by
means of projected steepest descent iterations [20] and domain decomposition methods [29] were
proposed.
The particular situation considered in [29] is H = ℓ2 (Λ) and ψ(u) = kukℓ1 (Λ) . In this case one
takes advantage of the fact that for a disjoint partition of the index set Λ = Λ1 ∪ Λ2 we have the
splitting ψ(uΛ1 + uΛ2 ) = ψ(uΛ1 ) + ψ(uΛ2 ) for any vector uΛi supported on Λi , i = 1, 2. Thus, a
decomposition into column subspaces (i.e., componentwise) of the operator T (if identified with a
suitable matrix) is realized, and alternating minimizations on these subspaces are performed by
means of iterations of the type (3.1). This leads, e.g., to the following sequential algorithm: Pick
(0,M)
(0,L)
:= u(0) ∈ ℓ1 (Λ), for example u(0) = 0, and iterate
an initial uΛ1 + uΛ2
 ( (n+1,0)
(n,L)

= uΛ1 
uΛ1




(n+1,ℓ)
(n,M)
(n+1,ℓ)
(n+1,ℓ+1)

∗

)
ℓ = 0, . . . , L − 1
u
)
−
T
+
T
u
u
((g
−
T
=
S
u
Λ
Λ
α

1
2
Λ
Λ
Λ
Λ
Λ
1
1
2
1
1
 (
(n+1,0)
(n,M)
uΛ2
= uΛ2 



(n+1,ℓ)
(n+1,L)
(n+1,ℓ)
(n+1,ℓ+1)


)
ℓ = 0, . . . , M − 1
) − TΛ2 uΛ2
+ TΛ∗2 ((g − TΛ1 uΛ1
= Sα uΛ2
uΛ2



 (n+1)
(n+1,M)
(n+1,L)
.
+ uΛ2
u
:= uΛ1
(3.2)
Here the operator Sα is the soft-thresholding operator which acts componentwise Sα v = (Sα vλ )λ∈Λ
and defined by

x − sign(x)α, |x| > α
(3.3)
Sα (x) =
0,
otherwise.
The expected benefit from this approach is twofold:
1. Instead of solving one large problem with many iteration steps, we can solve approximatively several smaller subproblems, which might lead to an acceleration of convergence and
a reduction of the overall computational effort, due to possible conditioning improvements;
2. The subproblems do not need more sophisticated algorithms, simply reproduce at smaller
dimension the original problem, and they can be solved in parallel.
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The nice splitting of ψ as a sum of evaluations on subspaces does not occur, for instance, when
H = L2 (Ω), ψ(u) = V (u, Ω) = |Du|(Ω), and Ω1 ∪ Ω2 ⊂ Ω ⊂ Ω̄1 ∪ Ω̄2 is a disjoint decomposition
of Ω. Indeed, cf. [1, Theorem 3.84], we have
Z
−
(3.4)
|u+
|D(uΩ1 + uΩ2 )|(Ω) = |DuΩ1 |(Ω1 ) + |DuΩ2 |(Ω2 ) +
Ω1 (x) − uΩ2 (x)|dH1 (x) .
∂Ω1 ∩∂Ω2
{z
}
|
additional interface term

Here one should not confuse Hd with any Hψ since the former indicates the Hausdorff measure of dimension d. The symbols v + and v − denote the left and right approximated limits
at
[1, Proposition 3.69]. The presence of the additional boundary interface term
R jump points
+
−
∂Ω1 ∩∂Ω2 |uΩ1 (x) − uΩ2 (x)|dH1 (x) does not allow to use in a straightforward way iterations as in
(3.1) to minimize the local problems on Ωi .
Moreover, also in the sequence space setting mentioned above, the hope for a better conditioning
by column subspace splitting as in [29] might be ill-posed, no such splitting needs to be well conditioned in general (good cases are provided in [44] instead).

Therefore, one may want to consider arbitrary subspace decompositions and, in order to deal
with these more general situations, we investigate splittings into arbitrary orthogonal subspaces
H = V1 ⊕ V2 for which we may have
ψ(πV1 (u) + πV2 (v)) 6= ψ(πV1 (u)) + ψ(πV2 (v)).
In principal, in this paper we limit ourself to consider the detailed analysis for two subspaces
V1 , V2 . Nevertheless, the arguments can be easily generalized to multiple subspaces V1 , . . . , VN ,
see, e.g., [29], and in the numerical experiments we will also test this more general situation.
With this splitting we want to minimize J by suitable instances of the following alternating
(0)
(0)
algorithm: Pick an initial V1 ⊕ V2 ∋ u1 + u2 := u(0) ∈ HΨ , for example u(0) = 0, and iterate

(n)
(n+1)

≈ argminv1 ∈V1 J (v1 + u2 )
 u1
(n+1)
(n+1)
(3.5)
+ v2 )
u2
≈ argminv2 ∈V2 J (u1

 (n+1)
(n+1)
(n+1)
u
:= u1
+ u2
.

We use “≈” (the approximation symbol) because in practice we never perform the exact minimization, as it occurred in (3.2). In the following section we discuss how to realize the approximation
to the individual subspace minimizations. As pointed out above, this cannot just reduce to a
simple iteration of the type (3.1).
4. Local Minimization by Lagrange Multipliers. Let us consider, for example,
argminv1 ∈V1 J (v1 + u2 ) = argminv1 ∈V1 kT v1 − (g − T u2 )k2H + 2αψ(v1 + u2 ).

(4.1)

First of all, observe that {u ∈ H : πV2 u = u2 , J (u) ≤ C} ⊂ {J ≤ C}, hence the former set is also
bounded by assumption (C). By the same argument as in Lemma 3.2, the minimization (4.1) has
solutions. It is useful to us to introduce an auxiliary functional J1s , called the surrogate functional
of J : Assume a, u1 ∈ V1 and u2 ∈ V2 and define
J1s (u1 + u2 , a) := J (u1 + u2 ) + ku1 − ak2H − kT (u1 − a)k2H .

(4.2)

A straightforward computation shows that
J1s (u1 + u2 , a) = ku1 − (a + πV1 T ∗ (g − T u2 − T a))k2H + 2αψ(u1 + u2 ) + Φ(a, g, u2 ),
where Φ is a function of a, g, u2 only. We want to realize an approximate solution to (4.1) by using
(0)
the following algorithm: For u1 ∈ V1ψ ,
(ℓ+1)

u1

(ℓ)

= argminu1 ∈V1 J1s (u1 + u2 , u1 ),

ℓ ≥ 0.

(4.3)
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Before proving the convergence of this algorithm, we need to investigate first how to compute
(n+1)
(n)
practically u1
for u1 given. To this end we need to introduce further notions and to recall
some useful results.
4.1. Generalized Lagrange multipliers for nonsmooth objective functions. Let us
begin this subsection with the notion of a subdifferential.
Definition 4.1. For a locally convex space V and for a convex function F : V → R ∪
{−∞, +∞}, we define the subdifferential of F at x ∈ V , as ∂F (x) = ∅ if F (x) = ∞, otherwise
∂F (x) := ∂FV (x) := {x∗ ∈ V ′ : hx∗ , y − xi + F (x) ≤ F (y)

∀y ∈ V },

where V ′ denotes the dual space of V . It is obvious from this definition that 0 ∈ ∂F (x) if and only
if x is a minimizer of F . Since we deal with several spaces, namely, H, Hψ , Vi , Viψ , it will turn out
to be useful to distinguish sometimes in which space (and associated topology) the subdifferential
is defined by imposing a subscript ∂V F for the subdifferential considered on the space V .
Examples 4.2. 1. Let V = ℓ1 (Λ) and F (x) := kxk1 is the ℓ1 −norm. We have
∂k · k1 (x) = {ξ ∈ ℓ∞ (Λ) : ξλ ∈ ∂| · |(xλ ), λ ∈ Λ}

(4.4)

where ∂| · |(z) = {sign(z)} if z 6= 0 and ∂| · |(0) = [−1, 1].
2. Assume V = H and ϕ ≥ 0 is a proper lower-semicontinuous convex function. For F (u; z) =
ku − zk2H + 2ϕ(u), we define the function
proxϕ (z) := argminu∈V F (u; z),
which is called the proximity map in the convex analysis literature, e.g., [26, 18], and generalized
thresholding in the signal processing literature, e.g., [19, 20, 21, 29]. Observe that by ϕ ≥ 0
the function F is coercive in H and by lower-semicontinuity and strict convexity of the term
ku−zk2H this definition is well-posed. In particular, proxϕ (z) is the unique solution of the following
differential inclusion
0 ∈ (u − z) + ∂ϕ(u).
It is well-known [26, 37] that the proximity map is nonexpansive, i.e.,
k proxϕ (z1 ) − proxϕ (z2 )kH ≤ kz1 − z2 kH .
In particular, if ϕ is a 1-homogeneous function then
proxϕ (z) = (I − PKϕ )(z),
where Kϕ is a suitable closed convex set associated to ϕ, see for instance [18].
Under the notations of Definition 4.1, we consider the following problem
argminx∈V {F (x) : G(x) = 0},

(4.5)

where G : V → R is a bounded linear operator on V . We have the following useful result.
Theorem 4.3 (Generalized Lagrange multipliers for nonsmooth objective functions, Theorem
1.8, [5]). If F is continuous in a point of ker G and G has closed range in V , then a point x0 ∈ ker G
is an optimal solution of (4.5) if and only if
∂F (x0 ) ∩ Range G∗ 6= ∅.
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4.2. Oblique thresholding. We want to exploit Theorem 4.3 in order to produce an algorithmic solution to each iteration step (4.3).
Theorem 4.4 (Oblique thresholding). For u2 ∈ V2ψ and for z ∈ V1 the following statements
are equivalent:
(i) u∗1 = argminu∈V1 ku − zk2H + 2αψ(u + u2 );
(ii) there exists η ∈ Range(πV2 |Hψ )∗ ≃ (V2ψ )′ such that 0 ∈ u∗1 − (z − η) + α∂Hψ ψ(u∗1 + u2 ).
Moreover, the following statements are equivalent and imply (i) and (ii).
(iii) there exists η ∈ V2 such that u∗1 = (I − PαKψ )(z + u2 − η) − u2 = Sψ
α (z + u2 − η) − u2 ∈ V1 ;
(iv) there exists η ∈ V2 such that η = πV2 PαKψ (η − (z + u2 )).
Proof. Let us show the equivalence between (i) and (ii). The problem in (i) can be reformulated
as
u∗1 = argminu∈Hψ {F (u) := ku − zk2H + 2αψ(u + u2 ), πV2 (u) = 0}.
The latter is a special instance of (4.5). Moreover, F is continuous on V1ψ ⊂ V1 = ker πV2 in the
norm-topology of Hψ (while in general it is not on V1 with the norm topology of H). Recall now
that πV2 |Hψ is assumed to be a bounded and surjective map with closed range in the norm-topology
of Hψ (see Section 2.2). This means that (πV2 |Hψ )∗ is injective and that Range(πV2 |Hψ )∗ ≃ (V2ψ )′
is closed. Therefore, by an application of Theorem 4.3 the optimality of u∗1 is equivalent to the
existence of η ∈ Range(πV2 |Hψ )∗ ≃ (V2ψ )′ such that
−η ∈ ∂Hψ F (u∗1 ).
Due to the continuity of ku − zk2H in Hψ , we have, by [26, Proposition 5.6], that
∂Hψ F (u∗1 ) = 2(u∗1 − z) + 2α∂Hψ ψ(u∗1 + u2 ).
Thus, the optimality of u∗1 is equivalent to
0 ∈ u∗1 − (z − η) + α∂Hψ ψ(u∗1 + u2 ).
This concludes the equivalence of (i) and (ii). Let us show now that (iii) implies (ii). The condition
in (iii) can be rewritten as
ξ = (I − PαKψ )(z + u2 − η),

ξ = u∗1 + u2 .

Since ψ ≥ 0 is 1-homogeneous and lower-semincontinuous, by Examples 4.2.2, the latter is equivalent to
0 ∈ ξ − (z + u2 − η) + α∂H ψ(ξ)
or, by (H3),
ξ = argminu∈H ku − (z + u2 − η)k2H + 2αψ(u)
= argminu∈Hψ ku − (z + u2 − η)k2H + 2αψ(u)
The latter optimal problem is equivalent to
0 ∈ ξ − (z + u2 − η) + α∂Hψ ψ(ξ) or 0 ∈ u∗1 − (z − η) + α∂Hψ ψ(u∗1 + u2 ).
Since V2 ⊂ (V2ψ )′ ≃ Range(πV2 |Hψ )∗ we obtain that (iii) implies (ii). We prove now the equivalence
between (iii) and (iv). We have
u∗1 = (I − PαKψ )(z + u2 − η) − u2 ∈ V1
= z − η − PαKψ (z + u2 − η).
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By applying πV2 to both sides of the latter equality we get
0 = −η − πV2 PαKψ (z + u2 − η).
By recalling that Kψ = −Kψ , we obtain the fixed point equation
η = πV2 PαKψ (η − (z + u2 )).

(4.6)

Conversely, assume η = πV2 PαKψ (η − (z + u2 )) for some η ∈ V2 . Then
(I − PαKψ )(z + u2 − η) − u2 = z − η − PαKψ (z + u2 − η)
= z − πV2 PαKψ (η − (z + u2 )) − PαKψ (z + u2 − η)
= z − (I − πV2 )PαKψ (z + u2 − η)
= z − πV1 PαKψ (z + u2 − η) = u∗1 ∈ V1 .
Remark 4.5. 1. Unfortunately in general we have V2 ( (V2ψ )′ which excludes the complete
equivalence of the previous conditions (i)-(iv). For example, in the case H = ℓ2 (Λ) and ψ(u) =
ψ
Λ2
i
kukℓ1 , Λ = Λ1 ∪ Λ2 , Vi = ℓΛ
2 (Λ) := {u ∈ ℓ2 (Λ) : supp(u) ⊂ Λi }, i = 1, 2, we have V2 = ℓ1 (Λ) =
ψ ′
Λ2
{u ∈ ℓ1 (Λ) : supp(u) ⊂ Λ2 }, hence, V2 ( (V2 ) ≃ ℓ∞ (Λ) = {u ∈ ℓ∞ (Λ) : supp(u) ⊂ Λi }. It can
Λ2
2
well be that η ∈ ℓΛ
∞ (Λ) \ ℓ2 (Λ). However, since ψ(uΛ1 + uΛ2 ) = ψ(uΛ1 ) + ψ(uΛ2 ) in this case,
we have 0 ∈ u∗1 − z + α∂k · k1 (u∗1 ) and therefore we may choose any η in ∂k · k1 (u2 ). Following
[29], u2 is assumed to be the result of soft-thresholded iterations, hence u2 is a finitely supported
vector. Therefore, by Examples 4.2.1, we can choose η to be also a finitely supported vector, hence
2
η ∈ ℓΛ
2 (Λ) = V2 . This means that the existence of η ∈ V2 as in (iii) or (iv) of the previous theorem
may occur also in those cases for which V2 ( (V2ψ )′ . In general, we can only observe that V2 is
weakly-∗-dense in (V2ψ )′ .
2. For H with finite dimension – which is the relevant case in numerical applications – all the
spaces are independent of the particular attached norm and coincide with their duals, hence all the
statements (i)-(iv) of the previous theorem are equivalent in this case.
A simple constructive test for the existence of η ∈ V2 as in (iii) or (iv) of the previous theorem
is provided by the following iterative algorithm:
η (0) ∈ V2 ,

η (m+1) = πV2 PαKψ (η (m) − (z + u2 )),

m ≥ 0.

(4.7)

Proposition 4.6. The following statements are equivalent:
(i) there exists η ∈ V2 such that η = πV2 PαKψ (η − (z + u2 )) (which is in turn the condition
(iv) of Theorem 4.4)
(ii) the iteration (4.7) converges weakly to any η ∈ V2 that satisfies (4.6).
In particular, there are no fixed points of (4.6) if and only if kη (m) kH → ∞, for m → ∞.
For the proof of this Proposition we need to recall some classical notions and results.
Definition 4.7. A nonexpansive map T : H → H is strongly nonexpansive if for (un − vn )n
bounded and kT (un ) − T (vn )kH − kun − vn kH → 0 we have
un − vn − T (un ) − T (vn ) → 0,

n → ∞.

Proposition 4.8 (Corollaries 1.3, 1.4, and 1.5 [9]). Let T : H → H be a strongly nonexpansive
map. Then Fix T = {u ∈ H : T (u) = u} =
6 ∅ if and only if (T n u)n converges weakly to a fixed
point u0 ∈ Fix T for any choice of u ∈ H.
Proof. (Proposition 4.6) Orthogonal projections onto convex sets are strongly nonexpansive [8,
Corollary 4.2.3]. Moreover, composition of strongly nonexpansive maps are strongly nonexpansive
[9, Lemma 2.1]. By an application of Proposition 4.8 we immediately have the result, since any
map of the type T (ξ) = Q(ξ) + ξ0 is strongly nonexpansive whenever Q is (this is a simple
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observation from the definition of strongly nonexpansive map). Indeed, we are looking for fixed
points of η = πV2 PαKψ (η − (z + u2 )) or, equivalently, of ξ = πV2 PαKψ (ξ) − (z + u2 ).
| {z }
| {z }
:=ξ0

:=Q

In Examples 4.2, we have already observed that

u∗1 = proxαψ(·+u2 ) (z).
For consistency with the terminology of generalized thresholding in signal processing, we may call
the map proxαψ(·+u2 ) an oblique thresholding and we denote it by
1 ,V2
(z; u2 ) := proxαψ(·+u2 ) (z).
Sψ,V
α

The attribute “oblique” emphasizes the presence of an additional subspace which acts for the
computation of the thresholded solution. By using results in [18, Subsection 2.3] (see also [26,
II.2-3]) we can already infer that
kSαψ,V1 ,V2 (z1 ; u2 ) − Sαψ,V1 ,V2 (z2 ; u2 )kH ≤ kz1 − z2 kH ,

for all z1 , z2 ∈ V1 .

4.3. Convergence of the subspace minimization. In light of the results of the previous
subsection, the iterative algorithm (4.3) can be equivalently be rewritten as
(ℓ+1)

u1

(ℓ)

(ℓ)

= Sαψ,V1 ,V2 (u1 + πV1 T ∗ (g − T u2 − T u1 ); u2 ).

(4.8)

In certain cases, e.g., in finite dimensions, the iteration can be explicitely computed by
(ℓ+1)

u1

(ℓ)

(ℓ)

= Sαψ (u1 + πV1 T ∗ (g − T u2 − T u1 ) + u2 − η (ℓ) ) − u2 ,

where η (ℓ) ∈ V2 is any solution of the fixed point equation
(ℓ)

(ℓ)

η = πV2 PαKψ (η − (u1 + πV1 T ∗ (g − T u2 − T u1 ) + u2 )).
The computation of η (ℓ) can be (approximatively) implemented by the algorithm (4.7).
Theorem 4.9. Assume u2 ∈ V2ψ and kT k < 1. Then the iteration (4.8) converges weakly to
(0)
a solution u∗1 ∈ V1ψ of (4.1) for any initial choice of u1 ∈ V1ψ .
Proof. For the sake of completeness, we report the proof of this theorem, which follows the
same strategy already proposed in the paper [19], compare also similar results in [18]. In particular
we want to apply Opial’s fixed point theorem:
Theorem 4.10 ([35]). Let the mapping A from H to H satisfy the following conditions:
(i) A is nonexpansive: for all z, z ′ ∈ H, kAz − Az ′ kH ≤ kz − z ′ kH ;
(ii) A is asymptotically regular: for all z ∈ H, kAn+1 z − An zkH → 0, for n → ∞;
(iii) the set F = Fix A of fixed points of A in H is not empty.
Then for all z ∈ H, the sequence (An z)n∈N converges weakly to a fixed point in F.
We need to prove that A(u1 ) := Sαψ,V1 ,V2 (u1 +πV1 T ∗ (g−T u2 −T u1); u2 ) fulfills the assumptions
of the Opial’s theorem on V1 .
Step 1. As stated at the beginning of this section, there exist solutions u∗1 ∈ V1ψ to (4.1).
With a similar argument to the one used to prove the equivalence of (i) and (ii) in Theorem 4.4,
the optimality of u∗1 can be readily proved equivalent to
0 ∈ −πV1 T ∗ (g − T u2 − T u∗1 ) + η + α∂Hψ ψ(u∗1 + u2 ),
for some η ∈ (V2ψ )′ . By adding and subtracting u∗1 we obtain
0 ∈ u∗1 − ((u∗1 + πV1 T ∗ (g − T u2 − T u∗1 )) −η) + α∂Hψ ψ(u∗1 + u2 ),
|
{z
}
:=z
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By applying the equivalence of (i) and (ii) in Theorem 4.4 we obtain that u∗1 is a fixed point of
the following equation
u∗1 = Sαψ,V1 ,V2 (u∗1 + πV1 T ∗ (g − T u2 − T u∗1 ); u2 ),
hence Fix A 6= ∅.
(ℓ+1)
Step 2. The algorithm produces iterations which are asymptotically regular, i.e., ku1
−
(ℓ)
2
u1 kH → 0. Indeed, by using kT k < 1 and C := 1 − kT k > 0, we have the following estimates
(ℓ)

(ℓ)

(ℓ)

J (u1 + u2 ) = J1s (u1 + u2 , u1 )
(ℓ+1)

≥ J1s (u1
≥

(ℓ+1)
J1s (u1

(ℓ)

+ u2 , u1 )
(ℓ+1)

+ u2 , u1

(ℓ+1)

) = J (u1

+ u2 ),

(ℓ)

See also (5.3) and (5.4) below. Since (J (u1 + u2 ))ℓ is monotonically decreasing and bounded
from below by 0, necessarily it is a convergent sequence. Moreover,
(ℓ)

(ℓ+1)

J (u1 + u2 ) − J (u1
(ℓ+1)

(ℓ+1)

+ u2 ) ≥ Cku1

(ℓ)

− u1 k2H ,

(ℓ)

and the latter convergence implies ku1
− u1 kH → 0.
Step 3. We are left with showing the nonexpansiveness of A.
Sαψ,V1 ,V2 (·; u2 ) we obtain

By nonexpansiveness of

kSαψ,V1 ,V2 (u11 + πV1 T ∗ (g − T u2 − T u11 ; u2 ) − Sαψ,V1 ,V2 (u21 + πV1 T ∗ (g − T u2 − T u21 ; u2 )kH
≤ ku11 + πV1 T ∗ (g − T u2 − T u11 ) − (u21 + πV1 T ∗ (g − T u2 − T u21 )kH
= k(I − πV1 T ∗ T πV1 )(u11 − u21 )kH
≤ ku11 − u21 kH
In the latter inequality we used once more that kT k < 1.
We do not insist on conditions for the strong convergence of the iteration (4.8), which is not
a relevant issue, see, e.g., [18, 21] for a further discussion in this direction. Indeed, the practical
realization of (3.5) will never solve completely the subspace minimizations.
Let us conclude this section mentioning that all the results presented here hold symmetrically
for the minimization on V2 , and that the notations should be just adjusted accordingly.
5. Convergence of the Sequential Alternating Subspace Minimization. We return
to the algorithm (3.5). In the following we denote ui = πVi u for i = 1, 2. Let us explicitly express
(0,L)
(0,M)
the algorithm as follows: Pick an initial V1 ⊕ V2 ∋ u1
+ u2
:= u(0) ∈ Hψ , for example
(0)
u = 0, and iterate
 (
(n+1,0)
(n,L)

u1
= u1



(n+1,ℓ)
(n,M)
(n+1,ℓ+1)


) ℓ = 0, . . . , L − 1
, u1
= argminu1 ∈V1 J1s (u1 + u2
 ( u1
(n+1,0)
(n,M)
(5.1)
u
=
u
2
2


(n+1,m)
(n+1,m+1)
s (n+1,L)


J
(u
+
u
,
u
)
m
=
0,
.
.
.
,
M
−
1
u
=
argmin
2
u2 ∈V2 2

1
2
2

 (n+1)
(n+1,L)
(n+1,M)
u
:= u1
+ u2
.

Note that we do prescribe a finite number L and M of inner iterations for each subspace respectively. In this section we want to prove its convergence for any choice of L and M .
Observe that, for a ∈ Vi and kT k < 1,
kui − ak2H − kT ui − T ak2H ≥ Ckui − ak2H ,

(5.2)
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for C = (1 − kT k2 ) > 0. Hence
J (u) = JiS (u, ui ) ≤ JiS (u, a),

(5.3)

JiS (u, a) − JiS (u, ui ) ≥ Ckui − ak2H .

(5.4)

and

Theorem 5.1 (Convergence properties). The algorithm in (5.1) produces a sequence (u(n) )n∈N
in Hψ with the following properties:
(i) J (u(n) ) > J (u(n+1) ) for all n ∈ N (unless u(n) = u(n+1) );
(ii) limn→∞ ku(n+1) − u(n) kH = 0;
(iii) the sequence (u(n) )n∈N has subsequences which converge weakly in H and in Hψ endowed
with the topology τ ψ ;
(iv) if we additionally assume, for simplicity, that dim H < ∞, (u(nk ) )k∈N is a strongly converging subsequence, and u(∞) is its limit, then u(∞) is a minimizer of J whenever one
of the following conditions holds
(∞)
(∞)
(∞)
(∞)
(a) ψ(u1 + η2 ) + ψ(u2 + η1 ) − ψ(u1 + u2 ) ≤ ψ(η1 + η2 ) for all ηi ∈ Vi , i = 1, 2;
(∞)
(b) ψ is differentiable at u
with respect to Vi for one i ∈ {1, 2}, i.e., there exists
∂
(∞)
) := ζi ∈ (Vi )′ such that
∂Vi ψ(u
(∞)

hζi , vi i = lim

ψ(u1

(∞)

+ u2

t→0

(∞)

+ tvi ) − ψ(u1
t

(∞)

+ u2

)

, for all vi ∈ Vi .

Proof. Let us first observe that
(n)

(n)

(n)

(n,L)

J (u(n) ) = J1S (u1 + u2 , u1 ) = J1S (u1
(n+1,1)

By definition of u1

(n)

(n+1,1)

and the minimal properties of u1
(n,L)

J1S (u1

(n)

(n+1,0)

+ u2 , u1

(n+1,1)

) ≥ J S (u1

(n+1,0)

+ u2 , u1

).

in (5.1) we have
(n)

(n+1,0)

+ u2 , u1

).

From (5.3) we have
(n+1,1)

J1S (u1

(n)

(n+1,0)

+ u2 , u1

(n+1,1)

) ≥ J1S (u1

(n)

(n+1,1)

+ u2 , u1

).

Putting in line these inequalities we obtain
(n+1,1)

J (u(n) ) ≥ J (u1

(n)

+ u2 )

In particular, from (5.4) we have
(n+1,1)

J (u(n) ) − J (u1

(n)

(n+1,1)

+ u2 ) ≥ Cku1

(n+1,0) 2
kH .

− u1

After L steps we conclude the estimate
(n+1,L)

J (u(n) ) ≥ J (u1

(n)

+ u2 ),

and
(n+1,L)

J (u(n) ) − J (u1

(n)

+ u2 ) ≥ C

L−1
X

(n+1,ℓ+1)

ku1

(n+1,ℓ) 2
kH .

− u1

ℓ=0

(n+1,1)

By definition of u2

and its minimal properties we have
(n+1,L)

J (u1

(n)

(n+1,L)

+ u2 ) ≥ J2S (u1

(n+1,1)

+ u2

(n+1,0)

, u2

).
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By similar arguments as above we finally find the decreasing estimate
(n+1,L)

J (u(n) ) ≥ J2S (u1

(n+1,M)

+ u2

) = J (u(n+1) ),

(5.5)

and
J (u(n) ) − J (u(n+1) )
L−1
X

≥C

(n+1,ℓ+1)

ku1

(n+1,ℓ) 2
kH

− u1

+

M−1
X

(n+1,m+1)

(n+1,m) 2
kH

ku2

− u2

m=0

ℓ=0

!

.

(5.6)

From (5.5) we have J (u(0) ) ≥ J (u(n) ). By the coerciveness condition (C) (u(n) )n∈N is uniformly
bounded in Hψ , hence there exists a H-weakly- and τ ψ -convergent subsequence (u(nj ) )j∈N . Let us
denote u(∞) the weak limit of the subsequence. For simplicity, we rename such a subsequence by
(u(n) )n∈N . Moreover, since the sequence (J (u(n) ))n∈N is monotonically decreasing and bounded
from below by 0, it is also convergent. From (5.6) and the latter convergence we deduce
!
L−1
M−1
X (n+1,ℓ+1)
X (n+1,m+1)
(n+1,ℓ) 2
(n+1,m) 2
ku1
− u1
kH +
ku2
− u2
kH → 0, n → ∞.
(5.7)
m=0

ℓ=0

1
2 (a

In particular, by the standard inequality (a2 + b2 ) ≥
inequality, we have also
ku(n) − u(n+1) kH → 0,

+ b)2 for a, b > 0 and the triangle

n → ∞.

(5.8)

We would like now to show that the following outer lower semicontinuity holds
0 ∈ lim ∂J (u(n) ) ⊂ ∂J (u(∞) ).
n→∞

For this we need to assume that H-weakly- and τ ψ −convergences do imply strong convergence in
(n+1,L)
is equivalent
H. This is the case, e.g., when dim(H) < ∞. The optimality condition for u1
to
(n+1,L)

0 ∈ u1

(n+1)

− z1

(n,M)

+ α∂V1 ψ(· + u2

(n+1,L)

)(u1

),

(5.9)

where
(n+1)

z1

(n+1,L−1)

:= u1

(n,M)

+ πV1 T ∗ (g − T u2

(n+1,L−1)

− T u1

).

Analogously we have
(n+1,M)

0 ∈ u2

(n+1)

− z2

(n+1,L)

+ α∂V2 ψ(· + u1

(n+1,M)

)(u2

),

(5.10)

where
(n+1)

z2

(n+1,M−1)

:= u2

(n+1,L)

+ πV2 T ∗ (g − T u1

(n+1,M−1)

− T u2

).

Due to the strong convergence of the sequence u(n) and by (5.7) we have the following limits for
n→∞
(n+1)

:= u1

(n+1)

:= u2

ξ1
ξ2

(n+1,L)

− z1

(n+1,M)

− z2

(∞)

− T u1

(∞)

− T u1

(n+1)

→ ξ1 := −πV1 T ∗ (g − T u2

(n+1)

→ ξ2 := −πV2 T ∗ (g − T u2

(∞)

) ∈ V1 ,

(∞)

) ∈ V2 ,
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and
(n+1)

ξ1

(n+1)

+ ξ2

→ ξ := T ∗ (T u(∞) − g).

Moreover, we have
1 (n+1)
(n,M)
(n+1,L)
)(u1
),
∈ ∂V1 ψ(· + u2
− ξ1
α
meaning that
1 (n+1)
(n+1,L)
(n+1,L)
(n,M)
(n,M)
h− ξ1
, η1 − u1
i + ψ(u1
+ u2
) ≤ ψ(η1 + u2
),
α

for all η1 ∈ V1 .

Analogously we have
1 (n+1)
(n+1,M)
(n+1,L)
(n+1,M)
(n+1,L)
h− ξ2
, η2 − u2
i + ψ(u1
+ u2
) ≤ ψ(η2 + u1
),
α

for all η2 ∈ V2 .

By taking the limits for n → ∞ and by (5.7) we obtain
1
(∞)
(∞)
h− ξ1 , η1 − u1 i + ψ(u(∞) ) ≤ ψ(η1 + u2 ),
α

for all η1 ∈ V1 .

(5.11)

1
(∞)
(∞)
(∞)
h− ξ2 , η2 − u2 i + ψ(u1 ) ≤ ψ(η2 + u1 ),
α

for all η2 ∈ V2 .

(5.12)

These latter conditions are rewritten in vector form as




ξ1
(∞)
(∞)
(∞)
(∞)
+ α ∂V1 ψ(· + u2 )(u1 ) × ∂V2 ψ(· + u1 )(u2 ) .
0∈
ξ2

(5.13)

Observe now that
2ξ + 2α∂H ψ(u(∞) ) = 2T ∗ (T u(∞) − g) + 2α∂H ψ(u(∞) ) = ∂J (u(∞) ).
If 0 ∈ ξ + α∂H ψ(u(∞) ) then we would have the wanted minimality condition. While the inclusion
(∞)

∂H ψ(u(∞) ) ⊂ ∂V1 ψ(· + u2

(∞)

(∞

)(u1 ) × ∂V2 ψ(· + u1

(∞)

)(u2

),

easily follows from the definition of a subdifferential, the converse inclusion, which would imply
from (5.13) the wished minimality condition, does not hold in general. Thus, we show the converse
inclusion under one of the following two conditions:
(∞)
(∞)
(∞)
(∞)
(a) ψ(u1 + η2 ) + ψ(u2 + η1 ) − ψ(u1 + u2 ) ≤ ψ(η1 + η2 ) for all ηi ∈ Vi , i = 1, 2;
∂
(∞)
(b) ψ is differentiable at u
with respect to Vi for one i ∈ {1, 2}, i.e., there exists ∂V
ψ(u(∞) ) :=
i
′
ζi ∈ (Vi ) such that
(∞)

hζi , vi i = lim

t→0

ψ(u1

(∞)

+ u2

(∞)

+ tvi ) − ψ(u1
t

(∞)

+ u2

)

, for all vi ∈ Vi .

Let us start with condition (a). We want to show that
1
h− ξ, η − u(∞) i + ψ(u(∞) ) ≤ ψ(η),
α

for all η ∈ H,

or, equivalently, that
1
1
(∞)
(∞)
(∞)
(∞)
h− ξ1 , η1 − u1 i + h− ξ2 , η2 − u2 i + ψ(u1 + u2 ) ≤ ψ(η1 + η2 ),
α
α

for all ηi ∈ Vi ,
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By the differential inclusions (5.11) and (5.12) we have
1
1
(∞)
(∞)
(∞)
(∞)
(∞)
(∞)
h− ξ1 , η1 −u1 i+h− ξ2 , η2 −u2 i+2ψ(u1 +u2 ) ≤ ψ(u1 +η2 )+ψ(u2 +η1 ),
α
α

for all ηi ∈ Vi ,

hence
1
1
(∞)
(∞)
(∞)
(∞)
h− ξ1 , η1 − u1 i + h− ξ2 , η2 − u2 i + ψ(u1 + u2 )
α
α
(∞)
(∞)
(∞)
(∞)
≤ ψ(u1 + η2 ) + ψ(u2 + η1 ) − ψ(u1 + u2 ), for all ηi ∈ Vi .
An application of condition (a) concludes the proof of the wanted differential inclusion.
Let us show the inclusion now under the assumption of condition (b). Without loss of generality, we assume that ψ is differentiable at u(∞) with respect to V2 . First of all we define
ψ̃(u1 , u2 ) := ψ(u1 + u2 ). Since ψ is convex, by an application of [37, Corollary 10.11], we have
∂V1 ψ(· + u2 )(u1 ) ≃ ∂u1 ψ̃(u1 , u2 ) = {ζ1 ∈ V1′ : ∃ζ2 ∈ V2′ : (ζ1 , ζ2 )T ∈ ∂ ψ̃(u1 , u2 ) ≃ ∂H ψ(u1 + u2 )}.
Since ψ is differentiable at u(∞) with respect to V2 , for any (ζ1 , ζ2 )T ∈ ∂ ψ̃(u1 , u2 ) ≃ ∂H ψ(u1 + u2 )
(∞)
(∞)
∂
we have necessarily ζ2 = ∂V
ψ(u(∞) ) as the unique member of ∂V2 ψ(· + u1 )(u2 ). Hence, the
2
following inclusion must also hold




ξ1
(∞)
(∞)
(∞)
(∞
+ α ∂V1 ψ(· + u2 )(u1 ) × ∂V2 ψ(· + u1 )(u2 )
0∈
ξ2


ξ1
+ α∂V1 ×V2 ψ̃(u1 , u2 )
⊂
ξ2
≃ ξ + α∂H ψ(u(∞) ).

Remark 5.2. Observe that, by choosing η1 = η2 = 0, condition (a) and (Ψ1) imply that
(∞)

ψ(u1

(∞)

) + ψ(u2

(∞)

+ u2

(∞)

+ u2

) ≤ ψ(u1

(∞)

)

(∞)

)

The sublinearity (Ψ2) finally implies the splitting
(∞)

ψ(u1

(∞)

) + ψ(u2

) = ψ(u1

Conversely, if ψ(v1 ) + ψ(v2 ) = ψ(v1 + v2 ) for all vi ∈ Vi , i = 1, 2, then condition (a) easily
follows. As previously discussed, this latter splitting condition holds only in special cases. Also
condition (b) is not in practice always verified, as we will illustrate with numerical examples in
Section 7.2. Hence, we can affirm that in general we cannot expect convergence of the algorithm to
minimizers of J , although it certainly converges to points for which J is smaller than the starting
choice J (u(0) ). However, as we will show in the numerical experiments related to total variation
minimization (Section 7.1), the computed limit can be very close to the expected minimizer.
6. A Parallel Alternating Subspace Minimization and its Convergence. The most
(n,L)
(n+1,L)
immediate modification to (5.1) is provided by substituting u1
instead of u1
in the second
iteration, producing the following parallel algorithm:
 (
(n+1,0)
(n,L)

u1
= u1



(n,M)
(n+1,ℓ)
(n+1,ℓ+1)


, u1
) ℓ = 0, . . . , L − 1
= argminu1 ∈V1 J1s (u1 + u2
 ( u1
(n+1,0)
(n,M)
(6.1)
u2
= u2


(n+1,m)
(n+1,m+1)
s (n,L)


J
(u
+
u
,
u
)
m
=
0,
.
.
.
,
M
−
1
u
=
argmin
2
u2 ∈V2 2
1
2
2


 (n+1)
(n+1,L)
(n+1,M)
u
:= u1
+ u2
.
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Unfortunately, this modification violates the monotonicity property J (u(n) ) ≥ J (u(n+1) ) and
the overall algorithm does not converge in general. In order to preserve the monotonicity of the
(n+1,L)
iteration with respect to J a simple trick can be applied, i.e., modifying u(n+1) := u1
+
(n+1,M)
u2
by the average of the current iteration and the previous one. This leads to the following
parallel algorithm:
 ( (n+1,0)
(n,L)

u1
= u1



(n,M)
(n+1,ℓ)
(n+1,ℓ+1)

, u1
) ℓ = 0, . . . , L − 1
= argminu1 ∈V1 J1s (u1 + u2

 ( u1
(n+1,0)
(n,M)
u2
= u2


(n,L)
(n+1,m)
(n+1,m+1)

+ u2 , u2
) m = 0, . . . , M − 1
u2
= argminu2 ∈V2 J2s (u1



(n+1,L)
(n+1,M
)
(n)
 (n+1)
u1
+u2
+u
.
u
:=
2

(6.2)

In this section we prove similar convergence properties of this algorithm as for (5.1).
Theorem 6.1 (Convergence properties). The algorithm in (6.2) produces a sequence (u(n) )n∈N
in Hψ with the following properties:
(i) J (u(n) ) > J (u(n+1) ) for all n ∈ N (unless u(n) = u(n+1) );
(ii) limn→∞ ku(n+1) − u(n) kH = 0;
(iii) the sequence (u(n) )n∈N has subsequences which converge weakly in H and in Hψ endowed
with the topology τ ψ ;
(iv) if we additionally assume that dim H < ∞, (u(nk ) )k∈N is a strongly converging subsequence, and u(∞) is its limit, then u(∞) is a minimizer of J whenever one of the following
conditions holds
(∞)
(∞)
(∞)
(∞)
(a) ψ(u1 + η2 ) + ψ(u2 + η1 ) − ψ(u1 + u2 ) ≤ ψ(η1 + η2 ) for all ηi ∈ Vi , i = 1, 2;
(∞)
(b) ψ is differentiable at u
with respect to Vi for one i ∈ {1, 2}, i.e., there exists
∂
(∞)
) := ζi ∈ (Vi )′ such that
∂Vi ψ(u
(∞)

hζi , vi i = lim

ψ(u1

(∞)

+ u2

t→0

(∞)

+ tvi ) − ψ(u1
t

(∞)

+ u2

)

, for all vi ∈ Vi .

Proof. With the same argument as in the proof of Theorem 5.1, we obtain
(n+1,L)

J (u(n) ) − J (u1

(n)

L−1
X

ku1

M−1
X

ku2

+ u2 ) ≥ C

(n+1,ℓ+1)

(n+1,ℓ) 2
kH .

− u1

ℓ=0

and
(n)

(n+1,M)

J (u(n) ) − J (u1 + u2

)≥C

(n+1,m+1)

(n+1,m) 2
kH .

− u2

m=0

Hence, by summing and halving
1
(n+1,L)
(n)
(n)
(n+1,M)
J (u(n) ) − (J (u1
+ u2 ) + J (u1 + u2
))
2
!
L−1
M−1
X (n+1,m+1)
C X (n+1,ℓ+1)
(n+1,ℓ) 2
(n+1,m) 2
ku1
− u1
kH +
ku2
− u2
kH .
≥
2
m=0
ℓ=0

By convexity we have
Tu

(n+1)

−g

2
H

(n+1,L)

= T

(u1

(n+1,M)

+ u2
2

) + u(n)

!

2

−g
H

1
1
(n+1,L)
(n)
(n)
(n+1,M)
+ u2 ) − gk2H + kT (u1 + u2
) − gk2H .
≤ kT (u1
2
2
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Moreover, by sublinearity (Ψ2) and 1-homogeneity (Ψ3) we have

1
(n+1,L)
(n)
(n)
(n+1,M)
ψ(u1
+ u2 ) + ψ(u1 + u2
)
2

ψ(u(n+1) ) ≤

By the last two inequalities we immediately show that
J (u(n+1) ) ≤
hence


1
(n+1,M)
(n)
(n)
(n+1,L)
) ,
+ u2 ) + J (u1 + u2
J (u1
2
J (u(n) ) − J (u(n+1) )

L−1
X

C
≥
2

(n+1,ℓ+1)
ku1

−

(n+1,ℓ) 2
u1
kH

+

ℓ=0

M−1
X

(n+1,ℓ+1)
ku2

−

(n+1,ℓ) 2
u2
kH

ℓ=0

!

≥ 0.

(6.3)

Since the sequence (J (u(n) ))n∈N is monotonically decreasing and bounded from below by 0, it is
also convergent. From (6.3) and the latter convergence we deduce
!
L−1
M−1
X (n+1,ℓ+1)
X (n+1,m+1)
(n+1,ℓ) 2
(n+1,m) 2
ku1
− u1
kH +
ku2
− u2
kH → 0, n → ∞.
(6.4)
m=0

ℓ=0

In particular, by the standard inequality (a2 + b2 ) ≥
inequality, we have also
L−1
X

(n+1,ℓ+1)
ku1

−

(n+1,ℓ) 2
kH
u1

≥C

ℓ=0

≥
=

′′

L−1
X

1
2 (a

+ b)2 for a, b > 0 and the triangle

(n+1,ℓ+1)
ku1

ℓ=0
(n+1,L)
′′
C ku1
(n+1,L)
C ′′ ku1

(n+1,ℓ)
kH
u1

−

!2

(n)

− u1 k2H
+

(n)
u1

(n)

− 2u1 k2H .

Analogously we have
M−1
X

(n+1,ℓ+1)

ku2

(n+1,ℓ) 2
kH

− u2

(n+1,M)

≥ C ′′ ku2

(n)

(n)

+ u2 − 2u2 k2H .

ℓ=0

By denoting C ′′ = 21 C ′′′ we obtain
C
2

L−1
X

(n+1,ℓ+1)
ku1

ℓ=0
′′′

−

(n+1,ℓ) 2
u1
kH

+

M−1
X

(n+1,ℓ+1)
ku2

−

(n+1,ℓ) 2
u2
kH

ℓ=0

!

CC
(n+1,L)
(n+1,M)
ku1
+ u2
+ u(n) − 2u(n) k2H
4
≥ CC ′′′ ku(n+1) − u(n) k2H .
≥

Therefore, we finally have
ku(n) − u(n+1) kH → 0,

n → ∞.

(6.5)

The rest of the proof follows analogous arguments as in that of Theorem 5.1.
7. Applications and Numerics. In this section we present two nontrivial applications of
the theory and algorithms illustrated in the previous sections to Examples 2.1.
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7.1. Domain decomposition methods for total variation minimization. In the following we consider the minimization of the functional J in the setting of Examples 2.1.1. Namely, let
Ω ⊂ Rd , for d = 1, 2, be a bounded open set with Lipschitz boundary. We are interested in the case
when H = L2 (Ω), Hψ = BV (Ω) and ψ(u) = V (u, Ω). Then the domain decomposition Ω = Ω1 ∪Ω2
as described in Examples 2.2.1 induces the space splitting into Vi := {u ∈ L2 (Ω) : supp(u) ⊂ Ωi },
and Viψ = BV (Ω) ∩ Vi , i = 1, 2. In particular, we can consider multiple subspaces, since the
algorithms and their analysis presented in the previous sections can be easily generalized to these
cases, see [29, Section 6]. As before uΩi = πVi (u) = 1Ωi u is the orthogonal projection onto Vi .
To exemplify the kind of difficulties one may encounter in the numerical treatment of the interfaces
∂Ωi ∩ ∂Ωj , we present first an approach based on the direct discretization of the subdifferential
of J in this setting. We show that this method can work properly in many cases, but it fails in
others, even in simple 1D examples, due to the raising of exceptions which cannot be captured by
this formulation. Instead of insisting on dealing with these exceptions and strengthening the formulation, we show then that the general theory and algorithms previously presented work properly
and deal well with interfaces both for d = 1, 2.
7.1.1. The “naive” direct approach. In light of (3.4), the first subiteration in (3.5) is
given by
(n+1)

u1


Z
(n)
≈ argminv1 ∈V1 kT (v1 +u2 )−gk2L2 (Ω) +2α |D(v1 )|(Ω1 ) +

(n)−

∂Ω1 ∩∂Ω2

v1+ − u2


dHd−1 .

We would like to dispose of conditions to characterize subdifferentials of functionals of the type
Γ(u) = |D(u)| (Ω) +

Z

u+ − z dHd−1 ,
|
{z
}
interface condition
θ

where θ ⊂ ∂Ω, in order to handle the boundary conditions that are imposed at the interface. Since
we are interested in emphasizing the difficulties of this approach, we do not insist on the details
of the rigorous derivation of these conditions, and we limit ourself to mention the main facts.
It is well known [45, Proposition 4.1] that, if no interface condition is present, ξ ∈ ∂|D(·)|(Ω)(u)
implies
(

∇u
)
ξ = −∇ · ( |∇u|
∇u
|∇u| · ν = 0

in Ω
on ∂Ω.

The previous conditions do not fully characterize ξ ∈ ∂|D(·)|(Ω)(u), additional conditions would
be required [2, 45], but the latter are, unfortunately, hardly numerically implementable. This
lacking approach is the source of the failures of this direct method. The presence of the interface
further modifies and deteriorates this situation and for ∂Γ(u) 6= ∅ we need to enforce
Z

∂Ω

∇u
· νw dHd−1 + lim
s→0
|∇u|

Z

θ

|(u + ws)+ − z| − |u+ − z|
dHd−1
s



≥ 0, ∀w ∈ C ∞ (Ω̄).

The latter condition is implied by the following natural boundary conditions:
(

∇u
|∇u| · ν
∇u
− |∇u|
·

=0
ν ∈ ∂| · |(u+ − z)

on ∂Ω \ θ,
on θ.

(7.1)

Note that the conditions above are again not sufficient to characterize elements in the subdifferential of Γ.
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7.1.2. Implementation of the subdifferential approach in T V − L2 interpolation.
Let D ⊂ Ω ⊂ Rd open and bounded domains with Lipschitz boundaries. We assume that a
function g ∈ L2 (Ω) is given only on Ω \ D, possibly with noise disturbance. The problem is to
reconstruct a function u in the damaged domain D ⊂ Ω which nearly coincides with g on Ω \ D.
In 1D this is a classical interpolation problem, in 2D has taken the name of “inpainting” due to
its applications in image restoration. T V -interpolation/inpainting with L2 fidelity is solved by
minimization of the functional
J(u) = 1Ω\D (u − g)

2
L2 (Ω)

+ 2α|D(u)|(Ω),

(7.2)

where 1Ω\D denotes the characteristic function of Ω \ D. Hence, in this case T is the multiplier
operator T u = 1Ω\D u. We consider in the following the problem for d = 1 so that Ω = (a, b) is an
interval. We may want to minimize (7.2) iteratively by a subgradient descent method,
u(n+1) −u(n)
=
τ
1
∂u(n+1)
∂n
|∇u(n) |

(n+1)

) + 2λ(u(n) − g)
−∇ · ( ∇u
|∇u(n) |

in Ω

=0

on ∂Ω,

(7.3)

where
λ(x) =

(

λ0 =
0

1
4α

Ω\D
D.

We can also attempt the minimization by the following domain decomposition algorithm: We split
Ω into two intervals Ω = Ω1 ∪ Ω2 and define two alternating minimizations on Ω1 and Ω2 with
interface θ = ∂Ω1 ∩ ∂Ω2
(n+1)

1
(n)
|∇u1 |

−

(n)

−u1
τ

u1

= −∇ · (

(n+1)
∂u1

1
(n)
|∇u1 |

∂n

(n)

|∇u1 |

(n)

) + 2λ1 (u1 − g)

in Ω1
on ∂Ω1 \ θ

=0

(n+1)
∂u1

∂n

(n+1)

∇u1

(n+1)+

∈ ∂ |·| (u1

(n)−

− u2

)

on θ,

(n)

in Ω2

and
(n+1)

(n)

−u2
τ

u2

= −∇ · (

(n+1)

∂u2
1
(n)
∂n
|∇u2 |
(n+1)
∂u2
1
(n)
∂n
|∇u |
2

(n+1)

∇u2

(n)

|∇u2 |

) + 2λ2 (u2 − g)

on ∂Ω2 \ θ

=0
∈∂

(n+1)+
|·| (u2

−

(n+1)−
u1
)

on θ.

In this setting ui denotes the restriction of u ∈ BV (Ω) to Ωi . The fitting parameter λ is also
split accordingly into λ1 and λ2 on Ω1 and Ω2 respectively. Note that we enforced the interface
conditions (7.1), with the hope to match correctly the solution at the internal boundaries.
The discretization in space is done by finite differences. We only explain the details for the first
subproblem on Ω1 because the procedure is analogous for the second one. Let i = 1, . . . , N denote
the space nodes supported in Ω1 . We denote h = b−a
N and u(i) := u(i · h). The gradient and the
divergence operator are discretized by backward differences and forward differences respectively,
1
(u(i) − u(i − 1))
h
1
∇ · u(i) = (u(i + 1) − u(i))
h
r
1
|∇u|(i) = ǫ2 + 2 (u(i) − u(i − 1))2 ,
h
∇u(i) =
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for i = 2, . . . , N − 1. The discretized equation on Ω1 turns out to be
(n+1)

u1

(n)

(n)

(i) = u1 (i) + 2τ λ(i)(u1 (i) − g(i)) +
(n+1)

−

u1

(n+1)

(i) − u1
cn1 (i)

(i − 1)

!

(n+1)

u1

τ
h2

(n+1)

(i + 1) − u1
cn1 (i + 1)

(i)

,

q
(n)
(n)
with cn1 (i) = ǫ2 + (u1 (i) − u1 (i − 1))2 /h2 and i = 2, . . . , N − 1. The Neumann boundary
conditions on the external portion of the boundary are enforced by
1
1
u1 (1) = n u1 (2).
cn1 (1)
c2 (2)
The interface conditions on the internal boundaries are computed by solving the following subdifferential inclusion
(n+1)

−(u1

(n+1)

(N ) − u1

(n)

(n+1)

(N − 1)) ∈ cn1 (N ) h · ∂| · |(u2 (N ) − u1

(N )).

For the solution of this subdifferential inclusion we recall that the soft-thresholded u = Sα (x) (3.3)
provides the unique solution of the subdifferential inclusion 0 ∈ (u − x) + α∂| · |(u). We reformulate
our subdifferential inclusion as
i
h
(n)
(n+1)
0 ∈ v − (u2 (N ) − u1
(N − 1)) + cn1 (N )h · ∂| · |(v),
(n)

(n+1)

with v := u2 (N ) − u1

(N ) and get
(n)

(n+1)

v = Scn1 (N )h (u2 (N ) − u1
(n+1)

Therefore the interface condition on θ reads as u1

(N − 1)).
(n)

(N ) = u2 (N ) − v.

In the left column of Figure 7.1 three one dimensional signals are considered. The right
column shows the result of the application of the domain decomposition method for total variation
minimization described above. The support of the signals is split in two intervals. The interface
developed by the two intervals is marked by a red dot. In all three examples we fixed λ0 = 1 and
τ = 1/2. The first example 7.1(a)-7.1(b) shows a step function which has its step directly at the
interface of the two intervals. The total variation minimization (7.3) is applied with D = ∅. This
example confirms that jumps are preserved at the interface of the two domains. The second and
third example 7.1(c)-7.1(f) present the behaviour of the algorithm when interpolation across the
interface is performed, i.e., D 6= ∅. In the example 7.1(c)-7.1(d) the computation at the interface
is correctly performed. But the computation at the interface clearly fails in the last example
7.1(e)-7.1(f), compare the following remark.
(n)
(n+1)
Remark 7.1. Evaluating the soft thresholding operator at u2 (N ) − u1
(N − 1) implies
(n+1)
that we are treating implicitly the computation of u1
at the interface. Namely the interface
condition can be read as
(n+1)

u1

(n)

(n)

(n+1)

(N ) =u2 (N ) − Θ(n+1) · [u2 (N ) − u1
(n)
− sign(u2 (N )

−

(n+1)
u1
(N

(N − 1)

(n)

− 1)) · c1 (N )h],

where
Θ(n+1) =



(n)

(n+1)

1, |u2 (N ) − u1
0, otherwise .

(n)

(N − 1)| − c1 (N )h > 0

The solution of the implicit problem is not immediate and one may prefer to modify the situation
(n)
(n)
in order to obtain an explicit formulation by computing Scn1 (N )h (u2 (N ) − u1 (N − 1)) instead of
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Fig. 7.1. Examples of T V − L2 inpainting in 1D where the domain was split in two. (a)-(f ): λ = 1 and τ = 1/2

(n)

(n+1)

Scn1 (N )h (u2 (N ) − u1

(N − 1)). The problem here is that, with this discretization, we cannot
(n)

(n)

capture differences in the steepness of u1 and u2 at the interface because u1 (N ) = u2 (N ) for all
(n)
(n)
(n)
n. Indeed the condition |u2 (N ) − u1 (N − 1)| − c1 (N )h > 0 is never satisfied and the interface
(n)
becomes
always a Dirichlet boundary condition. Even if we change
q
q the computation of c1 (N ) from
(n)

(n)

(n)

(n)

ǫ2 + (u1 (N ) − u1 (N − 1))2 /h2 to a forward difference ǫ2 + (u1 (N + 1) − u1 (N ))2 /h2
(as it is indeed done in the numerical examples presented in Figure (7.1)) the method fails when
the gradients are equal in absolute value on the left and the right side of the interface.
We do not insist on trying to capture heuristically all the possible exceptions. We can expect
that this approach to the problem may become even more deficient and more complicated to
handle in 2D. Instead, we want to apply the theory of the previous sections which allows to deal
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with the problem in a transparent way.
7.1.3. The novel approach based on subspace corrections and oblique thresholding. We want to implement the algorithm (5.1) for the minimization of J . To solve its subit(n,M)
erations we compute the minimizer by means of oblique thresholding. Denote u2 = u2
,
(n+1,ℓ)
(n+1,ℓ+1)
(n+1,ℓ)
∗
). We would like to compute the
u1 = u1
, and z = u1
+ πV1 T (g − T u2 − T u1
minimizer
u1 = argminu∈V1 ku − zk2L2(Ω) + 2α|D(u + u2 )|(Ω)
by
|D(·)|(Ω)
(z + u2 − η) − u2 ,
u1 = (I − PαK|D(·)|(Ω) )(z + u2 − η) − u2 = Sα

for any η ∈ V2 . It is known [13] that K|D(·)|(Ω) is the closure of the set
n
o
d

div ξ : ξ ∈ Cc1 (Ω) , |ξ(x)| ≤ 1 ∀x ∈ Ω .

The element η ∈ V2 is a limit of the corresponding fixed point iteration (4.7).

In order to guarantee the concrete computability and the correctness of this procedure, we
need to discretize the problem and approximate it in finite dimensions, compare Examples 2.1.3
and Remark 4.5.2.
In contrast to the approach of the previous section, where we used the discretization of
the subdifferential to solve the subiterations, in the following we directly work with discrete
approximations of the functional J . In dimension d = 1 we consider vectors u ∈ H := RN ,
u = (u1 , u2 , . . . , uN ) with gradient ux ∈ RN given by
(
ui+1 − ui if i < N
(ux )i =
0
if i = N,
for i = 1, . . . , N . In this setting, instead of minimizing
J (u) := kT u − gk2L2 Ω + 2α|D(u)|(Ω),
we consider the discretized functional
J δ (u) :=

X


((T u)i − gi )2 + 2α|(ux )i | .

1≤i≤N

To give a meaning to (T u)i we assume that T is applied on the piecewise linear interpolant û of
the vector (ui )N
i=1 (we will assume similarly for d = 2).
In dimension d = 2, the continuous image domain Ω = [a, b] × [c, d] ⊂ R2 is approximated
by a finite grid {a = x1 < . . . < xN = b} × {c = y1 < . . . < xM = d} with equidistant step-size
d−c
h = xi+1 − xi = b−a
N = M = yj+1 − yj equal to 1 (one pixel). The digital image u is an element
in H := RN ×M . We denote u(xi , yj ) = ui,j for i = 1, . . . , N and j = 1, . . . , M . The gradient ∇u
is a vector in H × H given by forward differences
(∇u)i,j = ((∇x u)i,j , (∇y u)i,j ),
with
(∇x u)i,j =

(

(∇y u)i,j =

(

ui+1,j − ui,j
0

if i < N
if i = N,

ui,j+1 − ui,j
0

if j < M
if j = M,
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for i = 1, . . . , N , j = 1, . . . , M . The discretized functional in two dimensions is given by
X

J δ (u) :=
((T u)i,j − gi,j )2 + 2α|(∇u)i,j | ,
1≤i,j≤N

p
with |y| = y12 + y22 for every y = (y1 , y2 ) ∈ R2 .
For the definition of the set K|D(·)|(Ω) in finite dimensions we further introduce a discrete
divergence in one dimension ∇· : H → H (resp. ∇· : H × H → H in two dimensions) defined, by
analogy with the continuous setting, by ∇· = −∇∗ (∇∗ is the adjoint of the gradient ∇). That is,
the discrete divergence operator is given by backward differences, in one dimension by


pi − pi−1 if 1 < i < N
(∇ · p)i = pi
if i = 1


−pi−1
if i = N,

and, respectively, in two dimensions by

x
x

(p )i,j − (p )i−1,j if 1 < i < N
(∇ · p)ij = (px )i,j
if i = 1


x
−(p )i−1,j
if i = N

y
y

(p )i,j − (p )i,j−1 if 1 < j < M
+ (py )i,j
if j = 1


−(py )i,j−1
if j = M,

for every p = (px , py ) ∈ H × H.
With these definitions the set Kk(·)x kℓN in one dimension is given by
1

{∇ · p : p ∈ H, |pi | ≤ 1 ∀i = 1, . . . , N } .
and in two dimensions Kk∇(·)k

ℓ

N ×M
1

is given by

{∇ · p : p ∈ H × H, |pi,j | ≤ 1 ∀i = 1, . . . , N and j = 1, . . . , M } .
To highlight the relationship between the continuous and discrete setting we introduce a stepsize h ∼ 1/N in 1D (h ∼ min{1/N, 1/M } in 2D respectively) in the discrete definition of J by
defining a new functional Jhδ equal to h times the expression J δ above. One can show that as
h → 0, Jhδ Γ− converges to the continuous functional J , see [13]. In particular, piecewise linear
interpolants ûh of the minimizers of the discrete functional Jhδ do converge to minimizers of J .
This observation clearly justifies our discretization approach.
For the computation of the projection in the oblique thresholding we can use an algorithm
proposed by Chambolle in [13]. In two dimensions the following semi-implicit gradient descent
algorithm is given to approximate PαK|∇(·)|(Ω) (g):
Choose τ > 0, let p(0) = 0 and, for any n ≥ 0, iterate


(n)
(n+1)
(n+1)
,
= pi,j + τ (∇(∇ · p(n) − g/α))i,j − (∇(∇ · p(n) − g/α))i,j pi,j
pi,j
so that

(n)

(n+1)

pi,j

=

pi,j + τ (∇(∇ · p(n) − g/α))i,j
1 + τ (∇(∇ · p(n) − g/α))i,j

.

(7.4)

For τ ≤ 1/8 the iteration α∇ · p(n) converges to PαK|∇(·)|(Ω) (g) as n → ∞ (compare [13,
Theorem 3.1]).
For d = 1 a similar algorithm is given:
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We choose τ > 0, let p(0) = 0 and for any n ≥ 0,
(n+1)

pi

(n)

=

pi + τ ((∇ · p(n) − g/α)x )i
.
1 + τ ((∇ · p(n) − g/α)x )i

(7.5)

In this case the convergence of α∇ · p(n) to the corresponding projection as n → ∞ is guaranteed
for τ ≤ 1/4.
7.1.4. Domain
 decompositions.

 In one dimension the domain Ω = [a, b] is split into two
intervals Ω1 = [a, N2 ] and Ω2 = [ N2 + 1, b]. The interface ∂Ω1 ∩ ∂Ω2 is located between
i = ⌈N/2⌉ in Ω1 and i = ⌈N/2⌉ + 1 in Ω2 . In two dimensions the domain Ω = [a,b] ×
 [c, d] is split
in an analogous way with respect to its rows. In particular we have Ω1 = [a, N2 ] × [c, d] and
 
Ω2 = [ N2 + 1, b] × [c, d], compare Figure 7.2. The splitting in more than two domains is done
similarly:
Set Ω = Ω1 ∪ . . . ∪ ΩN , the domain Ω decomposed into N disjoint domains Ωi ,
i = 1, . . . , N . Set s = ⌈N/N ⌉. Then
Ω1 = [1, s] × [c, d]
for i = 2 : N − 1
Ωi = [(i − 1)s + 1, is] × [c, d]
end
ΩN = [(N − 1)s + 1, N ] × [c, d].
a = x1
Ω1
x⌈N/2⌉
——-

——-

∂Ω1 ∩ ∂Ω2

——-

——-

x⌈N/2⌉+1
Ω2
b = xN
Fig. 7.2. Decomposition of the discrete image in two domains Ω1 and Ω2 with interface ∂Ω1 ∩ ∂Ω2

To compute the fixed point η of (4.6) in an efficient way we make the following considerations,
which allow to restrict the computation to a relatively small stripe around the interface. For
u2 ∈ V2ψ and z ∈ V1 a minimizer u1 is given by
u1 = argminu∈V1 ku − zk2L2 (Ω) + 2α|D(u + u2 )|(Ω).
We further decompose Ω2 = Ω̂2 ∪ (Ω2 \ Ω̂2 ) with ∂ Ω̂2 ∩ ∂Ω1 = ∂Ω2 ∩ ∂Ω1 , where Ω̂2 ⊂ Ω2 is a
neighborhood stripe around the interface ∂Ω2 ∩ ∂Ω1 , as illustrated in Figure 7.3. By using the
splitting of the total variation (3.4) we can restrict the problem to an equivalent minimization
where the total variation is only computed in Ω1 ∪ Ω̂2 . Namely, we have
u1 = argminu∈V1 ku − zk2L2(Ω) + 2α|D(u + u2 )|(Ω1 ∪ Ω̂2 ).
Hence, for the computation of the fixed point η ∈ V2 , we need to carry out the iteration
η (m+1) = πV2 PαK|D(·)|(Ω) (η (m) − z + u2 ) only in Ω1 ∪ Ω̂2 . By further observing that η will be
supported only in Ω2 , i.e. η(x) = 0 in Ω1 , we may additionally restrict the fixed point iteration
on the relatively small stripe Ω̂1 ∪ Ω̂2 , where Ω̂1 ⊂ Ω1 is an neighborhood around the interface
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Ω1 \ Ω̂1

——-

——-

——-

Ω̂1
∂Ω1 ∩ ∂Ω2
Ω̂2

——-

——-

——-

Ω2 \ Ω̂2

Fig. 7.3. Computation of η only in the stripe Ω̂1 ∪ Ω̂2 .

from the side of Ω1 . Although the computation of η restricted to Ω̂1 ∪ Ω̂2 is not equivalent to
the computation of η on whole Ω1 ∪ Ω̂2 , the produced errors are in practice negligible, because of
the Neumann boundary conditions involved in the computation of PαK|∇(·)|(Ω ∪Ω̂ ) . Symmetrically,
1
2
one operates on the minimizations on Ω2 .
7.1.5. Numerical experiments in one and two dimensions. We shall present numerical
results in one and two dimensions for the algorithm in (5.1), and discuss them with respect to the
choice of parameters.
In one dimension we consider the same three signals already discussed for the “naive” approach
in Figure 7.1. In the left column of Figure 7.4 we report again the one dimensional signals. The
right column shows the result of the application of the domain decomposition method (5.1) for
total variation minimization. The support of the signals is split in two intervals. The interface
developed by the two intervals is marked by a red dot. In all three examples we fixed α = 1
and τ = 1/4. The first example 4.1-4.3 shows a step function, which has its step directly at the
interface of the two intervals. The total variation minimization (5.1) is applied with T = I. This
example confirms that jumps are preserved at the interface of the two domains. The second and
third example 7.4(c)-7.4(f) present the behaviour of the algorithm when interpolation across the
interface is performed. In this case the operator T is given by the multiplier T = 1Ω\D , where D
is an interval containing the interface point. In contrast to the performance of the interpolation
of the “naive” approach for the third example, Figure 7.1(e)-7.1(f)), the new approach solves the
interpolation across the interface correctly, see Figure 7.4(e)-7.4(f).
Inpainting results for the two dimensional case are shown in Figures 7.5-7.6. The interface is
here marked by a red line in the given image. In the first example in Figure 7.5 the domain is split
in two subdomains, in the second example in Figure 7.6 the domain is split in five subdomains.
The Lagrange multiplier α > 0 is chosen 10−2 . The time-step for the computation of PαK|∇(·)|(Ω)
is chosen τ = 1/4. The examples confirm the correct reconstruction of the image at the interface,
preserving both continuities and discontinuities as wanted. Despite the fact that Theorem 5.1
does not guarantee that the algorithm in (5.1) can converge to a minimizer of J (unless one of the
conditions in (iv) holds), it seems that for total variation minimization the result is always rather
close to the expected minimizer.
Let us now discuss the choice of the different parameters. As a crucial issue in order to compute
the solution at the interface ∂Ω1 ∩ ∂Ω2 correctly, one has to pay attention to the accuracy up to
which the projection PαK|∇(·)|(Ω) is approximated and to the width of the stripe Ω̂1 ∪ Ω̂2 for the
computation of η. The alternating iterations (5.1) in practice are carried out with L = M = 5
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(a)

(b)

(c)

(d)

(e)

(f)
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Fig. 7.4. (a)-(f ): Examples of the domain decomposition method for T V − L2 denoising/inpainting in 1D
where the domain was split in two domains with α = 1 and τ = 1/4

inner iterations. The outer iterations are carried out until the error J(u(n+1) ) − J(u(n) ) is of
order O(10−10 ). The fixed point η is computed by iteration (4.7) in maximal 10 iterations with
(0)
(0)
initialization ηn = 0 when n = 1 and ηn+1 = ηn , the η computed in the previous iteration,
for n > 1. For the computation of the projection PαK|∇(·)|(Ω) by Chambolle’s algorithm (7.4) we
choose τ = 1/4. Indeed Chambolle points out in [13] that, in practice, the optimal constant for
the stability and convergence of the algorithm is not 1/8 but 1/4. Further if the derivative along
the interface is high, i.e., if there is a step along the interface, one has to be careful concerning
the accuracy of the computation for the projection. The stopping criterion for the iteration (7.4)
consists in checking that the maximum variation between pni,j and pn+1
is less than 10−3 . With
i,j
less accuracy, artifacts on the interface can appear. This error tolerance may need to be further
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Fig. 7.5. An example of T V − L2 inpainting in where the domain was split in two with α = 10−2 and τ = 1/4

Fig. 7.6. An example of T V − L2 inpainting in where the domain was splitted in five with α = 10−2 and
τ = 1/4

decreased for α > 0 very large. Furthermore, the size of the stripe varies between 6 and 20 pixels
also depending on the size of α > 0, and if either inpainting is carried out via the interface or not
(e.g., the second and third example in Figure 7.4 failed in reproducing the interface correctly with
a stripe of size 6 but computed it correctly with a stripe of size 20).
7.2. Accelerated sparse recovery algorithms based on ℓ1 -minimization. In this section we are concerned with applications of the algorithms described in the previous
sections to the
P
case where Λ is a countable index set, H = ℓ2 (Λ), and ψ(u) = kukℓ1(Λ) := λ∈Λ |uλ |, compare
Examples 2.1.2. In this case we are interested to the minimization of the functional
J (u) := kT u − gk2ℓ2 (Λ) + 2αkukℓ1 .

(7.6)
k·k

As already mentioned, iterative algorithms of the type (3.1) can make the job, where Sα ℓ1 = Sα
is the soft-thresholding. Unfortunately, despite its simplicity which makes it very attractive to
users, this algorithm does not perform very well. For this reason the “domain decomposition”
algorithm (3.2) was proposed in [29], and there we proved its effectiveness in accelerating the
convergence and we provided its parallelization. Here the domain is the label set Λ which is
disjointly decomposed into Λ = Λ1 ∪ Λ2 . This decomposition produces an orthogonal splitting
i
of ℓ2 (Λ) into the subspaces Vi = ℓΛ
2 (Λ) := {u ∈ ℓ2 (Λ) : supp(u) ⊂ Λi }, i = 1, 2. We want to
generalize this particular situation to an arbitrary orthogonal decomposition:
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Let Q be an orthogonal operator on ℓ2 (Λ). With this operator we denote QΛi := QπℓΛi (Λ) . Finally
2
we can define Vi := QΛi ℓ2 (Λ) for i = 1, . . . , N . In particular, we can consider multiple subspaces,
i.e., N ≥ 2, since the algorithms and their analysis presented in the previous sections can be
easily generalized to these cases, see [29, Section 6]. For simplicity we assume that the subspaces
have equal dimensions when dim H < ∞. Clearly the orthogonal projection onto Vi is given by
πVi = QΛi Q∗Λi . Differently from the domain decomposition situation for which Q = I and
k

N
X
i=1

πVi ukℓ1 =

N
X

kπVi ukℓ1 ,

(7.7)

i=1

for an arbitrary splitting, i.e., for Q 6= I, (7.7) is not guaranteed to hold. Hence, an algorithm as in
(3.2) cannot anymore be applied and one has to use (5.1) or (6.2) instead. In finite dimensions there
are several ways to compute suitable operators Q. The constructions we consider in our numerical
examples are given by Q as the orthogonalization of a random matrix Q̃, e.g., via Gram-Schmidt,
or the orthogonal matrix Q = V provided by the singular value decomposition of T = U DV ∗ .
Of course, for very large matrices T , the computation of the SVD is very expensive. In these
cases, one may want to use the more efficient strategy proposed in [38], where Q is constructed by
computing the SVD of a relatively small submatrix of T generated by random sampling.
The numerical examples presented in the following, refer to applications of the algorithms for
the minimization of J where the operator T is a random matrix 200 × 40 with Gaussian entries.
7.2.1. Discussion on the convergence properties of the algorithm. It is stated in the
Theorems 5.1 and 6.1 that the algorithms (5.1) or (6.2) may not converge to a minimizer of J
for an arbitrary orthogonal operator Q, while, in reason of (7.7) and condition (a) in Theorem 5.1
(iv), such convergence is guaranteed for Q = I.
5.5
standard iter. thresholding
subspace correction
domain decomposition

5
Value of the functional J
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Fig. 7.7. We show the application of the algorithms (2.1), (5.1), and (3.2), for the minimization of J where T
is a random matrix 200 × 40 with Gaussian entries. We considered in this example N = 5 subspaces Vi , α = 0.005,
30 external iterations and 30 internal iterations for the minimization on each Vi , i = 1, . . . , 5. We fixed a maximal
number of 20 iterations in the approximate computation of the auxiliary η’s in (4.7). While (3.2) converges to a
minimizer of J , this is not the case for (5.1).

In Figure 7.7 we can illustrate the different convergence behavior for Q 6= I and for Q = I, by
a comparison with the standard iterative thresholding algorithm (3.1). Nevertheless, in several
situations the computed solution due to (5.1) or (6.2) for Q 6= I is very close to the wanted
minimizer, especially for α > 0 relatively small. Moreover, it is important to observe that the
choice of a suitable Q, for example the one provided by the singular value decomposition of T , does
accelerate the convergence in the very first iterations, as we illustrate in Figure 7.8. In particular,
within the first few iterations, most of the important information on the support of the minimal
solution u is recovered. This explains the rather significant acceleration of the convergence shown
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Fig. 7.8. We show the application of the algorithms (2.1), (5.1), and (3.2), for the minimization of J where T
is a random matrix 200 × 40 with Gaussian entries. We considered in this example N = 5 subspaces Vi , α = 0.005,
30 external iterations and 30 internal iterations for the minimization on each Vi , i = 1, . . . , 5. We fixed a maximal
number of 20 iterations in the approximate computation of the auxiliary η’s in (4.7). In the first few iterations
(5.1) converges faster than (3.2).

in Figure 7.9 obtained by combining few initial iterations of the algorithm (5.1) for the choice
of Q = V with successive iterations where the choice is switched to Q = I in order to ensure
convergence to minimizers of J . This combined strategy proved to be extremely efficient and it
is the one we consider in the rest of our discussion.
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Fig. 7.9. We show the application of the algorithms (2.1), (3.2), and (5.1) where the first 4 external iterations
are performed with Q = V , followed by iterations where Q = I. Again the minimization of J is performed assuming
that T is a random matrix 200 × 40 with Gaussian entries and the same parameters as in the previous figures. The
starting acceleration due to the initial choice of Q = V allows to recover sufficient information on the support of
the sparse minimal solution, so that the following iterations for Q = I do already perform significantly better than
(3.2).

We developed further experiments for the evaluation of the behavior of the algorithm (5.1) with
respect to other parameters, in particular the number of inner iterations for the minimization on
each Vi , i = 1, . . . , N , and the number N of subspaces. In Figure 7.10 we show that by increasing
the number of inner iterations we improve significantly the convergence with respect to the outer
iterations. Of course, the improvement due to an increased number of inner iterations corresponds
also to an increased computational effort. In order to counter-balance this additional cost one may
consider a larger number of subspaces, that in turns implies a smaller dimension of each subspace.
Indeed, note that inner iterations on subspaces with smaller dimension require a much less number
of algebraic operations. In Figure 7.11 we show that by increasing the number of subspaces and,
correspondingly, the number of inner iterations we do keep improving the convergence significantly.
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4.2
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Fig. 7.10. We show the application of the algorithms (2.1) and (5.1) (with the switching from Q = V to
Q = I as in the previous figure) for the minimization of J where T is a random matrix 200 × 40 with Gaussian
entries. We considered in this application of (5.1) N = 10 subspaces Vi , α = 0.005, 50 external iterations and an
increasing number of inner iterations for the minimization on each Vi , i = 1, . . . , 5. We fixed a maximal number
of 20 iterations in the approximate computation of the auxiliary η’s in (4.7). We can observe that by increasing
the number of inner iterations we can significantly improve the rate of convergence with respect to the external
iterations.

Hence, the parallel algorithm (6.2) adapted to a large number of subspaces performs very fast as
soon as the inner iterations are also increased correspondingly.
4.2
standard iter. thresholding
2 subspaces and 2 inner iter.
4 subspaces and 4 inner iter.
10 subspaces and 40 inner iter.
50 subspaces and 80 inner iter.
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Fig. 7.11. We show the application of the algorithms (2.1) and (5.1) (with the switching from Q = V to
Q = I after 4 external iterations) for the minimization of J where T is a random matrix 200 × 40 with Gaussian
entries. We considered in this application of (5.1) an increasing number N = 2, 4, 10, 50 of subspaces Vi and
correspondingly an increasing number, 2, 4, 40, 80, of inner iterations. Again we fixed α = 0.005, 50 external
iterations, and a maximal number of 20 iterations in the approximate computation of the auxiliary η’s in (4.7).
We can observe that by increasing the number of subspaces and inner iterations we can significantly improve the
rate of convergence with respect to the external iterations.

8. Conclusion. Optimization of functionals promoting sparse recovery, e.g., ℓ1 -minimization
and total variation minimization (where the sparsity is at the level of derivatives), were proposed
in order to extract few significant features of the solution originally defined in very high dimensions. As a matter of fact, these minimizations cannot be performed by ordinary methods when
the dimension scale is extremely large, for speed, resources, and memory restrictions. Hence, domain decomposition or subspace correction methods have to be invoked in these cases. Our work
contributes to remedy the lack of such methods for these specific problems. We introduced parallel
and alternating optimization algorithms on sequences of orthogonal subspaces of a Hilbert space,
for the minimization of energy functionals involving convex constraints coinciding with semi-norms
for a subspace. We provided an efficient numerical method for the implementation of the algo-
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rithm via oblique thresholding, defined by suitable Lagrange multipliers. It is important to notice
that, on the one hand, these algorithms are realized by re-utilizing the basic building blocks of
standard proximity-map iterations, e.g., projections onto convex sets, no significant complications
in the implementations occur. On the other hand, several tricks can be applied in order to limit
the computational load produced by the multiple iterations occurring on several subspaces (compare subsection 7.1.4). We investigated the convergence properties of the algorithms, providing
sufficient conditions for ensuring the convergence to minimizers. We showed the applicability of
these algorithms in delicate situations, like in domain decomposition methods for singular elliptic
PDE’s with discontinuous solutions in 1D and 2D, and in accelerations of ℓ1 -minimizations. The
numerical experiments nicely confirm the results predicted by the theory.
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RECOVERY ALGORITHMS FOR VECTOR-VALUED DATA WITH
JOINT SPARSITY CONSTRAINTS∗
MASSIMO FORNASIER† AND HOLGER RAUHUT‡
Abstract. Vector-valued data appearing in concrete applications often possess sparse expansions
with respect to a preassigned frame for each vector component individually. Additionally, diﬀerent
components may also exhibit common sparsity patterns. Recently, there were introduced sparsity
measures that take into account such joint sparsity patterns, promoting coupling of nonvanishing
components. These measures are typically constructed as weighted 1 norms of componentwise q
norms of frame coeﬃcients. We show how to compute solutions of linear inverse problems with
such joint sparsity regularization constraints by fast thresholded Landweber algorithms. Next we
discuss the adaptive choice of suitable weights appearing in the deﬁnition of sparsity measures. The
weights are interpreted as indicators of the sparsity pattern and are iteratively updated after each new
application of the thresholded Landweber algorithm. The resulting two-step algorithm is interpreted
as a double-minimization scheme for a suitable target functional. We show its 2 -norm convergence.
An implementable version of the algorithm is also formulated, and its norm convergence is proven.
Numerical experiments in color image restoration are presented.
Key words. linear inverse problems, joint sparsity, thresholded Landweber iterations, curvelets,
subdiﬀerential inclusion, color image reconstruction
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1. Introduction. Inverse problems. We address the problem of recovering
an element u of a Hilbert space K from the observed datum g = T u in the Hilbert
space H, where T : K → H is a bounded linear operator, possibly noninvertible or
with an unbounded inverse. A simple approach to this problem is to minimize the
discrepancy
T (u) := T u − g|H2 .
If ker(T ) = {0}, then there exists a unique solution given by u∗ = (T ∗ T )−1 T ∗ g. However, if T has an unbounded inverse, i.e., (T ∗ T )−1 is unbounded, then this approach
is very unstable.
Thus, if T is noninvertible or has an unbounded inverse (or an inverse with a high
norm), one has to take into account further features of the expected solution. Indeed,
a well-known way out is to consider the regularized problem [26]
u∗α := argminu∈K T (u) + αu|K2 ,
for which the corresponding solution operator Tα† : g → u∗α is bounded. Unfortunately, the minimal norm constraint is often not appropriate. A recent approach is
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to substitute this particular constraint with a more general one
u∗Φ := argminu∈K T (u) + Φ(u),
where Φ is a suitable sparsity measure.
Sparse frame expansions. A sparse representation of an element of a Hilbert
space is a series expansion with respect to orthonormal bases or a frame that has
only a small number of large coeﬃcients. Several types of signals appearing in nature
admit sparse frame expansions, and thus, sparsity is a realistic assumption for a very
large class of problems. For instance, images are well-represented by sparse expansions
with respect to wavelets or curvelets, while for audio signals a Gabor frame is a good
choice.
Sparsity has already had a long history of successes. The design of frames for
sparse representations of digital signals has led to extremely eﬃcient compression
methods, such as JPEG2000 and MP3 [34]. Successively a new generation of optimal
numerical schemes has been developed for the computation of sparse solutions of
diﬀerential and integral equations, exploiting adaptive and greedy strategies [12, 39,
14, 15]. The use of sparsity in inverse problems for data recovery has been the most
recent step of this long career of “simplifying and understanding complexity,” with an
enormous potential in applications [2, 17, 18, 20, 22, 21, 36, 40, 10, 13, 16]. Another
ﬁeld, which caught much attention recently, is the observation that it is possible to
reconstruct sparse signals from vastly incomplete information [6, 9, 23, 33, 37]. This
line of research is called sparse recovery or compressed sensing.
From sparsity to joint sparsity. Most of the contributions appearing in the
literature are addressed to the recovery of sparse scalar functions. Multichannel signals
(i.e., vector-valued functions) appearing in concrete applications may not only possess
sparse frame expansions for each channel individually, but additionally the diﬀerent
channels can also exhibit common sparsity patterns. Recently, new sparsity measures
have been introduced that promote such coupling of the nonvanishing components
through diﬀerent channels [3, 30, 41]. These measures are typically constructed as
weighted 1 norms of channel q norms, with q > 1. We will use this concept for
the solution of vector-valued inverse problems and combine it with another approach
further promoting the coupling of sparsity patterns along channels. We note that
sparse recovery of vector-valued signals was already investigated in [2], although joint
sparsity was not considered in that work.
Our main results. We show how to compute solutions of linear inverse problems with joint sparsity regularization constraints by fast thresholded Landweber
algorithms, similar to those presented in [17, 36, 40]. We discuss the adaptive choice
of suitable weights appearing in the deﬁnition of the sparsity measures. The weights
are interpreted as indicators of the sparsity pattern and are iteratively updated after each new application of the thresholded Landweber algorithm. The resulting
two-step algorithm is interpreted as a double-minimization scheme for a suitable target functional. We prove that our algorithm converges to its minimizer. Since the
functional is not smooth, this is done by subdiﬀerential inclusions [38]. We prove
that the thresholded Landweber algorithm, which constitutes the inner iteration of
the double-minimization algorithm, converges linearly. The second step of the doubleminimization has actually a simple explicit solution. Finally, we show that the full exact double-minimization scheme converges linearly, and we provide an implementable
version which is also ensured to converge.
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Morphological analysis of signals and sparsity patterns. The use of sparseness measures not only allows one to reconstruct a signal. At the same time it gives
information about (joint) sparsity patterns which may encode morphological features
of the signal. Well-known examples are the microlocal analysis properties of wavelets
[31, 32] for singularity and regularity detection and the characterization of edges and
curves by curvelets for natural images [8]. For instance, the weight sequences appearing in the sparsity measures we deﬁne, and interpret as indicators of the sparsity
pattern, play a similar role as the discontinuity set is playing in the Mumford–Shah
functional [35]. In fact, it is well-known that wavelet or curvelet coeﬃcients have
high absolute values at high scales as soon as we are in the neighborhood of discontinuities. Even more illuminating and suggestive is the parallel between the sparsity
measure and its indicator weights with the Ambrosio–Tortorelli [1] approximation of
the Mumford–Shah functional. Here the discontinuity set is indicated by an auxiliary
function, which is 1 where the image is smooth and 0 where edges and discontinuities
are detected.
Joint sparsity patterns of vector-valued (i.e., multichannel) signals encode even
ﬁner properties of the morphology which do not belong only to one channel but are
a common feature of all of the channels. Here the parallel is with generalizations of
the Mumford–Shah functional as appearing, for example, in [5], where polyconvex
functions of gradients couple discontinuity sets through diﬀerent color channels of
images.
Applications. We expect that our scheme can be applied in several diﬀerent
contexts. In this paper we limit ourselves to an application in color image reconstruction, modeling a real-world problem in art restoration. Indeed, color images have the
advantage of being nontrivial multivariate and multichannel signals, exhibiting a very
rich morphology and structure. In particular, discontinuities (jump sets) may appear
in all of the channels at the same locations, which will be reﬂected in their curvelet
representation (for instance). For these reasons, color images are a good model to test
the eﬀectiveness of our scheme promoting joint sparsity, also because the solution can
be easily checked just by a visual analysis. Of course, the range of applicability of our
approach is not limited to color image restoration. Neuroimaging (functional magnetic resonance imaging, magnetoencephalography), distributed compressed sensing
[3], and several other problems with coupled vector-valued solutions are ﬁelds where
we expect that our scheme can be fruitfully used. The numerical solution of diﬀerential and integral operator equations can also be addressed within this framework,
and we refer, for example, to [14, 39, 15] for implementations by adaptive strategies.
Content of the paper. The paper is organized as follows. In section 2 we
introduce the mathematical setting. We formulate our model of joint sparsity for
multichannel signals and the corresponding functional to be minimized in order to
solve a given linear inverse problem. The functional depends on two variables. The
ﬁrst belongs to the space of signals to be reconstructed; the second belongs to the space
of sparsity indicator weights. Convexity properties of the functional are discussed.
Section 3 is dedicated to the formulation of the double-minimization algorithm and to
its weak convergence. The scheme is based on alternating minimizations in the ﬁrst
and in the second variable individually. In section 4 we discuss an eﬃcient thresholded
Landweber algorithm for the minimization with respect to the ﬁrst variable. Its strong
convergence is shown following the analysis in [17]. The minimization with respect to
the second variable has an explicit solution, and no elaboration is needed. We provide
an implementable version of the full scheme in section 5. To prove its convergence we
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develop an error analysis. As a byproduct of the results in this section we show that the
double-minimization scheme converges strongly. In section 6 we present an application
in color image reconstruction. Numerical experiments are shown and discussed.
2. The functional.
2.1. Notation. Before starting our discussion let us brieﬂy introduce some of
the spaces we will use in the following. For some countable index set Λ we denote by
p = p (Λ), 1 ≤ p ≤ ∞, the space of real sequences u = (uλ )λ∈Λ with norm
1/p


p
up = u|p  :=
|uλ |
, 1 ≤ p < ∞,
λ∈Λ

and u∞ := supλ∈Λ |uλ | as usual. If (vλ ) is a sequence of positive weights, then we
deﬁne the weighted spaces p,v = p,v (Λ) = {u, (uλ vλ ) ∈ p (Λ)} with norm

1/p
 p
p
up,v = u|p,v  = (uλ vλ )p =
vλ |uλ | )
λ∈Λ

(with obvious modiﬁcation for p = ∞). If the entries uλ are actually vectors in a
Banach space X with norm  · X , then we denote
p,v (Λ, X) := {(uλ )λ∈Λ , uλ ∈ X, (uλ X )λ∈Λ ∈ p,v (Λ)},
with norm u|p,v (Λ, X) = (uλ X )λ∈Λ |p,v (Λ). Usually X will be RM endowed
M
endowed with the
with the Euclidean norm or the M -dimensional space M
q , i.e., R
q norm. By R+ we denote the nonnegative real numbers.
2.2. Inverse problems with joint sparsity constraints. Let K and Hj , j =
1, . . . , N , be (separable) Hilbert spaces and A,j : K → Hj , j = 1, . . . , M ,  =
1, . . . , N , some bounded linear operators. Assume we are given data gj ∈ Hj ,
gj =

M


A,j f ,

j = 1, . . . , N.

=1

Then our basic task consists in reconstructing the (unknown) elements f ∈ K,  =
1, . . . , M .
In practice, it happens that the corresponding mapping from the vector (f ) to the
vector (gj ) is not invertible or ill-conditioned. Moreover, the data gj , j = 1, . . . , N ,
are often corrupted by noise. Thus, in order to deal with our reconstruction problem
we have to regularize it.
Our basic assumption throughout this paper will be that the “channels” f ,  =
1, . . . , M , are correlated by means of joint sparsity patterns. Our aim is to model the
joint sparsity within a regularization term. In the following we develop this idea.
For the sake of short notation we resume the data vector into
g = (gj )j=1,...,M ∈ H :=

N


Hj ,

j=1



where
the Hilbert space H is equipped with the usual inner product  j gj , j hj :=

j gj , hj , with gj , hj ∈ Hj . We also combine the operators A,j into one operator
N
M
M


M
K → H, A(f )=1 =
A,j f
.
A:
=1

=1

j=1

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
RECOVERY ALGORITHMS FOR JOINTLY SPARSE DATA

5

In order to exploit sparsity ideas we assume that we have given a suitable frame
{ψλ : λ ∈ Λ} ⊂ K indexed by a countable set Λ. This means that there exist constants
C1 , C2 > 0 such that
(2.1)

C1 f 2K ≤



|f, ψλ |2 ≤ C2 f 2K

for all f ∈ K.

λ∈Λ

Orthonormal bases are particular examples of frames. Frames allow for a (stable)
series expansion of any f ∈ K of the form
(2.2)

f = F u :=



uλ ψλ ,

λ∈Λ

where u = (uλ )λ∈Λ ∈ 2 (Λ). The linear operator F : 2 (Λ) → K is called the synthesis
map in frame theory. It is bounded due to the frame inequality (2.1). In contrast
to orthonormal bases, the coeﬃcients uλ need not be unique, in general. For more
information on frames we refer to [11].
A main assumption here is that the f to be reconstructed are sparse with respect
to the frame {ψλ }. This means that f can be well-approximated by a series of the form
(2.2) with only a small number of nonvanishing coeﬃcients uλ . This can be modeled
by assuming that the sequence u is contained in a (weighted) 1 (Λ) space. Indeed,
the minimization of the 1 (Λ) norm promotes that only a few entries are nonzero.
Taking, for instance, a wavelet frame and a suitable weight, the 1 constraint implies
s
that the element to be reconstructed lies in a certain Besov space B1,1
; see [17].
Analogously as in [17] such considerations lead to the regularized functional
(2.3)

J (u) = g − T u|H2 + u|1,v (ΛM )
2

M
M 
N 






A,j F u  +
vλ |uλ |,
=
gj −


j=1

=1

Hj

=1 λ∈Λ

which has to be minimized with respect to the vector of coeﬃcients u = (uλ )=1,...,M
.
λ∈Λ
The 1,v norm in this functional clearly represents the regularization term. The numbers vλ , λ ∈ Λ, are some suitable positive weights. Once the minimizer u = (uλ )
is determined,we obtain a reconstruction of the vectors of interest by means of

f = F u =
λ uλ ψλ . The algorithm in [17] can be taken to perform the minimization with respect to u.
The functional J (u) in the form stated, however, does not necessarily model any
correlation between the vectors (channels) f ,  = 1, . . . , M . A way to incorporate
such correlation is the assumption of joint sparsity; see also [30, 41]. By this we mean
that the pattern of nonzero coeﬃcients representing f is (approximately) the same
for all of the channels. In other words, for some ﬁnite set of indexes Λ0 ⊂ Λ and for
all  = 1, . . . , N there is an expansion
f ≈



uλ ψλ .

λ∈Λ0

In particular, the same Λ0 can be chosen for all f ’s.
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We propose two approaches (that can be combined) to model joint sparsity. The
ﬁrst one assumes that the mixed norm

u|1,v (Λ, M
vλ uλ q
q ) =
λ∈Λ
()

M
of u = (uλ ) is small. Here uλ denotes the vector (uλ )M
=1 in R . (Recall also that
M
M
q denotes R endowed with the q norm). Here q > 1 and, in particular, q = 2 or
q = ∞ represent the interesting cases, since for q = 1 the above norm reduces to the
usual weighted 1,v norm. In fact if q is large and some |uλ | is large, then the channel

entries |uλ | are also allowed to be large for  = , without increasing signiﬁcantly the
norm uλ |M
q . The minimization of the above norm promotes that all entries of the
“interchannel” vector uλ may become signiﬁcant, once at least one of the components
|uλ | is large.
Introduce the operators T,j = A,j F : 2 (Λ) → H and

M

T : 2 (Λ, R ) → H,

Tu =

M


N
T,j u

=1



=

M


N
A,j F u



=1

j=1

.
j=1

The above reasoning leads to the functional
(2.4)

K(u) = Kv(q) (u) := T u − g|H2 + u|1,v (Λ, M
q )
=

2

M
N 





T,j u − gj  +
vλ uλ q



j=1

=1

Hj

λ∈Λ

to be minimized with respect to u. In section 4 we will develop an iterative thresholding algorithm similar as in [17] to perform this minimization.
The second approach to support joint sparsity is to encode the joint sparsity
information in some sort of indicator function. This can in fact be done by using the
weight (vλ ) as a second minimization variable. To this end we add an additional term
to the original functional (2.3), punishing small values of vλ . We obtain the functional


(1)
J0 (u, v) := Jθ,ρ,0 (u, v) := T u − g|H2 +
vλ uλ 1 +
θλ (ρλ − vλ )2
λ∈Λ

λ

restricted to vλ ≥ 0. Here (θλ )λ and (ρλ )λ are some suitable positive sequences.
Now the task is to minimize J0 (u, v) jointly with respect to both u and v. (Again,
once this minimizer is determined we obtain f = F u ). Analyzing J0 (u, v) we realize
M
that for the minimizer (u, v) we will have vλ = 0 (or close to 0) if uλ 1 = =1 |uλ |
is large so that vλ uλ 1 gets small. On the other hand, if uλ 1 is small, then the
term θλ (ρλ − vλ ) dominates and forces vλ to be close to ρλ . Thus, vλ serves indeed
as an indicator of large values of uλ 1 . It has the eﬀect that, if vλ is chosen small

due to one large uλ , then also the other coeﬃcients uλ ,  = , can be chosen large
without making the functional considerably bigger.
Unfortunately, in contrast to the previous functionals, J(u, v) as stated above is
no longer jointly convex in (u, v) in general (although it is convex as a functional of u
and of v alone). Thus, it cannot be ensured that a local minimum of the functional will
be a global one, a property that is very crucial for an eﬃcient minimization method.

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
RECOVERY ALGORITHMS FOR JOINTLY SPARSE DATA

7

To overcome this problem we may add an additional suitable quadratic term.
Moreover, we can, of course, combine the second approach with the ﬁrst one and use
an q norm instead of an 1 norm for the interchannel vectors uλ . This leads to the
most general form of the regularized functional considered in this paper:
(2.5)

(q)

J(u, v) = Jθ,ρ,ω (u, v)
:= T u − g|H2 +



vλ uλ q +

λ∈Λ



ωλ uλ 22 +

λ∈Λ



θλ (ρλ − vλ )2 .

λ∈Λ

Here ωλ is a suitably chosen sequence of positive numbers, and 1 ≤ q ≤ ∞.
We will provide a suﬃcient condition depending on θλ and ρλ in the next subsection ensuring the strict joint convexity of J(u, v) in (u, v). Although there is an extra
term, J(u, v) has similar properties as J0 (u, v). In particular, v can still be seen as a
sort of indicator function.
Observe that in the minimum we will always have 0 ≤ vλ ≤ ρλ . Therefore, we
can assume the domain of J to be 2 (Λ, RM )×∞,ρ−1 (Λ)+ , where ∞,ρ−1 (Λ)+ denotes
the (convex) cone of all nonnegative sequences (vλ ) ∈ ∞,ρ−1 (Λ).
Our main contribution consists in providing an algorithm for the minimization
of J(u, v). It consists in alternately minimizing with respect to u and with respect
v. The minimization with respect to v can be done explicitly. For the minimization
with respect to u we propose an eﬃcient iterative algorithm.
We will mainly study the problem in the real-valued case. The complex-valued
case can be treated with the same methods (in principle) by observing that CM is
isomorphic to R2M , so passing from M complex-valued channels to 2M real-valued
channels. We note, however, that slight complications may arise from the fact that
an q norm on CM is not isometric to an q norm on R2M if q = 2. (In particular,
the thresholding operator on CM for q = ∞ will have a diﬀerent form than the one
provided in the next section for the real-valued case.)
Remark. In [2] Anthoine considered a similar functional as in (2.3) for multichannel signals,

Jv (u) = T u − g|H2 +

M 


vλ |uλ |p ,

=1 λ∈Λ

with 1 ≤ p ≤ 2 for  = 1, . . . , M . Clearly, the generalization consists in the latter
exponents p . An algorithm for the minimization of J  was developed in [2]. However,
Anthoine’s functional does not promote joint sparsity like our functionals in (2.4) or
(2.5), since the penalty term decouples with respect to the channels u ,  = 1, . . . , M .
2.3. Convexity of the functional J . At several places in the following it will
be convenient to write
(2.6)

J(u, v) = T (u) + Φ(q) (u, v),
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where
T (u) = T u − g2H =

2
N 


 M

 ,

T
u
−
g
,j
j


j=1

Φ(q) (u, v) =



vλ uλ q +

λ∈Λ

Hj

=1



ωλ uλ 22 +

λ∈Λ



θλ (ρλ − vλ )2

λ∈Λ

2

 + ρ − v|2,θ1/2 (Λ)2
= (vλ uλ q )λ∈Λ 1 + u|2,ω1/2 (Λ, M
2 )
are the discrepancy with respect to the data and the joint sparsity measure, respectively.
Also it is useful to observe that Φ(q) decouples with respect to λ, i.e.,
 (q)
Φ(q) (u, v) =
(2.7)
Φλ (uλ , vλ ),
λ∈Λ

where
(q)

Φλ (x, y) = yxq + ωλ x22 + θλ (ρλ − y)2

(2.8)

= y

M


1/q
q

|x |

=1

+ ωλ

M


x2 + θλ (ρλ − y)2 ,

x ∈ RM , y ≥ 0

=1

(with the usual modiﬁcation for q = ∞).
In the following we give necessary and suﬃcient conditions for the (strict) convexity of the functional Φ(q) for the most interesting cases q = 1, 2, ∞. These imply
(q)
suﬃcient conditions for the (strict) convexity of J = Jθ,ρ,ω .
Proposition 2.1. Let q ∈ {1, 2, ∞}. The sparsity measure Φ(q) is convex if and
κ
only if ωλ θλ ≥ 4q for all λ ∈ Λ, where κ1 = M and κ2 = κ∞ = 1. In particular, if
κq
κ
ωλ θλ ≥ 4 for all λ ∈ Λ, then J is convex. In the case of a strict inequality ωλ θλ > 4q
we can replace “convexity” by “strict convexity” in all of these statements.
(q)
Proof. It is easy to see that Φ(q) is (strictly) convex if and only if all of the Φλ ,
λ ∈ Λ, are (strictly) convex.
M
(1)
(1)
Let us ﬁrst consider q = 1. Observe that we can write Φλ (x, y) = =1 Fλ (x , y),
with
(2.9)
(1)

Fλ (z, y) = y|z| + ωλ |z|2 + M −1 θλ (ρλ − y)2


= y|z| + ωλ |z|2 + M −1 θλ y 2 + M −1 θλ ρ2λ − 2ρλ y ,

z ∈ R, y ≥ 0.

The function in the second bracket is obviously linear and hence convex. The function
in the ﬁrst bracket can be written as the composition Gλ ◦ L, with L(z, y) = (|z|, y)
and
Gλ (z, y) = yz + ωλ z 2 + M −1 θλ y 2 =
where
H

(1)


2ωλ
=
1

1
(z, y) H (1) (z, y)T ,
2

1
2θλ M −1


.

z, y ∈ R,

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
9

RECOVERY ALGORITHMS FOR JOINTLY SPARSE DATA

Since L is convex and has range R2+ , and Gλ is monotonically increasing in each
coordinate on R2+ , it suﬃces to show that Gλ (z, y) is convex if and only if θλ ωλ ≥
M/4; see, e.g., [4, p. 86]. The convexity of Gλ is equivalent to H (1) being positive
semideﬁnite. The latter is clearly equivalent to θλ ωλ ≥ M/4. Strict convexity is
equivalent to a strict inequality θλ ωλ > M/4.
(2)
(2)
Now let q = 2. Observe that Φλ = Fλ ◦ L(2) , where L(2) : RM × R+ → R2+ ,
(2)
L (x, y) = (x2 , y), and
(2)

Fλ (z, y) = yz + ωλ z 2 + θλ (ρλ − y)2

(2.10)

=

1
(z, y) H (2) (z, y)T + θλ (ρ2λ − 2ρλ y),
2

with
H (2) =


2ωλ
1

z, y ∈ R,



1
2θλ

.

(2)

By a similar argument as above, Φλ is convex if and only if H (2) is positive semideﬁnite. The latter is the case if and only if ωλ θλ ≥ 1/4, and a strict convexity is
equivalent to a strict inequality.
Finally, let q = ∞. Observe that
(∞)

Φλ (x, y) =

y|x | + ωλ

max

=1,...,M

M


|xm |2 + θλ (ρλ − y)2

.

m=1

(∞)

Since Φλ is the pointwise maximum of M functions, it is suﬃcient (see [4, p. 80])
to investigate the (strict) convexity of each of the functions
fλ, (x, y) = yx + ωλ

M


(x )2 + θλ (ρλ − y)2

m=1

=

1
(∞)
(y, x) H (y, x)T + θλ (ρ2λ − 2yρλ ),
2

with

⎛

0
..
.
0

0
2ωλ
..
.
0

···
···
..
.
···

0
0
..
.
2ωλ

δ1,

δ2,

···

δM,

2ωλ

(∞)
H

⎜
⎜
⎜
⎜
= ⎜
⎜
⎜
⎝

x ∈ RM , y ≥ 0,

⎞
δ1,
⎟
δ2, ⎟
⎟
.. ⎟ .
. ⎟
⎟
⎟
δM, ⎠
2θλ

One can show by induction that
(∞)

det(H
(∞)

) = 2M −1 ωλM −1 (4θλ ωλ − 1).

is positive semideﬁnite if and only if θλ ωλ ≥ 1/4, and the convexity of
Thus, H
(q)
Φλ is equivalent to the latter condition. Once again the strict convexity is equivalent
to the strict inequality.
We do not pursue the task to obtain conditions for the convexity of Φ(q) and J
for general q = 1, 2, ∞ but rather assume that Φ(q) and hence J are always convex
also in this case.
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3. The minimizing algorithm and its convergence. In this section we propose and analyze an algorithm for the computation of the minimizer (u∗ , v ∗ ) of the
(q)
functional J(u, v) = Jθ,ρ,ω (u, v) deﬁned in (2.5). The algorithm consists in alternating a minimization with respect to u and a minimization with respect to v. More
formally, for an arbitrary choice v (0) , for example, v (0) = (ρλ )λ∈Λ , we deﬁne
u(n) := arg minu∈2 (Λ,RM ) J(u, v (n−1) ),

(3.1)

v (n) := arg minv∈∞,ρ−1 (Λ)+ J(u(n) , v).

The minimization of J(u, v (n−1) ) with respect to u can be done by means of the
iterative thresholding algorithm that we will study in the next section. The minimizer
v (n) of J(u(n) , v) for ﬁxed u(n) can be computed explicitly. Indeed, it follows from
elementary calculus that
(3.2)

(n)

vλ

=

ρλ −

1
(n)
λ q
2θλ u

0

if u(n) λ q < 2θλ ρλ ,
otherwise .

We have the following result about the convergence of the above algorithm.
Theorem 3.1. Let 1 ≤ q ≤ ∞, and assume that Φ(q) and hence J are strictly
convex (see also Proposition 2.1). Moreover, we assume that 2,ω1/2 (Λ, RM ) is embedded into 2 (Λ, RM ), i.e., ωλ ≥ γ > 0 for all λ ∈ Λ. Then the sequence (u(n) , v (n) )n∈N
converges to the unique minimizer (u∗ , v ∗ ) ∈ 2 (Λ, RM ) × ∞,ρ−1 (Λ)+ of J. The
convergence of u(n) is weak in 2 (Λ, RM ) and that of v (n) holds componentwise.
For the most interesting cases q ∈ {1, 2, ∞}, if in addition θλ ωλ ≥ σ > κq /4 for
all λ ∈ Λ, where κ1 = M and κ2 = κ∞ = 1, then the convergence of u(n) to u∗ is also
strong in 2 (Λ, RM ) and v (n) − v ∗ converges to 0 strongly in 2,θ (Λ).
The rest of the section will be spent with the proof of the weak convergence of
the algorithm. The strong convergence and the full proof of the Theorem 3.1 will be
established only in section 5.3 later.
3.1. Subdiﬀerential calculus. A main tool in the analysis of nonsmooth functionals and their minima is the concept of subdiﬀerential. Recall that, for a convex
functional F on some Banach space V , its subdiﬀerential ∂F (x) at a point x ∈ V ,
with F (x) < ∞, is deﬁned as the set
∂F (x) = {x∗ ∈ V ∗ , x∗ (z − x) + F (x) ≤ F (z) for all z ∈ V },
where V ∗ denotes the dual space of V . It is obvious from this deﬁnition that 0 ∈ ∂F (x)
if and only if x is a minimizer of F . In the following, we investigate the subdiﬀerential
of J. In order to have J deﬁned on the whole Banach space 2 (Λ, RM ) × ∞,ρ−1 (Λ)
rather than just for positive vλ ’s (which is needed to use subdiﬀerentials), we simply
extend J(u, v) by
J(u, v) = ∞

if vλ < 0 for some λ ∈ Λ

as usual. This extension preserves convexity and does not change the minimizer.
Recall that J can be written as J(u, v) = T (u) + Φ(q) (u, v); see (2.6). Since both
T and Φ(q) are convex we have (see, e.g., [24, Proposition 5.6])
(3.3)

∂J(u, v) = ∂T (u) × {0} + ∂Φ(q) (u, v).
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Concerning the subdiﬀerential of T we have the following result.
Lemma 3.2. The subdiﬀerential of T at u ∈ 2 (Λ, RM ) consists of one element:
∂T (u) = {2T ∗ (T u − g)} .
Proof. Since T is convex and Gateaux-diﬀerentiable, by Proposition 5.3 [24] we
have ∂T (u) = {T  (u)} , where its Gateaux derivative is characterized by T  (u), z =
(u)
limh→0+ T (u+hz)−T
for all z ∈ 2 (Λ, RM ). It is straightforward to check that the
h
Gateaux derivative of a functional of the type u → T u − g2 (with linear T ) at u
applied on z is given by 2T u−g, T z = 2T ∗ (T u−g), z . This proves the claim.
Let us now consider the subdiﬀerential of ∂Φ(q) (u, v). Recall its domain 2 (Λ,
M
R ) × ∞,ρ−1 (Λ). Since the dual of ∞,ρ−1 is a bit inconvenient to handle, we restrict
the subdiﬀerential to the predual 1,ρ . This will be enough for our purposes. Moreover,
(q)
recall that Φ(q) decouples into a sum of functionals Φλ depending on only (uλ , vλ );
see (2.7). It is straightforward to show the following lemma.
Lemma 3.3. The subdiﬀerential of Φ(q) at a point (u, v) ∈ 2 (Λ, RM )×∞,ρ−1 (Λ),
with Φ(q) (u, v) < ∞, satisﬁes
DΦ(q) (u, v) := ∂Φ(q) (u, v) ∩ (2 (Λ, RM ) × 1,ρ (Λ))
(q)

= {(ξ, η) ∈ 2 (Λ, RM ) × 1,ρ (Λ) : (ξλ , ηλ ) ∈ ∂Φλ (uλ , vλ ) for all λ ∈ Λ}.
(q)

We are left with investigating the subdiﬀerential of the functional Φλ deﬁned in
(q)
(2.8). Similarly as J we extend it to RM × R by Φλ (x, y) = ∞ for y < 0.
(q)
Lemma 3.4. Let 1 ≤ q ≤ ∞. Assume that Φλ is convex (see also ProposiM
tion 2.1). Then for (x, y) ∈ R × R+ we have
(q)

∂Φλ (x, y) = {(ξ, η) ∈ RM × R : ξ ∈ y∂ · q (x) + 2ωλ x,

(3.4)

η ∈ xq ∂s+ (y) + 2θλ (y − ρλ )},
where s+ (y) := y for y ≥ 0 and s+ (y) = ∞ for y < 0.
for y > 0 and ∂s+ (0) = (−∞, 1].
Remark. We recall that the subdiﬀerential of the
follows. If 1 < q < ∞, then
⎧
q
⎪
⎨ B (1)

M 
∂ · q (x) =
|x |q−1 sign(x )
⎪
q−1
⎩
xq

In particular, ∂s+ (y) = {1}

=1

q norm on RM is given as
if x = 0,
otherwise,



where B q (1) denotes the ball of radius 1 in the dual norm, i.e., in q with 1/q + 1/
q  = 1.
If q = 1, then
(3.5)

∂ · 1 (x) = {ξ ∈ RM : ξ ∈ ∂| · |(x ),  = 1, . . . , M },

where ∂| · |(z) = {sign(z)} if z = 0 and ∂| · |(0) = [−1, 1].
If q = ∞, then
(3.6)

∂ · ∞ (x) =

if x = 0,
B 1 (1)
conv{(sign(x )e : |x | = x∞ } otherwise,
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where conv A denotes the convex hull of a set A and e the th canonical unit vector
in RM .
Proof. Recall that
(q)

Φλ (x, y) = s+ (y)xq + ωλ x22 + θλ (ρλ − y)2 .
(q)

(q)

Let y ≥ 0 so that Φλ (x, y) is ﬁnite. The subdiﬀerential ∂(Φλ )x (x, y) of Φ(q) (x, y)
considered as a function of x alone (i.e., for ﬁxed y) is clearly given by
(q)

∂(Φλ )x (x, y) = y∂ · q (x) + 2ωλ x,

(3.7)

while keeping x ﬁxed gives
(q)

∂(Φλ )y (x, y) = ∂s+ (y)xq + 2θλ (y − ρλ ).
This shows the inclusion “⊂” in (3.4). Moreover, for all of the points (x, y) ∈ RM ×R+
(q)
(q)
where Φλ is diﬀerentiable we even have equality in (3.4) since Φλ is convex, and,
thus, all of the subdiﬀerentials appearing consist of precisely one point, i.e., the usual
gradient.
Let 1 < q < ∞. Then for x = 0, y > 0 the diﬀerentiability assumption is clearly
(q)
satisﬁed. For the other cases x = 0 or y = 0 we note that by convexity of Φλ we
have (see [38, Corollary 10.11])
(q)

(q)

∂(Φλ )x (x, y) = {ξ : ∃η such that (ξ, η) ∈ ∂Φλ (x, y)}

(3.8)

(q)

(q)

and the corresponding relation for ∂(Φλ )y (x, y). Now, if y > 0, then Φλ (x, y) is
diﬀerentiable with respect to y, and thus, η in the right-hand side of (3.8) is unique;
(q)
∂
indeed η = η0 := ∂y
Φλ (x, y). We conclude that for y > 0
(q)

(q)

∂(Φλ )(x, y) = {(ξ, η0 ), ξ ∈ ∂(Φλ )x (x, y)}.
In particular this holds for x = 0, even for general 1 ≤ q ≤ ∞. The same argument
applies for the case y = 0 and x = 0 (and 1 < q < ∞), which shows (3.4) in these
cases. Now let x = 0 and y = 0. Then the right-hand side of (3.4) contains precisely
(q)
one point, i.e., (ξ, η) = (0, −2θλ ρλ ). Since the subdiﬀerential Φλ (0, 0) contains at
least one point by convexity, it must coincide with (ξ, η) by the trivial inclusion ⊂. (It
(q)
is easy to check also directly that (0, −2θλ ρλ ) ∈ Φλ (0, 0).) Note that this argument
applies also for q = 1, ∞.
It remains to treat the cases q = 1, ∞ with x = 0 and arbitrary y ≥ 0. Let us
start with q = 1. In the proof of Proposition 2.1 it was noted that
(1)

Φλ (x, y) =

M

=1

(1)

Fλ (x , y),

(1)

with Fλ : R2 → R deﬁned in (2.9). The subdiﬀerential of Fλ can be obtained in the
same way as above (expressing, e.g., formally the modulus as a 2-norm on R1 ). For
(z, y) ∈ R × R+ this yields
(1)

∂Fλ (z, y) = {(τ, η) : τ ∈ y∂| · |(z) + 2ωλ z, η ∈ |z|∂s+ (y) + 2M −1 θλ (y − ρλ )}.
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By convexity we have
(1)

∂Φλ (x, y) =

M 


(1)
(e z , η) : (z , η) ∈ ∂Fλ (x , y) ,
=1

where e denotes the th unit vector in RM . By the explicit form of the subdiﬀerential
of the 1 norm (3.5), this gives (3.4) for q = 1.
Finally, let q = ∞. Similarly as in the proof of Proposition 2.1 we write
(∞)

Φλ (x, y) =

max F (x, y),

=1,...,M

with
F (x, y) = y|x | + ωλ x22 + θλ (ρλ − y)2 .
If x = 0, then F (x, y) is diﬀerentiable with respect to x and
∂F (x, y) = {(ξ, η) : ξ = y sign(x )e + 2ωλ x, y ∈ ∂s+ (y)|x | + 2θλ (y − ρλ )},
where e denotes the th canonical unit vector in RM . This even holds for y = 0 by an
(∞)
analogous argument as above; see (3.8). The subdiﬀerential of Φλ (x, y) for x = 0 is
then given by (see, e.g., [38, Exercise 8.31])
(∞)

∂Φλ (x, y) = conv{∂F (x, y) : F (x, y) =

max

m=1,...,M

Fm (x, y)}.

Since x = 0, we have x = 0 if |x | = x∞ , and the latter is the case if and only if
F (x, y) = maxm Fm (x, y). Thus, we obtain
(∞)

∂Φλ (x, y)
= conv



{(ξ, η) : ξ = y sign(x )e + 2ωλ x, η ∈ ∂s+ (y)|x | + 2θλ (y − ρλ )}

:|x |=x∞

= {(ξ, η) : ξ ∈ conv{y sign(x )e , |x | = x∞ },

η ∈ x∞ ∂s+ (y) + (2ωλ x, 2θλ (y − ρλ ) .
By the characterization of the subdiﬀerential of the ∞ norm in (3.6), we obtain the
claimed equality in (3.4) for q = ∞ and x = 0. This ﬁnishes the proof.
Combining the previous lemmas we obtain the following result.
Proposition 3.5. Let 1 ≤ q ≤ ∞. Assume that Φ(q) is convex, and let (u, v) ∈
2 (Λ, RM ) × ∞,ρ−1 (Λ) such that Φ(q) (u, v) < ∞. Then we have
(3.9)

DΦ(q) (u, v) = {(ξ, η) ∈ 2 (Λ, RM ) × 1,ρ (Λ),
ξλ ∈ vλ ∂ · q (uλ ) + 2ωλ uλ ,
ηλ ∈ uλ q ∂s+ (vλ ) + 2θλ (vλ − ρλ ), λ ∈ Λ}
⊂ ∂Φ(q) (u, v)

and


DJ(u, v) = ∂J(u, v) ∩ 2 (Λ, RM ) × 1,ρ (Λ)
(q)

= (2T ∗ (T u − g), 0) + DΦλ (u, v) ⊂ ∂J(u, v).
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3.2. Weak convergence of the double minimization. Before we actually
start proving the weak convergence of the algorithm in (3.1) we recall the following
deﬁnition [38].
Definition 3.6. Let V be a topological space and A = (An )n∈N a sequence of
subsets of V . The subset A ⊆ V is called the limit of the sequence A, and we write
A = limn An , if
A = {a ∈ V : ∃an ∈ An , a = lim an }.
n

The following observation will be useful for us; see, e.g., [38, Proposition 8.7].
Lemma 3.7. Assume that Γ is a convex function on RM and (xn ) ⊂ RM a
convergent sequence with limit x such that Γ(xn ), Γ(x) < ∞. Then the subdiﬀerentials
satisfy
lim ∂Γ(xn ) ⊆ ∂Γ(x).
n

In other words, the subdiﬀerential ∂Γ of a convex function is an outer semicontinuous
set-valued function.
In the following we agree on the convention that the upper index n at u(n) ∈
(n)
2 (Λ, RM ) always denotes the nth iterate, and uλ ∈ RM denotes the (vector-valued)
entry at λ of the nth iterate. In the following proof we will never refer to the th
(n)
component of the M -dimensional vector uλ , so hopefully no confusion can arise.
Also, we denote by (DJ(u, v))λ the restriction of DJ(u, v) ⊂ 2 (Λ, RM ) × 1,ρ (Λ) to
the index λ. By the previous section it holds that
(q)

(DJ(u, v))λ = (2T ∗ T (u − g))λ , 0) + ∂Φλ (uλ , vλ ).

(3.10)

Now the proof is developed as follows. First, we recall that (u∗ , v ∗ ) = arg min J(u,
v) if and only if 0 ∈ ∂J(u∗ , v ∗ ). Next, we show that there exist weakly convergent
subsequences of (u(n) , v (n) ) (again denoted by (u(n) , v (n) )) which converge to (u(∞) ,
v (∞) ) and that
0 ∈ lim DJ(u(n) , v (n) ) ⊆ ∂J(u(∞) , v (∞) ).

(3.11)

n

Due to the strict convexity of J we conclude that (u(∞) , v (∞) ) = (u∗ , v ∗ ). Now let us
detail the argument.
By deﬁnition of u(n) and v (n) we have
J(u(n) , v (n) ) − J(u(n+1) , v (n+1) )
= J(u(n) , v (n) ) − J(u(n+1) , v (n) ) + J(u(n+1) , v (n) ) − J(u(n+1) , v (n+1) ) ≥ 0.
Thus, (J(u(n) , v (n) ))n is a nonincreasing sequence, and since J ≥ 0 this implies that
(J(u(n) , v (n) ))n converges. Furthermore, we have
J(u(n) , v (n) ) − J(u(n+1) , v (n+1) ) ≥ J(u(n+1) , v (n) ) − J(u(n+1) , v (n+1) ) ≥ 0.
Observe that
J(u(n+1) , v (n) ) − J(u(n+1) , v (n+1) )

  (n) (n+1)
(n)
(n+1)
(n+1)
(n+1) 2
vλ uλ
q + θλ (vλ − ρλ )2 − vλ
uλ
q − θλ (ρλ − vλ
) .
=
λ∈Λ
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A straightforward computation shows that the terms in the latter sum equal


(n+1)
(n+1)
(n)
(n+1)
(n)
(n+1) 2
uλ
q − 2θλ (ρλ − vλ
) (vλ − vλ
) + θλ (vλ − vλ
) .
(n+1)

If uλ
q < 2θλ ρλ , then by (3.2) and a simple computation the ﬁrst term vanishes.
(n+1)
(n+1)
If uλ
q ≥ 2θλ ρλ , then vλ
= 0 and the ﬁrst term is nonnegative. Altogether,
this shows that

(n+1) 2
(n)
(n+1) 2
(n)
) .
θλ (vλ − vλ
) ≥ θλ (vλ − vλ
J(u(n) , v (n) ) − J(u(n+1) , v (n+1) ) ≥
λ∈Λ

As noted above, the term on the left-hand side converges to 0, and since θλ > 0 we
deduce that
(n)

(n+1)

lim |vλ − vλ

(3.12)

n→∞

|=0

for all λ ∈ Λ.

Moreover, we have
J(u(0) , v (0) ) ≥ J(u(n) , v (n) ) ≥


λ∈Λ

(n)

ωλ uλ 22 .

Therefore, (u(n) )n is uniformly bounded in 2,ω1/2 (Λ, RM ), and thus, there exists
a subsequence (u(nk ) )k that converges to u(∞) ∈ 2,ω1/2 (Λ, RM ) weakly in both
2,ω1/2 (Λ, RM ) and 2 (Λ, RM ), due to our assumption ωλ ≥ γ > 0 for all λ ∈ Λ.
For simplicity, let us denote again u(nk ) = u(n) .
First of all, observe that weak convergence implies componentwise convergence,
(n)
(∞)
so that uλ → uλ and [T ∗ T u(n) ]λ → [T ∗ T u(∞) ]λ for all λ ∈ Λ. By the explicit
(n)
formula (3.2) for vλ , this implies that v (n) converges pointwise to the limit
(3.13)

(∞)

(n)

:= lim vλ

vλ

=

n

ρλ −

1
(∞)
λ q
2θλ u

0

if u(∞) λ q < 2θλ ρλ ,
otherwise.

By the deﬁnition of u(n) in (3.1), we have 0 ∈ ∂Ju (u, v (n) ) (where ∂Ju (u, v) denotes
the subdiﬀerential of J considered as a functional of u only). This means that


(n−1)
(n)
(n)
∂ · q (uλ ) + 2ωλ uλ
for all λ ∈ Λ
0 ∈ 2T ∗ (T u(n) − g) + vλ
λ

(see also Lemma 3.2 and (3.7)); in other words


(n−1) (n)
(n)
ζλ + 2ωλ uλ
(3.14)
0 = 2T ∗ (T u(n) − g) + vλ
λ

(n)
ζλ

(n)
q (uλ ). Now
(n) (n)

for a suitable
∈ ∂ ·
let (ξ (n) , η (n) ) ∈ DJ(u(n) , v (n) ). Our goal is
to show that we can choose (ξ , η ) such that it converges to (0, 0) as n → ∞. By
the deﬁnition of DJ and by (3.14), we have
(n)

ξλ

(n)

(n)

(n)

∈ [2T ∗ (T u(n) − g)]λ + vλ ∂ · q (uλ ) + 2ωλ uλ
(n)

(n)

(n−1) (n)
ζλ

= vλ ∂ · q (uλ ) − vλ
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(n)

(n)

for a suitable ζλ ∈ ∂ · q (uλ ). By (3.12) it is possible to choose the sequence ξ (n)
(n)
such that limn→∞ ξλ = 0 for all λ ∈ Λ. From (3.13) it is straightforward to check
that
(∞)

0 ∈ ∂s+ (vλ

(3.15)

(∞)

(∞)

− ρλ )

)uλ q + 2θλ (vλ

for all λ ∈ Λ,

and similarly
(n)

(n)

(n)

0 ∈ ∂s+ (vλ )uλ q + 2θλ (vλ − ρλ ).
(n)

Thus by the deﬁnition of DJ(u(n) , v (n) ), we can choose η (n) = 0 so that limn ηλ = 0
for all λ ∈ Λ. Altogether we conclude that 0 ∈ limn (DJ(u(n) , v (n) ))λ for all λ ∈ Λ.
By the continuity of T and Lemma 3.7, we conclude that


(q) (n) (n)
0 ∈ lim (2(T ∗ T (u(n) − g))λ , 0) + ∂Φλ (uλ , vλ )
n

(q)

(∞)

(∞)

⊂ (2T ∗ T (u(∞) − g)λ , 0) + ∂Φλ (uλ , vλ

) = DJ(u(∞) , v (∞) )λ

for all λ ∈ Λ. It follows that 0 ∈ DJ(u(∞) , v (∞) ) ⊂ ∂J(u(∞) , v (∞) ), the latter inclusion
by Proposition 3.5. Hence, by strict convexity (u∗ , v ∗ ) = (u(∞) , v (∞) ). With this we
have shown the weak convergence of the sequence u(n) to u∗ .
To establish the strong convergence we need to develop a more detailed analysis
of the minimization of J with respect to u. The next section is devoted to this end,
and it will allow us to use some further tools for the full proof of Theorem 3.1 in
section 5.3.
4. An iterative thresholding algorithm for the minimization with respect to u. One step of the minimization algorithm in the previous section consists
(q)
in minimizing J(u, v) = Jθ,ρ,ω (u, v) for some ﬁxed v. Moreover, keeping v ﬁxed is also
interesting on its own—in particular, if one is interested in minimizing the functional
(q)
(q)
(q)
K = Kv deﬁned in (4.2). Indeed, for ω = 0 and ρ = v we have Jθ,v,0 (u, v) = Kv (u).
As we will describe in the following this minimization task can be performed by a
thresholded Landweber algorithm similar to the one analyzed by Daubechies, Defrise,
and DeMol in [17].
With v ﬁxed our task is equivalent to minimizing
(4.1)

(q)
K(u) = Kv,ω
:= T u − g2H + Ψ(u)

with respect to u ∈ 2 (Λ, RM ), where
(4.2)

Ψ(u) := Ψ(q)
v,ω (u) :=



vλ uλ q +

λ∈Λ



ωλ uλ 22 .

λ∈Λ

We assume that T is nonexpansive, i.e., T  < 1, which can always be achieved by
rescaling. Also we suppose that K is strictly convex. This is ensured if, e.g., the
kernel of T is trivial or ωλ > 0 for all λ ≥ 0.
We deﬁne a surrogate functional by
K s (u, a) := K(u)−T u−T a2H +u−a22 = T u−g2H +Ψ(u)−T u−T a2H +u−a22 .
Since T  < 1, K s is also convex; see [17] for a rigorous argument. Now starting with
some u(0) ∈ 2 (Λ, RM ) we deﬁne a sequence u(m) by
u(m+1) = arg

min

u∈2 (Λ,RM )

K s (u, u(m) ).
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The minimizer of K s (u, a) (for ﬁxed a) can be determined explicitly as follows. First,
we claim that
arg min K s (u, a) = UΨ (a + T ∗ (g − T a)),
u

where the “thresholding” operator UΨ is deﬁned as
(4.3)

UΨ (u) := arg

min

z∈2 (Λ,RM )

u − z22 + Ψ(z).

Indeed, a direct calculation shows that
K s (u, a) = T u − g2H − T u − T a2H + u − a22 + Ψ(u)
= (a + T ∗ (g − T a)) − u22 + Ψ(u)
− a + T ∗ (g − T a)22 + g2H − T a2H + a22 .
Since the last terms (after Ψ(u)) do not depend on u, they can be discarded when
minimizing with respect to u, and the above claim follows. (The same argument works
also for general “sparseness measures” Ψ). Thus, the iterative algorithm reads
u(m+1) = UΨ (u(m) + T ∗ (g − T u(m) )).

(4.4)

In the following we give more details about UΨ and analyze the convergence of this
algorithm.
4.1. The thresholding operator. Let us derive more information about UΨ
for our speciﬁc Ψ = Ψv,ω in (4.2). We have the following lemma.
Lemma 4.1. Let 1 ≤ q ≤ ∞. It holds that
(q)
(Uv,ω
(u))λ := (UΨ(q) (u))λ = (1 + ωλ )−1 Sv(q)
(uλ ),
λ
v,ω

where
Sv(q) (x) = arg min z − x22 + vzq ,

(4.5)

z∈RM

(q)

Furthermore, Sv

x ∈ RM .

is given by


q
(x),
Sv(q) (x) = x − Pv/2

(4.6)


q
denotes the orthogonal projection onto the norm ball of radius v/2 with
where Pv/2
respect to the dual norm of  · q , i.e., the  · q norm with q  denoting the dual index,
1/q + 1/q  = 1. (The analogous result holds also if the norm  · q is replaced by an
arbitrary norm on RM .)
(q)
Proof. For Ψv,ω the minimizing problem deﬁning UΨ = Uv,ω decouples with
respect to λ ∈ Λ. Thus, we have
(q)
(Uv,ω
(x))λ = arg min xλ − z22 + ωλ z22 + vλ zq .
z∈RM

If z minimizes the latter term, then necessarily 0 ∈ 2(1 + ωλ )z − 2x + vλ ∂ · q (z),
where ∂ · q denotes the subdiﬀerential of the q norm. In other words,
(1 + ωλ )z − x ∈ −

vλ
∂ · q (z).
2
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Since  · q is 1-homogeneous, we have ∂ · q (z) = ∂ · q ((1 + ωλ )z). Setting y =
(1 + ωλ )z gives y − x ∈ − v2λ ∂ · q (y), which is the above relation for ωλ = 0. From
this we deduce the ﬁrst claim.
(q)
Let us show the second claim, i.e., the explicit form of the operator Sv . We
already know that if z minimizes the left-hand side of (4.5), then x − z ∈ ∂ v2 zq .
Let ψ(z) = v2 zq and ψ ∗ be its Fenchel conjugate function deﬁned by ψ ∗ (y) =
supx (x, y − f (x)). It is well known [4, p. 93] that
ψ ∗ (y) = χB q (v/2) (y) :=

0
if yq ≤ v/2,
∞ otherwise.



Here B q (v/2) denotes the norm ball of radius v/2 with respect to the dual norm of
 · q . It is a standard result (see, e.g., [38, Proposition 11.3], [24, Corollary 5.2]) that
w ∈ ∂ψ(y) if and only if y ∈ ∂ψ ∗ (w) yielding z ∈ ∂ψ ∗ (x − z) in our case, and hence,
x ∈ x − z + ∂ψ ∗ (x − z) = x − z + ∂χB q (v/2) (x − z).
Now if y ∈ w + ∂χB q (v/2) (w), then it is straightforward to see that w must be the

orthogonal projection of y onto B q (v/2), i.e., w = arg minw ∈B q (v/2) w − y2 ; see


q
(x),
also [38, Example 10.2 and p. 20]. For our situation this means that x − z = Pv/2


q
(x). This shows the second claim.
i.e., z = x − Pv/2
Clearly, all arguments work also for a general norm rather than the q norm.
(q)
Let us give Sv explicitly for q = 1, 2, ∞.
Lemma 4.2. Let x ∈ RM and v ≥ 0.
(1)
(1)
(a) For q = 1 we have Sv (x) = (sv (x ))M
=1 , where for y ∈ R

s(1)
v (y) =

0
sign(y)(|y| − v2 )

if |y| ≤ v2 ,
otherwise.

(b) For q = 2 it holds that
Sv(2) (x) :=

0

if x2 ≤ v2 ,

(x2 −v/2)
x
x2

otherwise.

(c) Let q = ∞. Order the entries of x by magnitude such that |xi1 | ≥ |xi2 | ≥
· · · ≥ |xiM |.
(∞)
1. If x1 < v/2, then Sv (x) = 0.
2. Suppose x1 > v/2. If |xi2 | < |xi1 |−v/2, then choose n = 1. Otherwise,
let n ∈ {2, . . . , M } be the largest index satisfying
n−1


1
v
.
(4.7)
|xin | ≥
|xik | −
n−1
2
k=1

Then
(Sv(∞) (x))ij

sign(xij )
=
n

(Sv(∞) (x))ij = xij ,



n


k=1

v
|xik | −
2

j = n + 1, . . . , M.


,

j = 1, . . . , n,
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2
(x) of x onto an 2 ball of radius v/2 is clearly
Proof. (b) The projection Pv/2
given by
2
Pv/2
(x) =

x

if x2 ≤ v/2,

v/2
x2 x

otherwise .

(2)

2
Since by the previous lemma Sv (x) = x − Pv/2
(x), this gives the assertion.
(a) Although this is well known we give a simple argument. For q = 1 the
functional in (4.5) deﬁning S (1) decouples, i.e.,

Sv(1) (x) = arg min

z∈RM

M



|z − x |2 + v|z | .

=1

(1)

Thus, Sv (x) = arg minz ∈R |z − x |2 + v|x | for all  = 1, . . . , M . The latter can be
interpreted as the problem for q = 2 on R1 , and hence, the assertion follows from (b).
(∞)
1
(c) If x1 ≤ v/2, then Pv/2
(x) = x, and by the previous lemma Sv (x) =
(∞)

1
(x) = 0. Now assume x1 > v/2. Let z = Sv
x − Pv/2

(x). This is equivalent to 0
(∞)

being contained in the subdiﬀerential of the functional in (4.5) deﬁning Sv
means

. This

2(z − x) ∈ −v∂ · ∞ (z).

(4.8)

We recall that the subdiﬀerential of the maximum norm is given by (3.6).
Now assume for the moment that the maximum norm of z is attained in zi1 , . . . , zin .
We will later check whether this was really the case. Further, we assume for simplicity that all of the entries xi1 , . . . , xin are positive. (The other cases can be carried
through in the same way.) Then certainly also the numbers zi1 , . . . , zin are positive,
because choosing them with the opposite sign would certainly increase the functional
(∞)
deﬁning Sv . Then by (3.6) we obtain 2(zij − xij ) = 0 for the entries zij not giving
the maximum, i.e., zij = xij , j = n + 1, . . . , M.
Moreover, if n = 1 (i.e., the maximum norm of z is attained at only one entry),
then 2(zi1 − xi1 ) = −v; in other words, zi1 = xi1 − v/2. Thus, the initial hypothesis
that the maximum norm of z is attained only at zi1 is true if and only if the second
largest entry xi2 satisﬁes |xi2 | < |xi1 | − v/2.
So if the latter inequality is not satisﬁed, then the maximum norm of z is at least
attained at two entries, i.e., n ≥ 2. In this case by (3.6) the entries zi1 = zi2 = · · · =
zin = t satisfy
2t − 2xij = −vaj ,

2t − 2xin

j = 1, . . . , n − 1,

n−1

= −v 1 −
ak
k=1


for some numbers a1 , . . . , an−1 ∈ [0, 1] satisfying j aj ≤ 1. This is a system of n
linear equations in t and a1 , . . . , an−1 . Writing it in matrix form, we get
⎛
⎞⎛
⎞
⎛
⎞
1 v/2
0
0
···
0
t
xi1
⎜1
⎟
⎜
⎟
⎜
⎟
..
0
v/2
0
···
0 ⎟ ⎜ a1 ⎟
⎜
⎜
⎟
.
⎜
⎟⎜
⎟ = ⎜
⎟.
..
..
..
..
.. ⎟ ⎜ .. ⎟
⎜ ..
⎜
⎟
⎝.
⎝ xin−1 ⎠
.
.
.
.
. ⎠⎝ . ⎠
1

−v/2

−v/2

−v/2 · · ·

−v/2

an−1

xin − v/2
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Denoting the matrix on the left-hand side by B, a simple computation veriﬁes that
⎛

B −1

1

⎜ 2(n−1)
⎜ v
⎜
1⎜
− v2
= ⎜
n⎜
⎜ .
⎜ ..
⎝
− v2

1

1

···

− v2

− v2

···

..
.

− v2
..
.

···
..
.

···

− v2

2(n−1)
v

2(n−1)
v

1

⎞

⎟
− v2 ⎟
⎟
⎟
− v2 ⎟ .
⎟
.. ⎟
. ⎟
⎠
− v2

This gives
zi1 = · · · = zin
2
and aj = nv
(v/2 + (n − 1)xij −
for all j ∈ {1, . . . , n − 1}

⎛
⎞
n
1 ⎝
= t =
xi − v/2⎠
n j=1 j


k∈{1,...,n}\{j}

⎛
1 ⎝
xij ≥
n−1

xik ). Thus, all aj are nonnegative if



⎞
xik − v/2⎠ .

k∈{1,...,n}\{j}

n−1
Moreover, a simple calculation gives j=1 aj = n−1
n +
n−1
Thus, it holds that 1 − j=1 aj ≥ 0 if and only if

xin

n−1

2
nv (

j=1

xij − (n − 1)xin ).

⎛
⎞
n−1
1 ⎝
≥
xi − v/2⎠ .
n − 1 j=1 j

Therefore, the initial assumption that the maximum norm of u is attained precisely
at zi1 , . . . , zin can be true only if xi1 , . . . , xin are the largest entries of the vector x
and
⎛
⎞
n
1 ⎝
xi − v/2⎠ ,
zin+1 = xin+1 < t =
n j=1 j
n
i.e., |xin+1 | < n−1 ( j=1 |xij | − v/2). Pasting all of the pieces together shows the
assertion of the lemma.
4.2. Weak convergence. In the following we will prove that u(m) converges
weakly and strongly to the unique minimizer of K. We ﬁrst establish the weak convergence. Following the proof of Proposition 3.11 in [17], one may extract essentially
three conditions on a general sparsity measure Ψ such that weak convergence is ensured. Let us collect them in the following proposition.
Proposition 4.3. Assume K is given by (4.1) with a general sparsity measure
Ψ, and suppose K is strictly convex. Let UΨ be the associated “thresholding operator”
given by (4.3). Assume that the following conditions hold:
(1) UΨ is nonexpansive; i.e., UΨ (x)−UΨ (y)2 ≤ x−y2 for all x, y ∈ 2 (Λ, RM ).

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
RECOVERY ALGORITHMS FOR JOINTLY SPARSE DATA

21

(2) It holds that f 2 ≤ H(Ψ(f )) for all f ∈ 2 (Λ, RM ) and some monotonically
increasing function H on R+ . (This ensures that a sequence fn satisfying
Ψ(fn ) ≤ C is bounded in 2 (Λ, RM ).)
(3) For all x, h ∈ 2 (Λ, RM ) it holds that
Ψ(UΨ (x) + h) − Ψ(UΨ (x)) + 2h, UΨ (x) − x ≥ 0.
Then the sequence u(m) deﬁned by (4.4) converges weakly to the minimizer of K
independently of the choice of u(0) .
Proof. First we claim that the condition in (3) implies that the surrogate functional K s satisﬁes
(4.9)

K s (u + h, a) − K s (u, a) ≥ h22

for u = arg minu K s (u , a) = UΨ (a − T ∗ (g − T a)). Indeed, set x := a − T ∗ (g − T a),
i.e., u = UΨ (x). Then an elementary calculation yields
K s (u + h, a) − K s (u) = T (u + h) − g22 + Ψ(u + h) − T (u + h) − T a22 + u
+ h − a22 − T u − g22 − Ψ(u) + T u − T a22 − u − a22
= 2h, u − a − T ∗ (g − T a) + Ψ(u + h) − Ψ(u) + h22
= 2h, UΨ (x) − x + Ψ(UΨ (x) + h) − Ψ(UΨ (x)) + h22 ≥ h22 .
The relation in (3) was used in the last inequality.
Now with (4.9) and properties (1) and (2) one can justify that the proofs of the
analogues of Theorem 3.2 until Proposition 3.11 in [17] go through completely in the
same way, which ﬁnally leads to the statement of this proposition.
(q)
Let us now show that for our speciﬁc choice of Ψ = Ψv,ω properties (1)–(3) in the
(n)
converges weakly to a minimizer of K.
previous proposition hold, and thus, u
(q)
Lemma 4.4. Uv,ω = UΨ(q) is nonexpansive.
v,ω

Proof. Clearly, the map x → (1 + ωλ )−1 x is nonexpansive. By (4.6) we have
(q)
(q)
q
q
Sv = I − Pv/2
. Since Pv/2
is an orthogonal projection onto a convex set, Sv is also
(q)

nonexpansive; see, e.g., [40]. Hence, Uv,ω is nonexpansive, since on each component
xλ , λ ∈ Λ, it is a composition of nonexpansive operators.
Lemma 4.5. If (vλ ) or (ωλ ) are bounded away from 0, then condition (2) in
Proposition 4.3 holds.
Proof. This follows by a standard argument.
If we consider the problem of minimizing J(u, v) jointly over u and v, then we
certainly cannot assume that v is bounded away from 0, but in this case we require
that ωλ is bounded away from 0. (By Proposition 2.1 this is needed anyway to ensure
that J(u, v) is jointly convex in u and v.) In the case where we only minimize J(u, v)
with respect to u (i.e., when minimizing Ψ(u) deﬁned in (4.2)), we may take ωλ
arbitrary (and even ωλ = 0), but then we have to require a lower bound on vλ .
Now consider the third condition in the proposition. The next lemma reduces it
(q)
to the respective condition for Sv .
Lemma 4.6. Assume that for all x, h ∈ RM it holds that
v(Sv(q) (x) + hq − Sv(q) (x)q ) + 2h, Sv(q) (x) − x ≥ 0.
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Then condition (3) in Proposition 4.3 is satisﬁed.
(q)
Proof. By the deﬁnition of Ψv,ω we need to show that for ω, v ≥ 0 and all
M
x, h ∈ R
v((1 + ω)−1 Sv(q) (x) + hq − (1 + ω)−1 Sv(q) (x)q )
+ ω((1 + ω)−1 Sv(q) (x) + h22 − (1 + ω)−1 Sv(q) (x)22 )
+ 2h, (1 + ω)−1 Sv(q) (x) − x ≥ 0.
Setting h = (1 + ω)h, a straightforward computation yields for the left-hand side of
this inequality


(1 + ω)−1 v(Sv(q) (x) + h q − Sv(q) (x)q ) + 2h , Sv(q) (x) − x


+(1 + ω)−2 ω Sv(q) (x) + h 22 − Sv(q) (x)22 − 2h , Sv(q) (x) ≥ (1 + ω)−2 ωh 22 ≥ 0.
This completes the proof.
(q)
Lemma 4.7. The condition in the previous lemma holds for Sv , 1 ≤ q ≤ ∞
M
(and even if the q norm is replaced by a general norm on R ).
Proof. First note that by deﬁnition (4.5) and duality we have
Sv(q) (x)q = (v/2)−1



sup

k∈B q (v/2)

q
k, x − Pv/2
x.




q
q
x, x−Pv/2
x ≤0
A characterization of the orthogonal projection tells us that k −Pv/2


for all k ∈ B q (v/2); see, e.g., [40, Lemma 8]. This gives


q
q
q
k − Pv/2
sup
x, x − Pv/2
(x) + Pv/2
(x), Sv(q) (x)
Sv(q) (x)q = (v/2)−1
k∈B q (v/2)


q
(x), Sv(q) (x) .
≤ (v/2)−1 Pv/2
(q)

q
(x), we further obtain
Using once more that Sv (x) − x = −Pv/2

v(Sv(q) (x) + hq − Sv (q)(x)q ) + 2h, Sv(q) (x) − x




q
q
≥ vSv(q) (x) + hq − 2Pv/2
(x), Sv(q) (x) − 2Pv/2
(x), h


q
= vSv(q) (x) + hq − 2Pv/2
(x), Sv(q) (x) + h


q
xq Sv(q) (x) + hq ≥ 0.
≥ vSv(q) (x) + hq − 2Pv/2




q
q
Here we used that Pv/2
is a projection onto B q (v/2), so Pv/2
xq ≤ v/2. This
ﬁnishes the proof.
To summarize we have the following result about weak convergence.
Corollary 4.8. Let 1 ≤ q ≤ ∞, and assume that (vλ ) or (ωλ ) is bounded from
below. Then the sequence u(m) deﬁned in (4.4) converges weakly to a minimizer of K,
(q)
where Ψ = Ψv,ω is the sparsity measure deﬁned in (4.2). (The q norm in (4.2) can be
replaced by any other norm on RM .)
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4.3. Strong convergence. The next result establishes the strong convergence.
Proposition 4.9. Let 1 ≤ q ≤ ∞, and assume that (vλ ) or (ωλ ) are bounded
away from 0. In case (vλ ) is not bounded away from 0, assume further that there is
a constant c > 0 such that vλ < c for only ﬁnitely many λ. Then u(m) converges
strongly to a minimizer of K.
Proof. The analogues of Lemmas 3.15 and 3.17 in [17] are proven in completely
the same way. It remains to justify the analogue of [17, Lemma 3.18]: If for some
a ∈ 2 (Λ, RM ) and some sequence (h(m) ) ⊂ 2 (Λ, RM ) converging weakly to 0 it holds
(q)
(q)
that limm→∞ Uv,ω (a + h(m) ) − Uv,ω (a) − h(m) 2 = 0, then h(m) 2 → 0 for m → ∞.
To this end we mainly follow the argument in [17].
Let c be the constant such
 that vλ < c for λ ∈ Λ00 for Λ00 ﬁnite. Then let
Λ01 be a ﬁnite set such that λ∈Λ\Λ01 aλ q ≤ σ for some σ < c/2. (Such a set
Λ01 exists since  · q and  · 2 are equivalent norms on RM and by assumption

(m)
a ∈ 2 (Λ, RM ).) Since Λ0 = Λ00 ∪ Λ01 is also ﬁnite, we have λ∈Λ0 hλ 22 → 0 for
m → ∞ by the weak convergence of h(m) to 0. Thus, we are left with proving that

(m) 2
λ∈Λ\Λ0 hλ 2 → 0 for m → ∞.
(m)

For each m we split Λ1 := Λ\Λ0 into the subsets Λ1,m := {λ ∈ Λ1 : hλ +aλ q <
(q)
(q)
vλ /2} and Λ1,m = Λ1 \ Λ1,m . If λ ∈ Λ1 , then Uv,ω (a + h(m) )λ = Uv,ω (a)λ = 0 since
(m)
(m)
(q)
(q)
(m)
(m)
aλ + hλ q , aλ q ≤ vλ /2. Thus, hλ − Uv,ω (a + h )λ + Uv,ω (a)λ 22 = hλ 22
and by assumption
 (m)
(q)
(q)
hλ 22 ≤ h(m) − Uv,ω
(a + h(m) ) + Uv,ω
(a)22 → 0 as m → ∞.
λ∈Λ1

(q)

Now let λ ∈ Λ1,m . We ﬁrst consider the case that ωλ = 0, i.e., Uv,ω q(x)λ = Sv (x)λ .
(q)
Since aλ q ≤ σ < vλ /2, we have Sv (a) = 0, and thus,
(m)

hλ

(m)

− Sv(q)
(hλ
λ
(m)

+ aλ )q
(m)

= hλ

− (hλ



(m)

= Pvqλ /2 (hλ



(m)

+ aλ ) + Pvqλ /2 (hλ

+ aλ )q



(m)

+ aλ ) − aλ q ≥ Pvqλ /2 (hλ

+ aλ )q − aλ q

≥ vλ /2 − σ ≥ c/2 − σ.


(m)

(m)

Here we used that Pvqλ /2 (hλ + aλ )q = vλ /2 (because hλ + aλ q ≥ vλ /2). Since
every norm on a ﬁnite-dimensional space is equivalent, there is a constant C such that
(m)

hλ

(m)

− Sv(q)
(hλ
λ

+ aλ ) + Sv(q)
(aλ )22 ≥ C 2 (c/2 − σ)2 > 0.
λ


(m)
(q) (m)
(q)
− Svλ (hλ + aλ ) + Svλ (a)22 → 0 as
However, since by assumption
λ∈Λ hλ
m → ∞, there must exist an m0 such that Λ1,m is empty for all m ≥ m0 .
In the case that ωλ does not vanish, we have
(4.10)

(m)

hλ

(q)
(q)
− Uv,ω
(h(m) + a)λ + Uv,ω
(a)λ 2
(m)

= hλ

(m)

− (1 + ωλ )−1 Sv(q)
(hλ
λ
(m)

= (1 + ωλ )−1 (1 + ωλ )hλ

+ aλ )2
(m)

− Sv(q)
(hλ
λ

+ aλ )2 .
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We claim that
(4.11)

(m)

(1 + ωλ )hλ

(m)

− Sv(q)
(hλ
λ

(m)

+ aλ )2 ≥ hλ

(m)

− Sv(q)
(hλ
λ

+ aλ )2

so that we can apply the argument for ωλ = 0 to conclude that Λ1,m is empty for
m suﬃciently large. Let us omit for the moment all indexes λ and m for the sake of
simpler notation. We have
(4.12) (1+ω)h−Sv(q) (h+a)22 −h−Sv(q) (h+a)22 = 2ωh, h−Sv(q) (h+a) +ω 2 h22
and, furthermore,


q
(h + a) − a
h, h − Sv(q) (h + a) = h, Pv/2




q
q
(h + a), a − Pv/2
(h + a)
= −h + a − Pv/2


q
(h + a)22 ≥ 0.
+ a − Pv/2

(4.13)





q
q
(x), x−Pv/2
(x) ≤
Here we used that a ∈ B q (σ) ⊂ B q (v/2) and the fact that k−Pv/2






0 for all k ∈ B q (v/2) and x ∈ RM . Thus, the term in (4.12) is nonnegative, and
therefore our claim (4.11) holds.
Let us shortly comment on the condition that, if vλ is not bounded from below,
there is at least some c > 0 such that vλ > c except for a ﬁnite set of indexes λ. This
condition
is mainly relevant when considering also a minimization over (vλ ). Then
the term
θλ (ρλ − vλ )2 in the functional J(u, v) ensures that the sequence (ρλ − vλ )
is contained in 2,θ1/2 . If θλ and ρλ are bounded from below, this implies that vλ can
be less than 1/2 minλ ρλ , say, only for ﬁnitely many λ.
5. Numerical implementation and convergence analysis. The scope of
this section is twofold: We want to formulate an implementable version of the doubleminimization algorithm and show its strong convergence. To this end we develop an
error analysis.
5.1. Numerical implementation. Let us compose the two iterative algorithms
described in (3.1) and (4.4), respectively, into a unique scheme.
Algorithm 1. JOINTSPARSE
(0)
Input:
Data vector (gj )N
∈ 2 (Λ, RM ), v (0) , with 0 ≤
j=1 , initial points u
(0)
vλ ≤ ρλ , number nmax of outer iterations,
number of inner iterations Ln , n = 1, . . . , nmax .
Parameters: q ∈ [1, ∞], positive weights (θλ ), (ρλ ), (ωλ ), with ωλ ≥ c > 0,
such that Φ(q) and hence J are convex; see Proposition 2.1
(q)
Output:
Approximation (u∗ , v ∗ ) of the minimizer of Jθ,ρ,ω
u(0,0) := u(0) ;
for n := 0 to nmax do
for m := 0 to Ln do

(q)
u(n,m+1) := Uv(n) ,ω u(n,m) + T ∗ (g − T u(n,m) ) ;
endfor
u(n+1,0) :=u(n,Ln ) ;

ρλ − 2θ1λ u(n+1,0) λ q , u(n+1,0) λ q < 2θλ ρλ ,
(n+1)
v
:=
;
0,
otherwise .
λ∈Λ

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
RECOVERY ALGORITHMS FOR JOINTLY SPARSE DATA

25

endfor
u∗ := u(nmax ,Lnmax ) ;
v ∗ := v (nmax ) .
We will discuss below how to choose the number of inner iterations Ln and outer
iterations nmax . Our previous analysis ensures the (weak) convergence of this scheme
only if the inner loop computes exactly the minimizer of J(u, v (n) ) for ﬁxed v (n) , i.e.,
if Ln = ∞. Of course, this cannot be numerically realized, so we need to analyze what
happens if the inner loop makes a small error in computing this minimizer. In other
words, we will clarify how large we have to choose nmax and Ln , n = 1, . . . , nmax , in
order to ensure that we have approximately computed the minimizer u∗ , v ∗ within a
given error tolerance.
The role of the other parameters ρλ , θλ , ωλ are investigated in the subsequent
contribution [27]. Observe further that each (inner) iteration of the above algorithm
(q)
involves an application of T ∗ T and of the thresholding operator Uv,ω . The latter can
be applied rapidly. So if there is also a fast algorithm for the computation of T ∗ T ,
then each iteration can be done rapidly.
5.2. Strong convergence of JOINTSPARSE. First of all we want to establish the convergence rate of the inner loop, i.e., the iterative thresholding algorithm
of the previous section.
Proposition 5.1. Assume that ωλ ≥ γ > 0 for all λ ∈ Λ (implying that K(u) =
(q)
Kv,ω (u) is strictly convex) and T  < 1. Set α := (1 + γ)−1 I − T ∗ T  < 1. Then the
iterative thresholding algorithm


(q)
u(n,m+1) := Uv(n) ,ω u(n,m) + T ∗ (g − T u(n,m) )
converges linearly:
u(n,∞) − u(n,m+1) 2 ≤ αu(n,∞) − u(n,m) 2 .

(5.1)

Proof. Note that



(q)
u(n,∞) := Uv(n) ,ω u(n,∞) + T ∗ (g − T u(n,∞) ) .
(q)

By nonexpansiveness of Sv
u

(n,∞)

(see Lemma 4.4 and its proof) we obtain

(n,m+1)

−u
2





 (q)

(q)
(n,∞)
∗
(n,∞)
(n,m)
∗
(n,m)

u
u
=
U
+
T
(g
−
T
u
)
−
U
+
T
(g
−
T
u
)
 v(n) ,ω

v (n) ,ω

=

2



(1 + ωλ )−2 Sv(q)
(u(n,∞) + T ∗ (g − T u(n,∞) )λ )
λ

λ∈Λ

1/2
−Sv(q)
(u(n,m)
λ

∗

+ T (g − T u

(n,m)

)λ )22

≤ sup(1 + ωλ )−1 (I − T ∗ T )(u(n,∞) − u(n,m) )2
λ∈Λ

≤ (1 + γ)−1 I − T ∗ T  u(n,∞) − u(n,m) 2
= αu(n,∞) − u(n,m) 2 .

317

318

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
26

MASSIMO FORNASIER AND HOLGER RAUHUT

This establishes the claim.
Remark. Clearly, the error estimation in (5.1) holds also if one is interested only
in analyzing the iterative thresholding algorithm from the last section (i.e., without
doing the outer iteration). Then it might also be interesting to consider the case that
ω = 0. According to what we have proven in the previous section, the algorithm still
converges provided the weight v is bounded away from zero. However, then the error
estimation (5.1) has a useful meaning only if α = I − T ∗ T  < 1. So this applies if
T ∗ T is boundedly invertible. For a usual inverse problem, however, we will have a
noninvertible T or at least one with an unbounded inverse resulting in I − T ∗ T  = 1.
So in this case we know only that the algorithm converges, but an error estimate does
not seem to be available.
For simplicity we restrict the following analysis to the most interesting cases
q ∈ {1, 2, ∞}. We ﬁrst need the following technical result.
Lemma 5.2. For q ∈ {1, 2, ∞} the projection Pvq onto the ball B q (v) ⊂ RM is a
Lipschitz function with respect to v ∈ R+ . In particular, we have
Pvq (x) − Pwq (x)|M
2  ≤ L|v − w|

(5.2)

for all x ∈ RM ,

where L = 1 for q ∈ {1, 2} and L = M 1/2 for q = ∞.
Proof. Let us start with q = 2. By distinguishing cases it is not diﬃcult to show
that
Pv2 (x) − Pw2 (x)|M
2  ≤ |v − w|.
M
For q = ∞ we have Pv∞ (x) = (p∞
v (x ))=1 , where for y ∈ R

y
y − sign(y)(|y| − v)

p∞
v (y) =

if |y| ≤ v,
otherwise.

Since p∞
v can be interpreted as a projection onto the 2 ball in dimension 1, we obtain
that
∞
|p∞
v (y) − pw (y)| ≤ |v − w|,

and
Pv∞ (x)

−

Pw∞ (x)|M
2 

=

M


1/2
|p∞
v (x )

−

2
p∞
w (x )|

≤ M 1/2 |v − w|.

=1

The case q = 1 requires a bit more eﬀort. By Lemma 4.2(c) we have the following.
Let xik denote the reordering of the entries of x by magnitude as in Lemma 4.2. Let
n ∈ {1, . . . , M } be the largest index satisfying
n−1


1
|xik | − v .
|xin | ≥
n−1
k=1

Then
(Pv1 (x))ij

sign(xij )
= xij −
n

(Pv1 (x))ij = 0,



n



|xik | − v ,

k=1

j = n + 1, . . . , M.

j = 1, . . . , n,
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Observe ﬁrst that for all x ∈ RM there exists ε0 > 0 such that for all 0 < ε < ε0 the
same n ∈ {1, . . . , M } is the largest index satisfying
n−1


1
|xin | ≥
|xik | − (v + ε) .
n−1
k=1

For 0 < ε < ε0 , a simple computation yields
1
(x) − Pv1 (x))ij
(Pv+ε
=
ε

sign(xij )
n

0

for j = 1, . . . , n,
j = n + 1, . . . , M.

This means that the map v → Pv1 (x) is right-diﬀerentiable; i.e., the limit
(Pv1 (x))+ = lim

ε→0+

1
Pv+ε
(x) − Pv1 (x)
ε

M

exists in R . Moreover, it also follows that
1
(Pv1 (x))+ 2 = √ ≤ 1.
n

(5.3)

To conclude the proof we use the following standard result.
Lemma 5.3. Let f : R → RM and ϕ : R → R be two continuous and rightdiﬀerentiable functions such that

f+
(v) ≤ ϕ+ (v)

for all v ∈ R. Then
f (v) − f (w) ≤ ϕ(v) − ϕ(w)

for all v ≥ w.

According to the notation of this latter lemma, let us set f (v) = Pv1 (x) and ϕ(v) = v.
Since Pv1 (x) is a continuous function with respect to v (in fact this is true for any
projection onto convex sets; see [38]), by (5.3) and an application of the lemma we
conclude that Pv1 (x) − Pw1 (x) ≤ |v − w|.
Observe that the strict convexity of Φ(q) (u, v) is equivalent to θλ ωλ > κq /4; see
Proposition 2.1. In the following proposition we require the slightly stronger condition
that θλ ωλ is bounded strictly away from κq /4.
Proposition 5.4. Let q ∈ {1, 2, ∞}. Assume that θλ ωλ ≥ σ > κq /4 for all
λ ∈ Λ, where κ1 = M and κ2 = κ∞ = 1, implying that Φ(q) (u, v) and J(u, v) are
strictly convex; see Proposition 2.1. Moreover, let us assume that ωλ ≥ γ > 0 for all
λ ∈ Λ. Suppose T  < 1 resulting in I − T ∗ T  ≤ 1. Set
(5.4)

β := sup

λ∈Λ

κq
κq
≤
< 1.
4θλ ωλ + 4θλ (1 − I − T ∗ T )
4σ

Then for each n ∈ N one has the following error estimate:
u(n,∞) − u∗ |2 (Λ, RM ) ≤ βu(n,0) − u∗ |2 (Λ, RM ).
Proof. Let us consider the nth iteration of the outer loop. We have
(q)

u(n,∞) = Uv(n) ,ω (u(n,∞) + T ∗ (g − T u(n,∞) )).
"#
$
!
:=y (n)
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By the weak convergence of the double-minimization algorithm, also the minimum
solution u∗ satisﬁes a similar relation:
(q)

u∗ = Uv∗ ,ω (u∗ + T ∗ (g − T u∗ )).
!
"#
$
:=y ∗

(q)

(q)

(q)

Recall that Uv,ω (y)λ := (1+ωλ )−1 Svλ (yλ ). By nonexpansiveness of Sv (Lemma 4.4)
we have
(n,∞)

uλ

(q)

(q)

(q)

(q)

− u∗λ 2 ≤ Uv(n) ,ω (y (n) )λ − Uv(n) ,ω (y ∗ )λ 2 + Uv(n) ,ω (y ∗ )λ − Uv∗ ,ω (y ∗ )λ 2
(q)

(n)

(q)

= (1 + ωλ )−1 yλ − yλ∗ 2 + Uv(n) ,ω (y ∗ )λ − Uv∗ ,ω (y ∗ )λ 2
(n,∞)

≤ (1 + ωλ )−1 I − T ∗ T  uλ
(q)

− u∗λ 2

(q)

+Uv(n) ,ω (y ∗ )λ − Uv∗ ,ω (y ∗ )λ 2 .
This implies
(n,∞)

uλ


− u∗λ 2 ≤ 1 − (1 + ωλ )−1 I − T ∗ T 
−1

= (1 + ωλ − I − T ∗ T )

−1

(q)

Sv(n) (yλ∗ ) − Svλ∗ (yλ∗ )2 .
λ

q
x−Pv/2
(x),

(q)
Sv (x)

(q)

Uv(n) ,ω (y ∗ )λ − Uv∗ ,ω (y ∗ )λ 2



q
=
where Pv/2
denotes the orthogonal
Recall from Lemma 4.1 that
projection of x onto the q ball of radius v/2. By Lemma 5.2 we have that for any
z ∈ RM

S

(q)
(n)

vλ

(q)



λ

λ



(z) − Sv∗ (z)2 = Pvq∗ /2 (z) − P q(n) (z)2 ≤
vλ /2

L (n)
|v − vλ∗ |.
2 λ

(q)

So Sv (z) is also Lipschitz in v. Let us recall that
(n)

vλ

:=

ρλ −

(n,0)
1
q
2θλ uλ

0

(n,0)

uλ

q < 2θλ ρλ ,

otherwise

and
vλ∗ :=

ρλ −

1
∗
2θλ uλ q

0

u∗λ q < 2θλ ρλ ,
otherwise.

By distinguishing cases we can show that
%
1
1 %% (n,0)
R
%
(n)
(n,0)
(n,0)
|vλ − vλ∗ | ≤
u
− u∗λ q ≤
u
− u∗λ 2 ,
%uλ q − u∗λ q % ≤
2θλ
2θλ λ
2θλ λ
where R = 1 for q ∈ {2, ∞} and R = M 1/2 for q = 1. Pasting the pieces together and
using RL = κq yields
(n,∞)

uλ

− u∗λ 2 ≤

κq
(n,0)
(n,0)
− u∗λ 2 ≤ βuλ
− u∗λ 2 .
u
4θλ (ωλ + 1 − I − T ∗ T ) λ

Summation over λ ∈ Λ completes the proof.
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Let us combine the previous two results to obtain the error estimation for the
ﬁnite algorithm, i.e., for Ln < ∞.
Theorem 5.5. Make the same assumptions as in Propositions 5.1 and 5.4.
Choose Ln such that

δn := αLn (1 + β) + β ≤ δ < 1

for all n ∈ N.

(This is possible since α, β < 1.) Then we have linear convergence of our algorithm,
i.e.,
u(n,0) − u∗ 2 ≤ δn u(n−1,0) − u∗ 2 .
Proof. Using Propositions 5.1 and 5.4 we get
u(n,0) − u∗ 2 ≤ u(n,0) − u(n−1,∞) 2 + u(n−1,∞) − u∗ 2
≤ αLn−1 u(n−1,0) − u(n−1,∞) 2 + βu(n−1,0) − u∗ 2


≤ αLn−1 u(n−1,0) − u∗ 2 + u∗ − u(n−1,∞) 2 + βu(n−1,0) − u∗ 2


≤ αLn−1 u(n−1,0) − u∗ 2 + βu(n−1,0) − u∗ 2 + βu(n−1,0) − u∗ 2

≤ αLn−1 (1 + β) + β u(n−1,0) − u∗ 2 .
This concludes the proof.
Remark. The last theorem shows that it is possible to choose the number Ln of
inner iterations constant with respect to n.
5.3. Strong convergence of the double-minimization algorithm. Finally,
we can establish the strong convergence of the double-minimization algorithm and
conclude the full proof of Theorem 3.1.
Corollary 5.6. Under the assumptions of Proposition 5.4, if the minimizer of
J(u, v (n) ) for ﬁxed v (n) could be computed exactly, i.e., Ln = ∞ for all n ∈ N, then
the outer loop converges with exponential rate, and we have
u(n) − u∗ 2 ≤ β n u(0) − u∗ 2 ,
where we have denoted u(n) := u(n,∞) . Moreover, the sequence v (n) converges componentwise, and v (n) − v ∗ converges to 0 strongly in 2,θ (Λ).
Proof. The ﬁrst part of the statement is a direct application of Proposition 5.4.
It remains to show that v (n) − v ∗ converges to 0 strongly in 2,θ (Λ). Using that all
norms on RM are equivalent it follows that
4


λ∈Λ

θλ2 |v (n) − v ∗ |2 =


λ∈Λ

≤ C

(n)

|u∗λ q − uλ q |2 ≤


λ∈Λ

(n)


λ∈Λ

(n)

u∗λ − uλ 2q

u∗λ − uλ 22 = Cu∗ − u(n) |2 (Λ, RM )2 .

Thus, v (n) − v (∞) converges also strongly in 2,θ (Λ).
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6. Color image reconstruction. With this section we illustrate the application
of the algorithms for color image recovery. The scope is to furnish a qualitative
description of the behavior of the scheme. In a subsequent work we plan to provide a
ﬁner quantitative analysis in the context of distributed compressed sensing [3].
We begin by illustrating an interesting real-world problem occurring in art restoration. On March 11, 1944, a group of bombs launched from an Allied airplane hit the
famous Italian Eremitani’s Church in Padua, destroying it together with the inestimable frescoes by Andrea Mantegna et al. contained in the Ovetari Chapel. Details
on “the state of the art” can be found in [29, 28]. In 1920 a collection of high quality gray level pictures of these frescoes was made by Alinari. The only color images
of the frescoes are dated to 1940, but unfortunately their quality (i.e., the intrinsic
resolution of the printouts) is much lower; premature cite see Figure 7.1. Inspired
by the fresco application, we model the problem of the recovery of a high-resolution
color image from a low-resolution color datum and a high-resolution gray datum. We
will implement the solution to the model problem as a nontrivial application of the
algorithms we have presented in this paper.
6.1. Color images, curvelets, and joint sparsity. Let us assume that the
color images are encoded into YIQ channels. The Y component represents the luminance information (gray level), while I and Q give the chrominance information.
Of course, one may also choose a diﬀerent encoding system, e.g., RGB or CMYK.
Clearly, the color image f = (f1 , f2 , f3 ) can be represented as a 3-channel signal. In
order to apply our algorithm, we need to ﬁx a frame for which we can assume color
images being jointly sparse.
It is well known that curvelets [8] are well-suited for sparse approximations of
curved singularities. A natural image can in fact be modeled as a function which is
piecewise smooth except on a discontinuity set, the latter being described as the union
of rectiﬁable curves. Moreover, there are fast algorithms available for the computation
of curvelet coeﬃcients of digital images [7].
In the following, let us assume that a color image f is encoded into a vector
of curvelet coeﬃcients (uλ )=1,2,3
. The image can be reconstructed by the synthesis
λ∈Λ
formula





f = (F u )=1,2,3 :=
uλ ψλ
,
λ∈Λ

=1,2,3

where {ψλ : λ ∈ Λ} is the collection of curvelets. The index λ consists of 3 diﬀerent
parameters: λ = (j, p, k), where j corresponds to scale, p to a rotation, and k to the
spatial location of the curvelet ψλ . We do not enter into further details, especially of
the discrete and numerical implementation, which one can ﬁnd in [8, 7].
Let us instead observe that signiﬁcant curvelet coeﬃcients uλ = (u1λ , u2λ , u3λ ) will
appear simultaneously at the same λ ∈ Λ for all of the channels, as soon as the
corresponding curvelet overlaps with a (curved) singularity (appearing simultaneously
in all of the channels) and is approximately tangent to it. This justiﬁes the joint
sparsity assumption for color images with respect to curvelets.
6.2. The model of the problem. The datum of our problem is a 3-channel
signal g = (g1 , g2 , g3 ) ∈ 2 (Z2N0 , R3 ), where gi , i = 2, 3, are the low-resolution chrominance channels I and Q, and g1 is the high-resolution gray channel Y. We assume that
g was produced by g = T u, where u = (u1 , u2 , u3 ) are the curvelet coeﬃcients of the
three channels of the high-resolution color image that we want to reconstruct. The
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operator T = (T,j ),j=1,2,3 can be expressed by the matrix
⎛
⎞
F
0
0
⎜
⎟
0 ⎠.
(6.1)
T = ⎝ 0 AF
0
0
AF
Here A is the linear operator that transforms the high-resolution image into the lowresolution image. In particular, A can be taken as a convolution operator (with
a Gaussian, for instance) followed by downsampling. Eventually, we may assume a
suitable scaling in order to make T  < 1 and a diﬀerent weighting of the gray channel
and the I,Q channels in the discrepancy term. Since A is not invertible, also the
operator T is not invertible, and the minimization of T (u) requires a regularization.
Clearly, for this task we use the functional K deﬁned in (2.4) or J deﬁned in (2.5).
6.3. On the choice of the parameters. What remains to clarify is the choice
of the parameters ωλ , θλ , and ρλ . The parameter ωλ ≥ γ > 0 has been introduced
for the sole purpose of making J strictly convex. A large value of this parameter
actually produces an image u which is signiﬁcantly blurred, and no information about
edges is recovered. Thus, we rather put ωλ = γ = ε > 0 small. Due to the convexity
requirements (see section 2.3), we select θλ ∼ M
ε . The choice of ρλ requires a deeper
understanding of the information encoded by the curvelet coeﬃcients.
Indeed, in [8] it was observed that those curvelets that overlap with a discontinuity
decay like uλ q  2−3/4j , while the others satisfy uλ q  2−3/2j (where j denotes
the scale). Since we want to recover joint discontinuities, we may choose ρλ := ρj,p,k ∼
2−js , with s ∈ [3/4, 3/2]. By this choice and by (3.2) the locations λ for which vλ = 0
will indicate a potential joint discontinuity.
Of course, this is just one possible choice of the parameters, and further information might be extracted from the joint sparsity pattern indicated by v, by the use of
diﬀerent parameters. We believe that a deeper study of the characterization of the
morphological properties of signals encoded by frames (e.g., curvelets and wavelets)
is fundamental for the right choice of these parameters. We refer to [31, 32] for
deeper insights in this direction, concerning ﬁne properties of functions encoded by
the distribution of wavelet coeﬃcients.
6.4. Numerical experiments. According to the previous subsections, we illustrate here the application of JOINTSPARSE for the recovery of a high-resolution
color image from a low-resolution color datum and a high-resolution gray datum. In
Figure 6.1 we illustrate the data of the problem. In this case the resolution of the
color image has been reduced by a factor of 4 in each direction by using a Gaussian ﬁlter and a downsampling. We have conducted several experiments for diﬀerent
choices of q ∈ {1, 2, ∞}, with ﬁxed parameters as indicated in section 6.3. We have
chosen Ln = 105 and nmax = 1, as well as Ln = 7 and nmax = 15 (the numbers of
inner and outer iterations, respectively). In the ﬁrst case, only the minimization of
J(u, v (0) ) with respect to u has been performed; i.e., no iterative adaptation of the
joint sparsity pattern indicated by v occurred. In order to estimate the diﬀerent behavior depending on the parameters above, we have evaluated at each iteration the 2
error between the reconstructed I and Q color channels and the original I and Q color
channels. Figures 6.2 and 6.3 indicate that the error decreases for increasing values
of q. This means that the increased coupling due to the q parameter is signiﬁcant
in order to improve the recovery. Recall that the choice q = 1 does not induce any
coupling between channels.
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Fig. 6.1. Left: The low-resolution color image is here presented after Gaussian ﬁltering and
downsampling. In the numerical experiments the I and Q channels are used. Right: The highresolution gray level image encodes several morphological information useful to recover the highresolution color image.
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Fig. 6.2. The 2 error between the original color image and the iterations of the algorithm is
shown for diﬀerent values of q = 1, 2, ∞. We have considered Ln = 105 and nmax = 1 the numbers
of inner and outer iterations, respectively. We have ﬁxed here ωλ = 0, θλ = 10, and ρλ = 20 × 2−j .

This coupling eﬀect due to q > 1 is even more evident in Figure 6.3, where the
adaptation of the weight v occurs. The left and the central pictures in the second row
of Figure 6.4 show a reduced color distortion at edges, passing from the case q = 1
(without coupling) to the case q = ∞, respectively, and consequently a better edge
resolution. Nevertheless, the diﬀerences are not so remarkable. This is due to the fact
that, although the functional J promotes coupling at edges, it does not necessarily
enforce a signiﬁcant edge enhancement. Thus, we may modify the functional by
adding an additional total variation (TV) constraint on the I and Q channels:

JTV (u, v) := J(u, v) + |F u2 |TV + |F u3 |TV .
The eﬀect of this modiﬁcation is to promote edge enhancing together with their simultaneous coupling through diﬀerent channels. For the minimization of JTV we use a
heuristic scheme as in [25], by alternating iterations for the minimization of J and for
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Fig. 6.3. The 2 error between the original color image and the iterations of the algorithm is
shown for diﬀerent values of q = 1, 2, ∞. We have considered Ln = 7 and nmax = 15 the numbers of
inner and outer iterations, respectively. We have ﬁxed here ωλ = 1/20, θλ = 10, and ρλ = 20 × 2−j .

Fig. 6.4. First row. Left: Portion of the low-resolution color image. Center: Portion of the
reconstructed color image by Gaussian interpolation and substitution of the Y channel with the gray
level datum. Evident color artifacts appear at edges. Right: Portion of the original color image.
Second row. Left: Portion of the reconstructed color image for q = 1, Ln = 105, and nmax = 1.
Center: Portion of the reconstructed color image for q = ∞, Ln = 7, and nmax = 15. Right:
Portion of the reconstructed color image for q = ∞, Ln = 7, nmax = 15, and TV minimization.


the minimization of |F u2 |TV + |F u3 |TV ; compare also [19]. The corresponding results are shown in Figure 6.5, where the eﬀect of the coupling (for the cases q = 2, ∞)
is further enhanced. The right picture in the second row of Figure 6.4 shows the result
of the reconstruction in this latter case. The edges are perfectly recovered.

325

[8] Recovery Algorithms for Vector Valued Data with Joint Sparsity Constraints
34

MASSIMO FORNASIER AND HOLGER RAUHUT

5000

q=1
q=2
q=∞

4800

4600

l2 error of I and Q channels

326

4400

4200

4000

3800

3600

3400

3200

0

20

40

60

80

100

120

Number of iterations

Fig. 6.5. The 2 error between the original color image and the iterations of the algorithm is
shown for diﬀerent values of q = 1, 2, ∞. We have considered Ln = 7 and nmax = 15 the numbers of
inner and outer iterations, respectively. We have ﬁxed here ωλ = 1/20, θλ = 10, and ρλ = 20 × 2−j .
Further iterations of TV minimization are added in the outer loop to enforce edge enhancing.

These numerical experiments conﬁrm that the use of the joint sparsity measure
Φ(q) associated to the curvelet representation can improve signiﬁcantly the quality
of the reconstructed color image. Better results are achieved by choosing q = ∞
and by the adaptive choice of weights as indicators of the sparsity pattern. Further
improvements can be achieved by channelwise edge enhancing, e.g., via total variation
minimization. An application to the real case of the art frescoes is illustrated in
Figure 7.1.
7. Final remarks. 1. If the index set Λ is inﬁnite, then T ∗ T is represented as
a biinﬁnite matrix, and thus its evaluation might not be exactly numerically implementable. In a subsequent work we will consider the case #Λ = ∞ and the treatment
of sparse (approximate) evaluations of biinﬁnite matrices in order to realize fast and
convergent schemes also in this situation; compare also [39, 14, 15].
2. In the subsequent paper [27] we investigated the role of the various parameters. To exploit the optimal performance of the scheme, an extensive campaign of
numerical experiments should be conducted. It is also crucial to investigate the deeper
relations among the parameter ρλ , the multifractal analysis as, e.g., in [31], and morphological image analysis. In particular, the parallel between the functional J and the
Γ-approximation of the Mumford–Shah functional by Ambrosio and Tortorelli [1, 5]
is suggestive:
&
&
&
Fε (u, v) := (u − g)2 dx +
v 2 f (∇u)dx +
ε|∇u|2 dx
Ω
Ω
Ω
!
"#
$ !  "#
$ !
"#
$
∼T (u)

& '
+
!Ω

∼

ε|∇v|2 +

λ

vλ uq

(
1
(1 − v)2 dx,
4ε
"#
$


∼ λ θλ (ρλ −vλ )2


∼ λ ωλ u22
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Fig. 7.1. Left: Low quality color image of the fresco dated to 1940. Center: High quality gray
image of the fresco dated to 1920. Some details are not visible in the color version. Right: The
reconstructed image after 6 outer iterations with 7 inner iterations each, for q = ∞. The ﬁnal Y
channel is substituted with the high-resolution gray level datum. The discountinuities are enhanced,
and no artifact colors appear.

where f is a suitable polyconvex function, e.g., f (∇u) = (|∇u|2 + |ux × uy |) =
(|∇u|2 + |adj2 (∇u)|), where adj2 (A) is the matrix of all 2 × 2 minors of A. The
minimization of this term enforces the fact that derivatives of diﬀerent channels are
large only in the same directions.
3. While we were ﬁnishing this paper, we were informed by Teschke of the results
in [19]. In that manuscript the authors consider linear inverse problems where the
solution is assumed to fulﬁll some general 1-homogeneous convex constraint. They
develop an algorithm that amounts to a projected Landweber iteration and that provides an iterative approach to the solution of this inverse problem. In particular for
the case ω = (ωλ )λ = 0, some of our results stated in section 4 can be reformulated
in this more general setting and therefore derived from [19]. However, for ω = 0 the
(q)
sparsity measure Ψv,ω as in (4.2) is not 1-homogeneous, and the elaborations in section 4 are needed. Moreover, for the relevant cases q = 1, 2, ∞, we express explicitly
q
. Due to their generality, the results in [19] do not provide concrete
the projection Pv/2
recipes to compute such projections.
8. Conclusion. We have investigated joint sparsity measures with respect to
frame expansions of vector-valued functions. These sparsity measures generalize approaches valid for scalar functions and take into account common sparsity patterns
through diﬀerent channels. We have analyzed linear inverse problems with joint sparsity regularization as well as their eﬃcient numerical solution by means of a novel
algorithm based on thresholded Landweber iterations. We have provided the convergence analysis for a wide range of parameters. The role of the joint sparsity
measure is twofold: to tighten the characterization of solutions of interest and to
extract signiﬁcant morphological properties which are a common feature of all of the
channels. By numerical applications in color image restoration, we have shown that
joint sparsity signiﬁcantly outperforms uncoupled constraints. We have presented the
results of an application to a relevant real-world problem in art restoration. The wide
range of applicability of our approach includes several other problems with coupled
vector-valued solutions, e.g., neuroimaging and distributed compressed sensing.
Acknowledgment. Massimo Fornasier thanks NuHAG for its warm hospitality.
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Abstract
This article provides a variational formulation for hard and firm thresholding. A
related functional can be used to regularize inverse problems by sparsity constraints.
We show that a damped hard or firm thresholded Landweber iteration converges to its
minimizer. This provides an alternative to an algorithm recently studied by the authors.
We prove stability of minimizers with respect to the parameters of the functional by
means of Γ-convergence. All investigations are done in the general setting of vectorvalued (multi-channel) data.

Key words: linear inverse problems, joint sparsity, thresholded Landweber iterations,
frames, variational calculus on sequence spaces, Γ-convergence
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1

Introduction

This paper addresses the solution of an inverse problem Af = g, given possibly noisy data g,
where A is a linear bounded operator between Hilbert spaces. When this inverse problem is
ill-posed then a regularization mechanism is required [20]. Regularization helps to identify
the solution of interest, by taking advantage of a priori knowledge. Recently the imposition
of sparsity constraints as regularization method has proven to be an effective strategy [1, 9,
27, 28, 33]. This assumes that the solution f has a sparse expansion with respect to a suitable
basis or frame {ψλ : λ ∈ Λ}, i.e., it can be well-approximated by a linear combination
of few elements of the prescribed frame. This approach has already proven successful in
various applications such as deconvolution and super-resolution problems [12, 14, 32], image
recovery and enhancing [10, 19], problems arising in geophysics and biomedical imaging
[22, 25], statistical estimation [18, 34], and compressed sensing [2, 4, 15, 29]. It is now
well-understood that sparsity can be imposed by minimizing the ℓ1 -regularized functional
Kα (u) = kAF u − gk2 + αkuk1 ,

(1.1)
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P
where u corresponds to the coefficient vector of the solution f = F u := λ uλ ψλ . In the
simple case that AF is the identity operator (or at least unitary), the minimizer of Kα can
be computed explicitly by soft-thresholding the components of g [5, 13, 16, 17]. Due to its
variational formulation, its simplicity and effectiveness in noise removal, soft-thresholding
proved to be an efficient alternative to total variation minimization [30, 6, 11], which requires
instead the solution of a degenerate PDE. In the case of a general linear operator AF the
solution cannot be computed explicitly, and several authors have proposed soft thresholded
Landweber iterations to approximate it [21, 31, 32, 18]. The convergence of the algorithm
was later established in [9].
In the case that f is actually a ’multi-channel’ signal consisting of several components
(i.e., a vector valued function) we speak of joint sparsity if all the components possess
a sparse representation and additionally the non-zero (significant) coefficients appear at
the same locations [2, 35]. For instance, color images divided into channels (e.g., RGB)
can be considered as jointly sparse signals since edges, and hence, significant wavelet or
curvelet coefficients, appear at the same locations. Similar concepts appeared recently also
in statistical estimation when input variables are grouped together [26, 37].
In [23] we introduced an extension of the functional (1.1) modelling jointly sparse recovery. It uses a weighted ℓ1 -norm of ’interchannel’ ℓq -norms of the frame coefficients as penalty
term. Additionally the weights are chosen adaptively in the sense that they are treated as
optimization variables as well, see (2.4) below. We developed and analyzed an iterative minimization algorithm in [23] that alternates between minimizing with respect to the coefficients
u (which requires another inner iteration) and with respect to the weights, see (2.8). When
investigating the role of the parameters defining the functional in the scalar (single-channel)
case we discovered a surprising correspondence between the minimizer of the functional and
so-called firm-thresholding [24], and in a special case to hard-thresholding. So as one of
the main contributions of this paper, we associate hard-thresholding to the minimizer of
a convex functional. Further, we provide natural extensions of firm-thresholding operators
to the multi-channel case. It is interesting to note that (single-channel) firm-thresholding
also arises in so-called iterative refinement algorithms [36]. Similar approaches to adaptive
weights appeared as well in statistical estimation, see e.g. [38] and references therein.
Realizing the connection of our functional to (damped) hard and firm thresholding, it is
natural to ask whether the corresponding thresholded Landweber iteration converges as well
to its minimizer. Under certain conditions on the parameters ensuring the (strict) convexity
of the functional, we prove such convergence. We note, however, that, unless AF is unitary,
these restrictions on the parameters exclude pure iterative hard thresholding. Nevertherless
the convergence of iterative hard thresholding to local minimizers of a certain non-convex
functional is shown in [3]. Compared with our first alternating algorithm, the new approach
clearly has the advantage of providing a single iteration scheme, and we expect that it will
have faster convergence in practice; the investigation of this issue is beyond the scope of
this paper.
We will also discuss the dependence of the minimizers on the parameters. It is very
natural to question how the action of different thresholding operators influences minimizers
of the corresponding functionals. Indeed, the minimizers are weakly continuous with respect
to the parameters. In particular, our analysis makes explicit the continuity by showing that
minimizers of our functional do converge to the minimizers of the ℓ1 -regularized functional
2
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(1.1) for certain limits of the parameters.
The paper is organized as follows. Section 2 introduces notations and our functional.
Further, we recall the alternating minimization algorithm in [23] and the corresponding
convergence result. Section 3 discusses the connection to hard and firm thresholding operators, and derives their generalization to the vector valued case. Section 4 is devoted to
the convergence proof of the thresholded Landweber iteration to minimizers of our original
functional. The dependence of minimizer on the parameters will be discussed in Section 5.

2
2.1

Motivation
A functional modelling joint sparsity

Let A : K′ → H be a linear and bounded operator acting between the separable Hilbert
spaces K′ and H. Given data g ∈ H,
Af = g
our task is to reconstruct the unknown f ∈ K′ . This problem is possibly ill-conditioned
and the data g might be noisy. Hence, regularization is required. Instead of applying
classical Tikhonov regularization [20] we will regularize by sparsity constraints [9], or more
generally joint sparsity constraints as suggested in [23]. We assume that f is actually a
’multi-channel vector’, i.e., f = (f1 , . . . , fL ) with fℓ ∈ K, ℓ = 1, . . . , L for some Hilbert
space K; in other words K′ = KL . In order to model (joint) sparsity we assume to have
a frame {ψλ : λ ∈ Λ} ⊂ K indexed by a countable set Λ. This means that there exist
constants C1 , C2 > 0 such that
X
C1 kf k2K ≤
|hf, ψλ i|2 ≤ C2 kf k2K
for all f ∈ K.
(2.1)
λ∈Λ

Orthonormal bases are particular examples of frames. Frames allow for a (stable) series
expansion of any f ∈ K of the form
X
uλ ψλ
(2.2)
f = F u :=
λ∈Λ

where u = (uλ )λ∈Λ is contained in the sequence space ℓ2 (Λ) endowed with the usual ℓ2 norm. The linear operator F : ℓ2 (Λ) → K is called the synthesis map in frame theory
[7]. It is bounded due to the frame inequality (2.1). In contrast to orthonormal bases, the
coefficients uλ need not be unique, in general.
By using frames the problem of recovering fℓ ∈ K can be restated in terms of frame
coefficients in ℓ2 (Λ)L . To this end we introduce the operator
!
X
X

L
1
2
L
1
L
T : ℓ2 (Λ) → H, T u = A F u , F u , . . . , F u = A
uλ ψλ , . . . ,
uλ ψλ .
λ∈Λ

λ∈Λ

Then our problem is reformulated as solving the equation
g = Tu
3

(2.3)
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for the frame coefficients u. Once a solution u = (uℓλ ) is determined
we obtain a reconstrucP
tion of the vectors of interest by means of fℓ = F uℓ = λ uℓλ ψλ . The coefficient vector u
and the corresponding f are called sparse if u has only a small number of non-zero coefficients. Generalizing slightly this concept we say that u is jointly sparse if all its components
uℓ , ℓ = 1, . . . , L are sparse, and additionally the
sets for all channels uℓ are the
P support
ℓ
same. Hence, all fℓ can be represented as fℓ = λ∈Λ0 uλ ψλ where Λ0 is small (finite) and
coincides for all ℓ = 1, . . . , L.
Many types of signals can be well-approximated by sparse ones if the frame is suitably
chosen. Joint sparsity naturally occurs for instance in color images, where, e.g., the three
color channels RGB can usually be well approximated by a jointly sparse wavelet or curvelet
expansion since edges appear at the same locations throughout all channels. The key idea
is to incorporate joint sparsity in the regularization of the inverse problem (2.3). In [23] we
proposed to work with the functional
X
X
X
(q)
J(u, v) = Jθ,ρ,ω (u, v) := kT u − g|Hk2 +
vλ kuλ kq +
ωλ kuλ k22 +
θλ (ρλ − vλ )2 ,
λ∈Λ

λ∈Λ

λ∈Λ

(2.4)

where k · kq denotes the usual q-norm on RL , q ∈ [1, ∞] and θ = (θλ ), ω = (ωλ ) and ρ = (ρλ )
are suitable sequences of positive parameters. The variable u is assumed to be in ℓ2 (Λ)L
and vλ ≥ 0 for all λ ∈ Λ. Observe, that uλ is a vector in RL while vλ is just a nonnegative
scalar for all λ ∈ Λ.
We are interested in the joint minimizer (u∗ , v ∗ ) of this functional, and u∗ is then
considered as a regularized solution of (2.3). The variable v is an auxiliary variable that
plays the role of an indicator of the sparsity pattern. As argued in [23] J promotes joint
sparsity, i.e., u∗ can be expected to be jointly sparse. Further, we note that the functional
is even interesting in the monochannel case L = 1. Then it just promotes usual sparsity
and provides an alternative to ℓ1 -minimization as analyzed in [9]. At this point, it is useful
to denote the ’sparsity measure’ by
X
X
X
(q)
Φ(q) (u, v) := Φθ,ρ,ω (u, v) :=
vλ kuλ kq +
ωλ kuλ k22 +
θλ (ρλ − vλ )2
(2.5)
λ∈Λ

λ∈Λ

λ∈Λ

which allows to write
J(u, v) = kT u − g|Hk2 + Φ(q) (u, v).

In [23] we gave a criterion on the parameters ω, θ, ρ for the (strict) convexity of Φ(q) (u, v),
and hence of J, for the cases q = 1, 2, ∞. Let us a provide a slight generalization of this
criterion.
Lemma 2.1. Let smin := min Sp(T ∗ T ), where Sp(T ∗ T ) denotes the spectrum of T ∗ T . A
(q)
sufficient condition for the (strict) convexity of Jθ,ρ,ω (u, v) is that the functions
Fλ (x, y) := (ωλ + smin )kxk22 + ykxkq + θλ y 2 ,

x ∈ RL , y ≥ 0

are (strictly) convex for all λ ∈ Λ. In the cases q ∈ {1, 2, ∞} this is satisfied if
(ωλ + smin )θλ ≥
4

κq
4

(2.6)

334

[9] Iterative Thresholding Algorithms

(with strict inequality for strict convexity), where

 L, q = 1
κq =
1, q = 2,

1, q = ∞.

(2.7)

Proof. The discrepancy with respect to the data in the functional J(u, v) can be written as
kT u − g|Hk2 = hT u, T ui − 2hT u, gi + kg|Hk2 = hu, T ∗ T ui − 2hT u, gi + kg|Hk2
= smin kuk22 + hu, (T ∗ T − smin I)ui − 2hT u, gi + kg|Hk2 ,

where I denotes the identity. Since smin = min Sp(T ∗ T ) the operator T ∗ T −smin I is positive,
and consequently the functional
u 7→ hu, (T ∗ T − smin I)ui − 2hT u, gi + kgk22 .
is convex. Thus, J is (strictly) convex if the functional
J ′ (u, v) = smin kuk22 + Φ(q) (u, v) =

X

Fλ (uλ , vλ )

λ∈Λ

is (strictly) convex. Clearly, this is the case if and only if all the Fλ are (strictly) convex,
which shows the first claim. The second claim for the cases q = {1, 2, ∞} is shown precisely
as in [23, Proposition 2.1].
Usually one has smin = 0 and then (2.6) reduces to the condition already provided in
[23]. However, there are cases where T ∗ T is invertible and then smin > 0, so (2.6) is weaker
than ωλ θλ ≥ κq /4 in [23]. Further, we expect that condition (2.6) with suitable κq is also
sufficient in the general case q ∈ [1, ∞].

2.2

An algorithm for the minimization of J

In [23] we developed an iterative algorithm for computing the minimizer of J(u, v). It
consists of alternating a minimization with respect to u and v. More formally, for some
initial choice v (0) , for example v (0) = (ρλ )λ∈Λ , we define
u(n) := arg minu∈ℓ2 (Λ)L J(u, v (n−1) ),
v (n) := arg minv≥0 J(u(n) , v).

(2.8)

The minimizer v (n) of J(u(n) , v) for fixed u(n) can be computed explicitly by the formula
(
(n)
(n)
ρλ − 2θ1λ kuλ kq , kuλ kq < 2θλ ρλ ,
(n)
(2.9)
vλ =
0,
otherwise .
The minimization of J(u, v (n−1) ) with respect to u and fixed v (n−1) can be done by a
thresholded Landweber iteration similar to the one analyzed in [9]. So let v = (vλ )λ∈Λ be
a fixed positive sequence and u(0) ∈ ℓ2 (Λ)L be some arbitrary initial point and define
(q)
u(m) := Uv,ω
(u(m−1) + T ∗ (g − T u(m−1) )),

5

m ≥ 1,

(2.10)
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where
(q)
(Uv,ω
(u))λ = (1 + ωλ )−1 Sv(q)
(uλ )
λ

and

′

q
(x),
Sv(q) (x) = x − Pv/2

(2.11)

x ∈ RL ,

(2.12)

q′

with Pv/2 denoting the orthogonal projection onto the unit ball of radius v/2 in RL with
q
respect to the q ′ -norm where 1/q ′ + 1/q = 1. For q ∈ {1, 2, ∞} explicit formulas for Sv/2
are given in [23]. By extending the arguments in [9], we proved that the iteration (2.10)
strongly converges to the minimizer of K(u) = J(u, v) under mild conditions on v and ω [23,
Proposition 4.9]. Moreover, we showed in [23] that the full algorithm (2.8) indeed converges
to the minimizer of the functional J.

3

Relation to Hard and Firm Thresholding
(q)

The functional J = Jθ,ρ,ω depends on several parameters. So far their role was not yet completely clarified. It turns out that there is an intriguing relationship to hard-thresholding,
which explains the parameters as well.

3.1

A simple monochannel case

For the sake of simple illustration we start with the monochannel case L = 1 and the
parameter ω = 0 for the moment. (The choice of q becomes clearly irrelevant if L = 1).
Here the operator T is assumed to be the identity on ℓ2 (Λ). This leads to the study of the
functional
X
X
J(u, v) = Jθ,ρ (u, v) = ku − gk22 +
vλ |uλ | +
θλ (ρλ − vλ )
λ∈Λ

=

X

λ∈Λ

λ∈Λ


(uλ − gλ ) + vλ |uλ | + θλ (ρλ − vλ )2 .
2

Since smin (I) = 1, according to Lemma 2.1 a sufficient (and actually necessary) condition
for the convexity of J is
θλ ≥ 1/4
for all λ ∈ Λ,
and J is strictly convex in case of a strict inequality. In our special case, J decouples as the
sum
X
J(u, v) =
Gθλ ,ρλ ;gλ (uλ , vλ )
λ∈Λ

where

Gθ,ρ;z (ũ, ṽ) = (ũ − z)2 + ṽ|ũ| + θ(ρ − ṽ)2 ,

ũ ∈ R, ṽ ≥ 0.

Hence, the component (u∗λ , vλ∗ ), λ ∈ Λ, of the minimizer (u∗ , v ∗ ) of J(u, v) is the minimizer
of Gθλ ,ρλ ;gλ .

6
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Lemma 3.1. Let ρ > 0, θ ≥ 1/4 and z ∈ R. Then the minimizer (u∗ , v ∗ ) of Gθ,ρ;z (u, v) for
u ∈ R, v ≥ 0 is given by
u∗ = hθ,ρ (z)

1
ρ − 2θ
|u∗ |, |u∗ | < 2θρ,
v∗ =
0,
otherwise ,
where
hθ,ρ (z) =





4θ
4θ−1

0,
 |z| ≤ ρ/2,
z − sign(z) 2ρ , ρ/2 < |z| ≤ 2θρ,
z,
|z| > 2θρ.

(3.1)

Proof. The statement follows from a straightforward computation, but can also be deduced
as a special case of Theorem 3.2 below (considering ω = 0 and q = 2 for instance).
Note that for θ = 1/4 the function h1/4,ρ equals the hard thresholding function,
h1/4,ρ (z) = hρ (z) :=



0, |z| ≤ 2ρ
z, |z| > 2ρ .

In particular, hard-thresholding can be interpreted in terms of the (joint) minimizer of the
functional
X
1X
(ρλ − vλ )2 ,
J(u, v) = ku − gk22 +
vλ |uλ | +
4
λ∈Λ

λ∈Λ

and the minimizer is even unique although the functional is convex but not strictly convex.
Note that it can be shown directly that also for θ < 1/4 the minimizer of the functional J
is still unique and coincides with the one for θ = 1/4, although the functional is then even
not convex anymore.
Hence, not only soft-thresholding, but also hard-thresholding is related to the minimizer
of a certain convex functional. This observation applies for instance to wavelet thresholding.
In the case θ > 1/4 the function hθ,ρ is the firm thresholding operator introduced in [24],
see Figure 1 for a plot. Furthermore, letting θ → ∞ in the above lemma, we recover the
4

2 ΘΡ

2

0

Ρ
 2 ΘΡ
2

-2

-4
-4

-2

0

2

4

Figure 1: Typical shape of the function hθ,ρ . Here the parameters are ρ = 2 and θ = 1/2.
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soft-thresholding function,
lim hθ,ρ (z) = sρ (z) =

θ→∞



0,
|z| ≤ 2ρ
ρ
z − sign(z) 2 , |z| > 2ρ .

Hence, hθ,ρ can be interpreted as an interpolation between soft and hard thresholding.

3.2

The multichannel case with identity operator

Let us now consider the general multichannel case L ≥ 1 with non-trivial parameter ωλ ,
but still with T being the identity on ℓ2 (Λ)L . Then our functional has the form
X
X
X
(q)
J(u, v) = Jθ,ρ,ω (u, v) = ku − gk22 +
ωλ kuλ k22 +
vλ kuλ kq +
θλ (ρλ − vλ )2 (3.2)
λ∈Λ

λ∈Λ

λ∈Λ

with u ∈ ℓ2 (Λ)L and vλ ≥ 0. By Lemma 2.1 a sufficient (and actually necessary) condition
for the convexity of J in the cases q ∈ {1, 2, ∞} is
(1 + ωλ )θλ ≥

κq
4

with κq as in (2.7). The functional J decouples as the following sum,
X (q)
J(u, v) =
Gθλ ,ρλ ,ωλ ;gλ (uλ , vλ )
λ∈Λ

with
(q)

Gθ,ρ,ω;z (ũ, ṽ) := kũ − zk22 + ωkũk22 + ykũkq + θ(ρ − ṽ)2 ,

ũ ∈ RL , ṽ ∈ R+ .

(3.3)

As in the previous section the minimization of J reduces to determining the minimizer of
(q)
the function Gθ,ρ,ω;z on RL × R+ .
Before stating the theoretical result let us introduce the following functions for q =
1, 2, ∞, respectively.
For q = 2, θ > 1/4 and z ∈ RL we define


0,
kzk2 ≤ ρ/2,

(2)
4θ kzk2 −ρ/2
z,
ρ/2 < kzk2 ≤ 2θρ,
hθ,ρ (z) :=
4θ−1
kzk2


z,
kzk2 > 2θρ.

Now let q = 1, θ > L/4 (ensuring strict convexity) and z ∈ RL . Then we distinguish
different cases.
1. If kzk∞ < ρ/2 then
2. If kzk1 ≥ 2θρ then

(1)

hθ,ρ (z) := 0.
(1)

hθ,ρ (z) := z.
8
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3. If kzk∞ ≥ ρ/2 and kzk1 < 2θρ then we order the entries of z by magnitude, |zℓ1 | ≥
|zℓ2 | ≥ . . . ≥ |zℓL |. For n = 1, . . . , L define
Pn
nρ
j=1 |zℓj | − 2
tn (z) := ρ/2 −
.
(3.4)
4θ − n
As followsP
from the proof of the next theorem there exists a unique n ∈ {1, . . . , L}
such that nj=1 |zℓj | ≥ nρ/2,
(3.5)
|zℓn | ≥ tn (z)
and
|zℓn+1 | < tn (z)

(3.6)

(where the latter condition is void if n = L). With this particular n we define the
(1)
components of hθ,ρ (z) as
(1)

(hθ,ρ (z))ℓj

(1)
(hθ,ρ (z))ℓj

:= zℓj − sign(zℓj )tn (z),

:= 0,

j = 1, . . . , n,
j = n + 1, . . . , L.

Finally, let q = ∞, θ > 1/4 and z ∈ RL . Again we have to distinguish several cases.
1. If kzk1 < ρ/2 then

(∞)

hθ,ρ (z) = 0.

2. If kzk∞ ≥ 2θρ then

(∞)

hθ,ρ (z) = z.

3. If kzk1 ≥ ρ/2 and kzk∞ < 2θρ then we order the coefficients of z by magnitude,
|zℓ1 | ≥ |zℓ2 | ≥ . . . ≥ |zℓL |. Define


n
4θ X
|zℓj | − ρ/2 .
sn (z) :=
4θn − 1
j=1

Let m be the minimal number in {1, . . . , L} such that sm (z) ≥ 0. (Such m exists since
sL (z) ≥ 0 follows from kzk1 ≥ ρ/2.) As follows from the proof of the next theorem
there exists a unique n ∈ {m, . . . , L} such that
|zℓn | ≥ sn−1 (z)

and

|zℓn+1 | < sn (z)

(where the first condition is void if n = 1 and the second condition is void if n = L).
(∞)
Then we define the components of hθ,ρ as
(∞)

(hθ,ρ (z))ℓj

(∞)
(hθ,ρ (z))ℓj

:= sign(zℓj )sn (z),

j = 1, . . . , n,

:= zℓj ,

j = n + 1, . . . , L.

9
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(q)

These functions hθ,ρ provide different generalizations of the firm shrinkage function hθ,ρ in
(3.1) to the multichannel case. As shown in the next result they are intimately related to
(q)
the minimizer of the function Gθ,ρ,ω;z .
Theorem 3.2. Let q ∈ {1, 2, ∞} and z ∈ RL . Assume
(ω + 1)θ > κq /4

(3.7)
(q)

with κq in (2.7) ensuring strict convexity of the function Gθ,ρ,ω;z in (3.3) by Lemma 2.1.
(q)

Then the minimizer (u, v) ∈ RL × R+ of Gθ,ρ,ω;z is given by
(q)

u = (1 + ω)−1 hθ(1+ω),ρ (z),
(
kuk
ρ − 2θ q , kukq < 2θρ,
v =
0,
otherwise .

(3.8)

The proof of this theorem is rather long and technical, and therefore postponed to the
Appendix. We note that condition (3.7) is required to ensure uniqueness of the minimizer
of Gθ,ρ,ω;z . In case of equality in (3.7) a variant of the above theorem still holds. Only the
(q)
uniqueness of n in the definition of the function hθ,ρ for q = 1 and q = ∞ is not clear yet,
but any valid n would yield a minimizer of Gθ,ρ,ω;z .
Now, the minimizer (u∗ , v ∗ ) of the functional J for the trivial identity operator T = I
in (3.2) is clearly given by
(q)

(3.9)

(q)

(3.10)

u∗ = Hθ,ρ,ω (g),
v ∗ = Vθ,ρ (u∗ ),
where



and



(q)

Hθ,ρ,ω (g)

(q)

Vθ,ρ (u∗ )



λ



(q)

λ

:=

:= (1 + ωλ )−1 hθλ (1+ωλ ),ρλ (gλ ),



ρλ −
0,

1
∗
2θλ kuλ kq ,

(3.11)

ku∗λ kq < 2θλ ρλ
otherwise .

(3.12)
(q)

We note the following relation to the damped soft-thresholding operator Uv,ω in (2.11),
which will be useful later.
(q)

Lemma 3.3. Suppose (1 + ωλ )θλ > κq /4 for all λ ∈ Λ. Let v = Vθ,ρ (Hθ,ρ,ω (g)). Then
(q)

(q)
(g).
Hθ,ρ,ω (g) = Uv,ω
(q)

Proof. Let (u∗ , v ∗ ) be the minimizer of the functional J in (3.2). Then u∗ = Hθ,ρ,ω (g) and
(q)

v ∗ = Vθ,ρ (u) by (3.9) and (3.10). Since (u∗ , v ∗ ) minimizes J(u, v), we have in particular
(q)

u∗ = arg minu J(u, v ∗ ). By Lemma 4.1 in [23] it holds u∗ = Uv∗ ,ω (g), which shows the
claim.
10

340

[9] Iterative Thresholding Algorithms

Finally note that there is also the following alternative iterative way of computing the
functions hθ,ρ .
Proposition 3.4. Let q ∈ {1, 2, ∞} and 4θ ≥ κq . For z ∈ RL and some v (0) ∈ R+ define
for n ≥ 1
′

(q)

z (n) = Sv(n−1) (z) = z − Pvq(n−1) /2 (z)

1
kz (n) kq , kz (n) kq < 2θρ
ρ − 2θ
v (n) =
0,
otherwise .
(q)

Then z (n) converges and limn→∞ z (n) = hθ,ρ (z). Moreover, if 4θ > κq then we have the
(q)

(q)

error estimate |z (n) − hθ,ρ (z)| ≤ γ|z (n−1) − hθ,ρ (z)| with γ :=

κq
4θ

< 1.

Proof. By Lemma 2.1 the corresponding function
Jz (u, v) = ku − zk22 + vkukq + θ(ρ − v)2 ,

u ∈ RL , v ∈ R+ ,

(3.13)

is convex. The proposed iteration corresponds precisely to the scheme (2.8) and by Theorem
3.1 in [23] the scheme thus converges. The error estimate follows from Proposition 5.4 in
[23].
Convergence of the scheme in the previous lemma holds even for general q ∈ [1, ∞]
provided the parameters are such that the corresponding functional in (3.13) is convex
(although it is not completely clear yet that also the corresponding error estimate is true).
q′
exists
However, it remains open whether a practical way of computing the projection Pv/2
for values of q different from 1, 2, ∞.

4

Iterative Thresholding Algorithms

Now we return to the analysis of the functional J with a general bounded operator T and
L ≥ 1 channels. By rescaling J we may assume without loss of generality that kT k < 1.
However, note that rescaling changes the parameters θ, ω and smin = smin (T ∗ T ), so that
eventually one has to take care not to destroy the convexity condition
θλ (smin (T ∗ T ) + ωλ ) ≥ κq /4.

(4.1)

We will now formulate and analyze a new algorithm for the minimization of J with a nontrivial operator T . In contrast to the algorithm (2.8) analyzed in [23], it consists only of a
single iteration rather than an alternating minimization algorithm.
We first need to introduce surrogate functionals similar to the one in [9]. For some
additional parameter a ∈ ℓ2 (Λ)L let
J s (u, v; a) := J(u, v) + ku − ak22 − kT (u − a)|Hk2 .
Our iterative algorithm reads then as follows. For some arbitrary u(0) ∈ ℓ2 (Λ)L we let
(u(n) , v (n) ) := arg min J s (u, v; u(n−1) ),
(u,v)

11
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The minimizer of J s (u, v; a) can be computed explicitly as we explain now. Denoting by
Φ(q) (u, v) the ’sparsity measure’ defined in (2.5) a straightforward calculation yields
J s (u, v; a) = kT u − g|Hk2 − kT u − T a|Hk2 + ku − ak22 + Φ(q) (u, v)

= ku − (a + T ∗ (g − T a))k22 + Φ(q) (u, v) + kg|Hk2 − kT a|Hk2 + kak22 − ka + T ∗ (g − T a)k22 .

Since the terms after Φ(q) (u, v) are constant with respect to u and v it follows that
arg min J s (u, v; a) = arg min J ′ (u, v; a)
(u,v)

(u,v)

where
J ′ (u, v; a) = ku − (a + T ∗ (g − T a))k22 + Φ(q) (u, v).

We note that J ′ and, hence, J s (u, v; a) (for fixed a) is strictly convex if
θλ (1 + ωλ ) > κq /4
by Lemma 2.1. Since J ′ coincides with J where T is replaced by the identity and g by
a + T ∗ (g − T a) we can invoke the results of the previous section to compute the minimizer
(u∗ , v ∗ ) of J ′ and of J s (u, v; a). Indeed, if q ∈ {1, 2, ∞} and θλ (1 + ωλ ) > κq /4 for all λ ∈ Λ
then
(q)
u∗ = Hθ,ρ,ω (a + T ∗ (g − T a)),
(4.3)
(q)

(q)

(q)

and v ∗ = Vθ,ρ (u∗ ) with Hθ,ρ,ω and Vθ,ρ defined in (3.11) and (3.12). It immediately follows
that the algorithm in (4.2) reads
(q)

u(n) = Hθ,ρ,ω (u(n−1) + T ∗ (g − T u(n−1) )).

(4.4)

It is actually not necessary to compute all the corresponding v (n) ’s. The final v ∗ can easily
(q)
be computed by v ∗ = Vθ,ρ (u∗ ) if one is interested in it.
Algorithm (4.4) is again a thresholded Landweber iteration. We note, however, that we
cannot treat pure hard thresholding in this way, as this requires θ = 1/4 and ω = 0. Since
kT k < 1 we have certainly also smin = smin (T ∗ T ) < 1 and hence the convexity condition
1
4 smin ≥ κq /4 cannot be satisfied. Moreover, if smin = 0 (which often happens in inverse
problems) then we have to take ωλ > 0, which enforces a damping in the thresholding
operation. Nevertheless, an “interpolation” between soft and hard thresholding is possible.
Before investigating the convergence of the thresholding algorithm (4.4) let us state an
immediate implication of the previous achievements.
Proposition 4.1. If kT k < 1 and 4(1 + ωλ )θλ > κq for all λ ∈ Λ (ensuring strict convexity
of the surrogate functional J s ) then a minimizer (u∗ , v ∗ ) of J satisfies the fixed point relation
(q)

u∗ = Hθ,ω,ρ (u∗ + T ∗ (g − T u∗ )),
(q)

v ∗ = Vθ,ρ (u∗ ).

Conversely, if J is convex and (u∗ , v ∗ ) satisfies the above fixed point equation then it is a
minimizer of J.
12
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Proof. Observe that J s (u∗ , v ∗ ; u∗ ) = J s (u∗ , v ∗ ), but in general J s (u, v; a) ≥ J(u, v) for
all (u, v) because kT k < 1. Hence, if (u∗ , v ∗ ) minimizes J(u, v) then it also minimizes
J s (u, v; u∗ ) and by (4.3) (noting that 4(1 + ωλ )θλ > κq ) the stated fixed point equation is
satisfied.
Conversely, if (u∗ , v ∗ ) satisfies the fixed point equation then by Theorem 3.2 (u∗λ , vλ∗ )
is the minimizer of Gλ = Gθλ ,ρλ ,ωλ ;z for z = (u∗ + T ∗ (g − T u∗ ))λ , i.e., 0 is contained in
the subdifferential of Gλ for all λ ∈ Λ. If J is convex then by Proposition 3.5 in [23] the
subdifferential of J at (u, v) contains the set
DJ(u, v) = (2T ∗ (T u − g), 0) + DΦ(q) (u, v),
where
DΦ(q) (u, v) = {(ξ, η) ∈ ℓ2 (Λ)L × ℓ1,ρ (Λ), ξλ ∈ vλ ∂k · kq (uλ ) + 2ωλ uλ ,

ηλ ∈ kuλ kq ∂s+ (vλ ) + 2θλ (vλ − ρλ ), λ ∈ Λ}

where ∂s+ (x) = {1} for x > 1 and ∂s+ (0) = (−∞, 1]. Using Lemma A.1 it is then
straightforward to verify that 0 is contained in DJ(u∗ , v ∗ ) ⊂ ∂J(u∗ , v ∗ ), and hence, (u∗ , v ∗ )
minimizes J.
Note that the first part of the above proposition does not require convexity of J as
the general convexity condition (smin (T ∗ T ) + ωλ )θλ ≥ κq /4 is stronger than the required
condition since smin < 1.
For later reference we note that the minimizer of J actually satisfies also another fixpoint
relation in terms of the soft-thresholding operator:
Proposition 4.2. If kT k < 1 then a minimizer (u∗ , v ∗ ) of J satisfies the fixed point equations
(q)

u∗ = Uv∗ ,ω (u∗ + T ∗ (g − T ∗ a)),
(q)

v ∗ = Vθ,ρ (u∗ ),

(q)

with Uv,ω defined by (2.11).
(q)

Proof. The relation v ∗ = Vθ,ρ (u∗ ) is clear. Similarly as in the previous proof we have
J(u∗ , v ∗ ) = min J(u, v ∗ ) = min J s (u, v ∗ ; u∗ ),
u

u

and u∗ minimizes J s (u, v ∗ ; u∗ ) for fixed v ∗ and u∗ . By Lemma 4.1 in [23] it follows that
(q)
u∗ = Uv∗ ,ω (u∗ + T ∗ (g − T u∗ )) as claimed.
Note that the previous result does not pose any restrictions on the parameters θ, ρ, ω. In
particular, J(u, v) may even fail to be jointly convex in u, v. Furthermore, the two relations
in Theorem 4.2 are coupled whereas the first relation in Theorem 4.1 is independent of the
second one.

13
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Convergence of the iterative algorithm

Let us now investigate the convergence of the iterative algorithm (4.4).
Theorem 4.3. Let q ∈ {1, 2, ∞} and assume that kT k < 1 and
inf 4θλ (smin + ωλ ) > κq

(4.5)

λ∈Λ

with smin = min Sp(T ∗ T ) (ensuring strict convexity of J by Lemma 2.1). Then for any
choice u(0) ∈ ℓ2 (Λ)L the iterative algorithm (4.2), i.e.,


(q)
(4.6)
u(n) := Hθ,ρ,ω u(n−1) + T ∗ (g − T u(n−1) ) ,
(q)

converges strongly to a fixed point u∗ ∈ ℓ2 (Λ)L and the couple (u∗ , v ∗ ) with v ∗ = Vθ,ρ (u∗ ) is
the unique minimizer of J. Moreover, we have the error estimate
ku(n) − u∗ k2 ≤ β n ku(0) − u∗ k2

with β := supλ∈Λ

4θλ (1−smin )
4θλ (1+ωλ )−κq

(4.7)

< 1.

An essential ingredient for the proof of this theorem is the following.
Lemma 4.4. Assume q ∈ {1, 2, ∞} and 4θλ (1 + ωλ ) > κq for all λ ∈ Λ. Then the operators
(q)
Hθ,ρ,ω are Lipschitz continuous,
(q)

(q)

kHθ,ρ,ω (y) − Hθ,ρ,ω (z)k2 ≤ M ky − zk2
with constant M := supλ∈Λ

4θλ
4θλ (1+ωλ )−κq .
(q)

(q)

(q)

(q)

Proof. By Lemma 3.3 we have Hθ,ρ,ω (z) = Uv,ω (z) with v = Vθ,ρ (Hθ,ρ,ω (z)) =: v(z). By
the triangle inequality
(q)

(q)

k(Hθ,ρ,ω (y))λ − (Hθ,ρ,ω (z))λ k2

(q)

(q)

(q)

(q)

(q)

≤ kUv(y),ω (y)λ − Uv(y),ω (z)λ k2 + kUv(y),ω (z)λ − Uv(z),ω (z)λ k2
i
h
(q)
(q)
(q)
(q)
= (1 + ωλ )−1 kSvλ (y) (yλ ) − Svλ (y) (zλ )k2 + kSvλ (y) (zλ ) − Svλ (z) (zλ )k2 .

(4.8)

′

′

Since Svλ (x) = x − Pvqλ /2 (x), where Pvqλ /2 is the orthogonal projection onto the ℓq′ -ball of
radius vλ /2 the first term can be estimated by
(q)

(q)

kSvλ (y) (yλ ) − Svλ (y) (zλ )k2 ≤ kyλ − zλ k2 .
′

′

q
q
Further, it was proved in [23,
√ Lemma 5.2] that kPv (x)−Pw (x)k ≤ Kq |v−w| for all v, w ≥ 0,
L
and x ∈ R , with K1 = L and K2 = K∞ = 1. The second term in (4.8) can thus be
estimated by
(q)

′

′

(q)

kSvλ (y) (zλ ) − Svλ (z) (zλ )k2 = kPvqλ (y)/2 (zλ ) − Pvqλ (z)/2 (zλ )k2 ≤
=

Kq
|vλ (y) − vλ (z)|
2

Kq (q) (q)
(q)
(y))λ − Vθ,ρ (Hθ,ρ,ω (z))λ |.
|V (H
2 θ,ρ θ,ρ,ω
14
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(q)

Using the definition of Vθ,ρ in (3.12) and distinguishing different cases we obtain
1
(q)
(q)
k(Hθ,ρ,ω (y))λ kq − k(Hθ,ρ,ω (z))λ kq
2θλ
1
Rq
(q)
(q)
(q)
(q)
≤
k(Hθ,ρ,ω (y))λ − (Hθ,ρ,ω (z))λ kq ≤
k(Hθ,ρ,ω (y))λ − (Hθ,ρ,ω (z))λ k2 ,
2θλ
2θλ
√
where Rq = 1 for q ∈ {2, ∞} and R1 = L. Altogether we deduced
(q)

(q)

(q)

(q)

|Vθ,ρ (Hθ,ρ,ω (y))λ − Vθ,ρ (Hθ,ρ,ω (z))λ | ≤

(q)

(q)

k(Hθ,ρ,ω (y))λ − (Hθ,ρ,ω (z))λ k2


Kq Rq
(q)
(q)
−1
k(Hθ,ρ,ω (y))λ − (Hθ,ρ,ω (z))λ k2 .
≤ (1 + ωλ )
kyλ − zλ k2 +
4θλ
Noting that Kq Rq = κq we obtain


κq
(q)
(q)
1−
k(Hθ,ρ,ω (y))λ − (Hθ,ρ,ω (z))λ k2 ≤ (1 + ωλ )−1 kyλ − zλ k2 .
4θλ (1 + ωλ )
Summing over λ ∈ Λ we finally obtain
1
(1
+
ω
λ∈Λ
λ) −

(q)

(q)

kHθ,ρ,ω (y) − Hθ,ρ,ω (z)k2 ≤ sup

κq
4θλ

ky − zk2 = M ky − zk2 ,

and the proof is completed.
Proof of Theorem 4.3. Let Γ denote the operator
(q)

Γ(u) := Hθ,ρ,ω (u + T ∗ (g − T u)).

(4.9)

Then clearly, u(n) = Γ(u(n−1) ). By Lemma 4.4 Γ is Lipschitz,
(q)

(q)

kΓ(y) − Γ(z)k2 = kHθ,ρ,ω (y + T ∗ (g − T y)) − Hθ,ρ,ω (z + T ∗ (g − T z))k2

≤ M ky + T ∗ (g − T y) − z − T ∗ (g − T z)k2 = M k(I − T ∗ T )(y − z)k2
4θλ (1 − smin )
ky − zk2
≤ M kI − T ∗ T k ky − zk2 = M (1 − smin )ky − zk2 = sup
λ∈Λ 4θλ (1 + ωλ ) − κq
= βky − zk2 .

(4.10)

Since by assumption β < 1 it follows from Banach’s fixed point theorem that u(n) converges
to the unique fixed point u∗ of Γ and
ku(n) − u∗ k2 = kΓ(u(n−1) ) − Γ(u∗ )k2 ≤ βku(n−1) − u∗ k2 .
(q)

By induction we deduce (4.7). By Theorem 4.1 (u∗ , v ∗ ) with v ∗ = Vθ,ρ (u∗ ) is the unique
minimizer of J.
REMARK: Using similar techniques as in [9], in particular Opial’s theorem, one can show
(weak) convergence of the algorithm (4.6) also in the case that condition (4.5) is relaxed to
inf 4θλ (smin + ωλ ) ≥ κq .

λ∈Λ
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Although a thorough numerical study of the algorithms remains to be done we give some
hints how to choose the parameters, in particular, q. The higher q, the more joint sparsity
is promoted, in particular q = ∞ yields the strongest coupling of channels. However, the
thresholding operator is the simplest to compute for q = 2, so the latter choice might be a
good trade-off between joint sparsity and computation speed. The parameter ρλ determines
up to which level coefficients ’survive’ thresholding; in other words, the higher ρλ the sparser
the solution. The steepness of the firm-thresholding curve between ρλ /2 and 2ρλ θλ is
governed by θλ , and the closer θλ approaches 1/4 the close we get to hard-thresholding
(provided ωλ = 0). However, in case of non-invertible T the convexity condition (2.6)
requires that we stay strictly away from hard-thresholding. Further, ωλ should be chosen
relatively small compared to ρλ and θλ . Otherwise, the quadratic term in J is dominating,
which is known to promote rather many small coefficients, hence, non-sparse solutions.
However, a balanced combination of ℓ1 and ℓ2 constraints can nevertheless produce sparse
solutions.

5

On Variational Limits
(q)

In this section we state that the minimizers of J = Jθ,ρ,ω vary weakly continously with
respect to the parameters. This, in turn, shows that slight changes of parameters do not
dramatically alter the computed solution. For the sake of brevity, we limit our analysis
to show the interesting case where the minimizers of the functional J weakly converge to
minimizers of Kρ as given in (1.1), for certain limits of the parameters. Precisely the same
analysis can be generalized to intermediate cases.

5.1

Approaching soft-thresholding

We keep the sequence ρ fixed and let ω = ω (k) and θ = θ (k) vary with k ∈ N. For brevity
(q)
we denote the corresponding functionals by J(k) = Jθ(k) ,ρ,ω(k) .
The result below reveals how one can continuously approach minimizers of the functional
X
Kρ (u) := kT u − g|Hk2 +
ρλ kuλ kq ,
λ∈Λ

(q)

by means of minimizers of J(k) . Kρ is closely related to the soft thresholding operator Sρ
in (2.12), and its minimizer can be approximated by the algorithm (2.10) with ωλ = 0,
which indeed is a pure soft-thresholded Landweber iteration, see [9, 23].
Theorem 5.1. Let q ∈ {1, 2, ∞}. Suppose ρ is a sequence satisfying inf λ∈Λ ρλ > 0. Assume
(k)
that the entries θλ are monotonically increasing with k for all λ and
(k)
lim ( inf θ )
k→∞ λ∈Λ λ

= ∞.

(5.1)

(k) (k)

≤ C

(5.2)

Further suppose
κq < 4ωλ θλ
16
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for some constant C > κq and
(k)

ωλ −

1

(k−1)

(k)
4κq′ θλ

≤ ωλ

−

1
(k−1)

4κq θλ

(5.3)

for all λ ∈ Λ and k ∈ N, where q ′ denotes the dual index of q, i.e., 1/q ′ + 1/q = 1 as
(q)
usual. Denote by (u(k) , v (k) ) the (unique) minimizer of J(k) (u, v) = Jθ(k) ,ρ,ω(k) (u, v). Then
the accumulation points of the sequence (u(k) )k∈N with respect to the weak topology in ℓ2 (Λ)L
are minimizers of Kρ . In particular, if the minimizer of Kρ is unique then u(k) converges
weakly to it.
The proof of this theorem uses some machinery from Γ-convergence [8] as a main tool.
To state the corresponding result we first need to introduce some notion.
Definition 1. (a) A functional F : X → R on a topological space X satisfying the first
axiom of countability (i.e., being metrizable) is called lower semicontinuous if for all
x and all sequences xk converging to x it holds F (x) ≤ lim inf k F (xk ).
(b) A function F : X → R is called coercive if for all t ∈ R the set {x : F (x) ≤ t} is
contained in a compact set.
The following well-known result can be achieved as a direct combination of [8, Proposition 5.7, Theorem 7.8, Corollary 7.20, Corollary 7.24].
Theorem 5.2. Let X be a topological space which satisfies the first axiom of countability. Assume that Fk , k ∈ N, is a monotonically decreasing sequence of functionals on a
topological space X that converges pointwise to a functional F , i.e., Fk+1 (x) ≤ Fk (x) and
limk→∞ Fk (x) = F (x) for all x ∈ X. Assume that F is lower semicontinuous and coercive. Suppose that xk minimizes Fk over X. Then the accumulation points of the sequence
(xk )k∈N are minimizers of F . Moreover, if the minimizer of F is unique then xk converges
to it.
Proof of Theorem 5.1. First we show that Kρ is coercive and lower-semicontinuous with
respect to the weak topology of ℓ2 (Λ)L . Since inf λ ρλ > 0 we have

X
X
ρλ kuλ kq .
kuk2 ≤ sup ρ−1
ρλ kuλ k2 ≤ Cq
λ
λ∈Λ

λ∈Λ

λ∈Λ

Hence, if u is such that Kρ (u) ≤ t, then kuk2 ≤ Cq t, which shows that {u ∈ ℓ2 , Kρ (u) ≤ t}
is contained in the ℓ2 ball of radius Cq t, which is compact in the weak topology. Hence, Kρ
is coercive.
Since we are interested in minimization problems it suffices to consider our functionals on
the set X = {u ∈ ℓ2 , Kρ (u) ≤ C} for a sufficiently large C. Observe that by [8, Proposition
8.7] the space X is indeed metrizable with the weak topology inherited from ℓ2 (Λ)L .
Now consider a sequence (u(k) ) which is weakly convergent to u. By weak convergence
and lower semicontinuity of the H norm we have kT u − gkH ≤ limk kT u(k) − gkH . Weak
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(k)

convergence in ℓ2 implies convergence of the components uλ . Hence, by Fatou’s lemma we
further have
X
X
X
(k)
(k)
ρλ kuλ kq =
ρλ lim inf kuλ kq ≤ lim inf
ρλ kuλ kq .
λ

k

k

λ

λ

This implies that Kρ is lower-semicontinuous in X.
(q)
If (u(k) , v (k) ) minimizes J(k) then v (k) = Vθ(k) ,ρ(k) (u(k) ). Hence, (u(k) , v (k) ) is a minimizer
of J(k) if and only if u(k) minimizes as well the functional
(q)

F(k) (u) := J(k) (u, Vθ(k) ,ρ(k) (u)).
Above we have already seen that the set X is bounded in the ℓ2 norm, hence, if u ∈ X
then its components satisfy kuλ kq ≤ C ′ . By assumption (5.1) and since ρλ is bounded away
(k)
from 0, there exists a k0 ∈ N such that kuλ kq ≤ 2θλ ρλ for all k ≥ k0 and all λ ∈ Λ.
Consequently
kuλ kq
(k)
, ∀λ ∈ Λ,
vλ = ρλ −
(n)
2θλ
and the functional F(k) is given by
2

F(k) (u) = kT u − gk +

X

λ∈Λ

ρλ kuλ kq +

X

λ∈Λ

(k)
ωλ kuλ k22

−

kuλ k2q
(k)

4θλ

!

for all k ≥ k0 and u ∈ X. Clearly, it suffices to restrict all considerations to k ≥ k0 .
Since the ℓq -norm on RL is equivalent to the ℓ2 -norm it follows from (5.1) and (5.2) that
!
X
kuλ k2q
(k)
2
=0
lim
ωλ kuλ k2 −
(k)
k→∞
4θλ
λ∈Λ
for all u ∈ X. Hence F(k) converges pointwise to Kρ on X. Further, note that (5.3) implies
!
!
2
ku
k
1
1
λ
q
(k)
(k−1)
(k)
ωλ kuλ k22 −
−
kuλ k22 ≤ ωλ
kuλ k22
≤ ωλ −
(k)
(k)
(k−1)
4θλ
4κq′ θλ
4κq θλ
(k−1)

≤ ωλ

kuλ k22 −

kuλ k2q
(k)

4θλ

.

Thus, F(k) (u) ≤ F(k−1) (u) for all u ∈ X and k ≥ k0 . In particular, F(k) ≥ Kρ and,
hence, coerciveness of Kρ implies that F(k) is coercive as well. Thus, F(k) has a minimizer.
Moreover, by (5.2) J(k) is strictly convex, and therefore the minimizer is unique. Invoking
Theorem 5.2 yields the statement.
(k)
(k)
REMARK: Let us give explicit examples of sequences θλ and ωλ satisfying the condition
(k)
in Theorem 5.1. For q ∈ {2, ∞} one may choose θλ increasing with k and satisfying (5.1),
(k)
(k)
for instance θλ = k. Then with C > 1 one chooses ωλ = C(k) and it is not difficult to
4θλ

verify (5.2) and (5.3).
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(k)

(k)

For q = 1 one may choose C > L and a sequence θλ such that θλ ≥
(5.1) is satisfied, for instance


(C − 1)L k
(k)
θλ =
.
CL − 1
(k)

Then as before set ωλ =

A

C
(k)
4θλ

(C−1)L (k−1)
CL−1 θλ

and

and again it is easy to verify (5.2) and (5.3).

Appendix

Proof of Theorem 3.2
The proof uses subdifferentials. This requires to formally extend the function Gθ,ρ,ω;z to
RL × R by setting Gθ,ρ,ω;z (u, v) = ∞ if v < 0. In [23] the following characterization was
provided.
Lemma A.1. Let (u, v) ∈ RL ×R+ . Then (ξ, η) ∈ RL ×R is contained in the subdifferential
(q)
∂Gθ,ρ,ω;z (u, v) if and only if
ξ ∈ 2(1 + ω)u − 2z + v∂k · kq (u),

η ∈ kukq ∂s+ (v) + 2θ(v − ρ),
where s+ (v) := v for v ≥ 0 and s+ (v) = ∞ for v < 0.

REMARK: We recall that the subdifferential of the q-norm on RL is given as follows.
• If 1 < q < ∞ then

′
B q (1)
 
L 
 q−1
∂k · kq (u) =
|uℓ |
sign(uℓ )

q−1
kukq

′

ℓ=1

if u = 0,
otherwise,

where B q (1) denotes the ball of radius 1 in the dual norm, i.e., in ℓq′ with

1
q

+ q1′ = 1.

• If q = 1 then
∂k · k1 (u) = {ξ ∈ RL : ξℓ ∈ ∂| · |(uℓ ), ℓ = 1, . . . , L}

(A.1)

where ∂| · |(z) = {sign(z)} if z 6= 0 and ∂| · |(0) = [−1, 1].
• If q = ∞ then
∂k · k∞ (u) =



B 1 (1)
if u = 0,
conv{(sign(uℓ )eℓ : |uℓ | = kuk∞ } otherwise,

(A.2)

where conv A denotes the convex hull of a set A and eℓ the ℓ-th canonical unit vector
in RL .
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Proof of Theorem 3.2. First observe that Gθ,ρ,ω;z is strictly convex, continuous on its domain RL × R+ , and bounded from below, further Gθ,ρ,ω;z (u, v) → ∞ when kuk2 + |v| → ∞.
Thus, there exists a unique minimizer. Hence, we have to prove that 0 ∈ ∂Gθ,ρ,ω;z (u, v). It
is straightforward to see that once kukq is known then v is given by (3.8).
From here on we have to distinguish between the different q. Let us start with the easiest
case q = 2. Assume u 6= 0 and kuk2 ≤ 2θρ. By the characterization of the subdifferential in
kuk2
2
Lemma A.1 it follows that v = ρ − kuk
2θ , and 0 ∈ 2(1 + ω)u − 2z + (ρ − 2θ )∂k · k2 (u). Since
ρ
1
u
u 6= 0, we have ∂k · k2 (u) = { kuk2 } and 0 = 2(1 + ω)u − 2z + ( kuk2 − 2θ )u. A straightforward
computation gives


ρ
1
z = (1 + ω) +
−
u
2kuk2
4θ
and hence

kzk2 =



(1 + ω) +

1
ρ
−
2kuk2
4θ



kuk2 =



(1 + ω) −

1
4θ



ρ
kuk2 + .
2

Since by assumption 4θ(1 + ω) > 1 we find that
kuk2 =

kzk2 − ρ/2
1 .
(1 + ω) − 4θ

The latter equivalence makes sense only if kzk2 − ρ/2 > 0, otherwise we would have a
contradiction to u 6= 0.
If u = 0 then v = ρ and necessarily kzk2 ≤ ρ/2. This proves that u = 0 if and only if
kzk2 ≤ ρ/2. So let us assume then kzk2 − ρ/2 > 0. By the computations done above we
obtain


1
ρ
z = (1 + ω) + kzk −ρ/2 −  u,
4θ
2 2 1
(1+ω)− 4θ

which is equivalent to
u =

4θ(1 + ω) kzk2 − ρ/2
kzk2 − ρ/2
z = (1 + ω)−1
z.
1
4θ(1 + ω) − 1
kzk2
)kzk2
(1 + ω − 4θ

Due to the assumption kuk2 ≤ 2θρ, this relation can only hold if kzk2 ≤ 2θ(1 + ω)ρ.
Let us finally assume that kuk2 > 2θρ. Then v = 0 and it is straightforward to check
that u = (1 + ω)−1 z, and kzk2 ≥ 2θ(1 + ω)ρ. Summarizing the results, and considering the
(2)
definition of hθ(1+ω),ρ we have
(2)

u = (1 + ω)−1 hθ(1+ω),ρ (z)
as claimed.
Let us turn to the case q = 1. We assume first u 6= 0 and kuk1 ≤ 2θρ. By Lemma A.1 it
kuk1
1
follows that v = ρ − kuk
2θ , and 0 ∈ 2(1 + ω)u − 2z + (ρ − 2θ )∂k · k1 (u). The latter condition
implies
(
kuk1
0,
−1

 |zℓ | ≤ ρ/2 − 4θ ,
uℓ = (1 + ω)
(A.3)
kuk1
kuk1
zℓ − sign(zℓ ) ρ/2 − 4θ , |zℓ | > ρ/2 − 4θ .
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Thus, we need to determine kuk1 . Let ℓ ∈ {1, . . . , L} and assumeuℓ 6= 0. 
Then we have
kuk1
kuk1
ρ
0 = 2(1 + ω)u − 2z + (ρ − 2θ ) sign(uℓ ), hence zℓ = (1 + ω)uℓ + 2 − 4θ sign(uℓ ) and


1
. Denoting S = supp(u) = {ℓ : uℓ 6= 0} and n = #S we
|zℓ | = (1 + ω)|uℓ | + 2ρ − kuk
4θ
obtain


X
ρ kuk1
|zℓ | = (1 + ω)kuk1 + n
−
,
(A.4)
2
4θ
ℓ∈S

Thus, we need to determine S and n in order to compute kuk1 , i.e.,
!
X
nρ
4θ
=: vS (z).
|zℓ | −
kuk1 =
4θ(1 + ω) − n
2

(A.5)

ℓ∈S

Summarizing the conditions needed so far, the set S (of cardinality n) has to satisfy
P
|zℓ | − nρ
2
|zℓ | > ρ/2 − ℓ∈S
,
for all ℓ ∈ S,
(A.6)
4θ(1 + ω) − n
P
|zℓ | − nρ
2
|zℓ | ≤ ρ/2 − ℓ∈S
,
for all ℓ ∈
/ S,
(A.7)
4θ(1 + ω) − n
and
0 ≤ vS (z) = kuk1 ≤ 2θρ

(A.8)

by the initial assumption kuk1 ≤ 2θρ. By (A.6) and (A.7), S has to contain the n largest
absolute value coefficients of z. Thus, if the entries of z are ordered such that |zℓ1 | ≥ |zℓ2 | ≥
. . . ≥ |zℓL | then it suffices to find n such that
n

1X
ρ
|zℓj | ≥ ,
n
2
j=1
n
X
j=1

|zℓj | ≤ 2θ(1 + ω)ρ,

(A.9)
(A.10)

and
Pn
nρ
ρ
j=1 |zℓj | − 2
,
|zℓn | > −
2
4θ(1 + ω) − n
Pn
nρ
ρ
j=1 |zℓj | − 2
,
|zℓn+1 | ≤ −
2
4θ(1 + ω) − n

(A.11)
(A.12)

where the last condition is void if n = L. Note that condition (A.10) is a straightforward
consequence of (A.5) and kuk1 ≤ 2θρ. P
Observe that the sequence n 7→ n−1 nj=1 |zℓnj | is decreasing with n by the ordering
of |zℓj |. Thus, if ρ/2 > |zℓ1 | = kzk∞ then condition (A.9) cannot be satisfied for any
n ∈ {1, . . . , L}. In this case the initial assumption was consequently wrong, and hence,
either u = 0 or kuk1 > 2θρ. If kuk1 > 2θρ then v = 0, and hence, u = (1 + ω)−1 (z), i.e.,
kzk1 = (1+ ω)kuk1 ≥ 2θ(1+ ω)ρ which contradicts kzk∞ < ρ/2 as kzk1 ≤ Lkzk∞ < Lρ/2 <
2θ(1 + ω)ρ by the assumption θ(1 + ω) > L/4. Thus, we conclude that u = 0 if kzk∞ < ρ/2.
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Now assume that kzk1 > 2θ(1 + ω)ρ. First note that then u = 0 is not possible. Indeed,
if u = 0 then v = ρ and hence, z ∈ ρ/2∂k · k1 (0) = B ∞ (ρ/2). Hence, kzk∞ ≤ ρ/2 which
contradicts kzk1 > 2θ(1 + ω) by the same reasoning as above. We now argue that also
kuk1 ≤ 2θρ is not possible. Clearly, if kzk1 > 2θ(1 + ω)ρ then (A.10) is not satisfied for
n = L. However, there might exist n = m < L for which (A.10) is satisfied. In this case it
suffices to show that condition (A.12) is never satisfied for n = 1, . . . , m. Indeed, for n ≤ m
we estimate the right hand side of (A.12) as
Pn
PL
nρ
nρ
ρ kzk1 − j=n+1 |zℓj | − 2
ρ
j=1 |zℓj | − 2
−
= −
2
4θ(1 + ω) − n
2
4θ(1 + ω) − n
nρ
L−n
ρ 2θ(1 + ω)ρ − (L − n)|zℓn+1 | − 2
=
|zℓ | < |zℓn+1 |.
< −
2
4θ(1 + ω) − n
4θ(1 + ω) − n n+1

Here we used the ordering of the |zℓj | and 4θ(1 + ω) > L. Thus, (A.12) cannot be satisfied
and, hence, we necessarily have kuk1 > 2θρ. As already mentioned above we obtain u =
(1 + ω)−1 z in this case.
It remains to treat the case kzk∞ > ρ/2 and kzk1 ≤ 2θ(1 + ω). In this case it it is not
possible that u = 0 since then v = ρ and, hence, z ∈ B ∞ (ρ/2), i.e., kzk∞ ≤ ρ/2, as already
noted above. Also kuk1 > 2θρ cannot hold since this would imply u = (1 + ω)−1 z and
consequently kzk1 = (1 + ω)kuk1 > 2θρ(1 + ω). This means that we are in the situation
assumed in the beginning of the proof for q = 1. Since u exists and is unique also its support
is unique and there must exist a unique n satisfying (A.9), (A.10), (A.11) and (A.12). Once
n is known, the support S of u corresponds to the indices of the n largest entries of z and
kuk1 is given by (A.5), while the entries of uℓ are determined by (A.3). Considering the
definition of tn (z) in (3.4) (with θ replaced by θ(1 + ω)) we deduce that
(1)

u = (1 + ω)−1 hθ(1+ω),ρ (z)
for all the cases as claimed.
Let us finally consider q = ∞. Let us assume for the moment that u 6= 0 and kuk∞ ≤
∞
2θρ. Then v = ρ − kuk
2θ . Let S be the set of indices ℓ for which |uℓ | = kuk∞ . We
enumerate them by ℓ1 , . . . , ℓn . For simplicity we further assume that entries zℓ1 , . . . , zℓn are
positive (the other cases can be treated similarly by taking into account the corresponding
signs). Then the numbers uℓ1 , . . . , uℓn are also positive since choosing them with opposite
signs would increase the function Gθ,ρ,ω;z . From Lemma A.1 and the characterization of
∂k · k∞ (u) we see that 2(uℓ (1 + ω) − zℓ ) = 0 for the uℓ not giving the maximum, i.e.,
uℓ = (1 + ω)−1 zℓ

for ℓ ∈
/ S.

If n := #S = 1, i.e., the maximum is attained at only one entry, then for the corresponding
∞
ℓ ∈ S we obtain by Lemma A.1, 0 = 2(1 + ω)uℓ − 2zℓ + ρ − kuk
2θ , i.e.,



ρ kuk∞
−
.
uℓ = (1 + ω)−1 zℓ −
2
4θ

/ S = {ℓ}, i.e., |zℓ | = kzk∞ . Moreover,
As uℓ = kuk∞ this necessarily implies zℓ > zℓ′ for ℓ′ ∈
solving for uℓ yields
4θ
uℓ =
(zℓ − ρ/2) .
4θ(1 + ω) − 1
22
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Since uℓ > 0 and uℓ ≤ 2θρ this necessarily requires zℓ = kzk∞ > ρ/2 and kzk∞ ≤ 4θ(1+ω)ρ.
/ S = {ℓ}, i.e.,
The realization of the maximum only at uℓ is valid only if uℓ′ < uℓ for all ℓ′ ∈
zℓ′ <

4θ(1 + ω)
(kzk∞ − ρ/2) .
4θ(1 + ω) − 1

Otherwise we may assume that n = #S > 1 and we put
t := kuk∞ = uℓ

for all ℓ ∈ S.

By the characterization in Lemma A.1 and the explicit form of ∂k · k∞ (u) we then have


t
aj , j = 1, . . . , n − 1,
2t − 2zℓj = − ρ −
2θ
!


n−1
X
t
1−
ak
2t − 2zℓn = − ρ −
2θ
k=1

P

for some numbers a1 , . . . , an−1 ∈ [0, 1] satisfying j aj ≤ 1. This is a system of n nonlinear
equations in t and a1 , . . . , an−1 . We proceed to its explicit solution by following two steps:
• We solve first the linear problem
2(1 + ω)t − 2zℓj = −vaj ,
2(1 + ω)t − 2zℓn = −v

j = 1, . . . , n − 1,
!
n−1
X
1−
ak .
k=1

• The solution t = T (v, zℓ1 , . . . , zℓn ) of the linear problem depends on the data v, zℓ1 , . . . , zℓn .
Since v = ρ − 2θt we can find the solution of the nonlinear system by solving the
fixed point equation
t
t = T (ρ − , zℓ1 , . . . , zℓn ).
2θ
So, let us solve the linear problem. To this end we follow the computations in [23, Lemma
4.2]. The linear system can be reformulated in matrix form as follows:





t
zℓ1
1 + ω v/2
0
0
···
0




1 + ω
..
0
v/2
0
···
0 



  a1 
.
.
 ..
..
..
..
..
..   ..  = 
 zℓn−1 
 .
.
.
.
.
.  . 
an−1
zℓn − v/2
1 + ω −v/2 −v/2 −v/2 · · · −v/2
{z
}
|
:=B

Denoting the matrix on the left hand side by B, a simple computation verifies that


(1 + ω)−1 (1 + ω)−1 (1 + ω)−1
···
(1 + ω)−1
 2(n−1)

− v2
− v2
···
− v2


v


1
2(n−1)
.
− v2
···
− v2
− v2
B −1 = 
v


n
..
..
..
..
..

.
.
.
.
.


2(n−1)
2
···
− v2
−
− v2
v
v
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Then we can compute explicitly the solution t by


n
X
1
v

t=
zℓj −  .
n(1 + ω)
2
j=1

∞
t
By substituting v = ρ − kuk
2θ = ρ − 2θ into the last expression and solving the equation for
t we obtain


n
X
ρ
4θ

zℓj −  .
uℓ1 = · · · = uℓn = t =
4θ(1 + ω)n − 1
2

j=1

Since kuk∞ = t and 0 < kuk∞ ≤ 2θρ by the initial assumption this requires
n
X
j=1

and

|zℓj | > ρ/2

(A.13)

n

1X
|zℓ | ≤ 2ρθ(1 + ω).
(A.14)
n
j=1


P
2
The solution of the linear system gives also aj = nv
v/2 + (n − 1)zℓj − k∈{1,...,n}\{j} zℓk .
Pn−1
We require aj ≥ 0 and 1 − j=1
aj ≥ 0. We have aj ≥ 0 if and only if
zℓj


1 
≥
n−1

X

k∈{1,...,n}\{j}

By substituting v = ρ −

t
2θ





zℓk − v/2 .

and recalling the value of t as just computed above we obtain


X
4θ(1 + ω)

(A.15)
zℓk − ρ/2 .
zℓj ≥
4θ(1 + ω)(n − 1) − 1
k∈{1,...,n}\{j}

Pn−1
A direct computation also shows that j=1
aj =
Pn−1
it holds 1 − j=1
aj ≥ 0 if and only if
zℓn

n−1
n

2
+ nv

P
n−1
j=1


zℓj − (n − 1)zℓn . Thus,



n−1
1 X
≥
zℓj − v/2 .
n−1
j=1

Again the substitution of v = ρ −
zℓn

t
2θ



gives



n−1
X
4θ(1 + ω)

zℓj − ρ/2 .
≥
4θ(1 + ω)(n − 1) − 1
j=1
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The initial assumption that the maximum of n is attained precisely at uℓ1 , . . . , uℓn can be
true only if


n
4θ(1 + ω) X
zℓ′ = (1 + ω)uℓ′ < (1 + ω)t =
zℓj − ρ/2
for all ℓ′ ∈
/ S. (A.17)
4θ(1 + ω)n − 1
j=1

By combining this condition with (A.15) and (A.16) we deduce that S necessarily contains
the indices ℓj corresponding to the largest coefficients of z. Thus, we may assume that the
indices are ordered such that |zℓ1 | ≥ |zℓ2 | ≥ . . . ≥ |zℓL |.
Summarizing what we have deduced so far, in particular, (A.13), (A.14), (A.16) and
(A.17), the conditions u 6= 0 and kuk1 ≤ 2θ(1 + ω)ρ hold if and only if there exists n ∈
{1, . . . , L} such
n
X

1
n

j=1
n
X
j=1

|zℓj | > ρ/2,

(A.18)

|zℓj | ≤ 2ρθ(1 + ω),

(A.19)

and


n
ρ
4θ(1 + ω) X
|zℓj | −
= sn (z),
|zℓn+1 | <
4θ(1 + ω)n − 1
2
j=1


n−1
X
ρ
4θ(1 + ω)

|zℓj | −  = sn−1 (z),
|zℓn | ≥
4θ(1 + ω)(n − 1) − 1
2

(A.20)

(A.21)

j=1

where the first condition is only considered if n ≤ L − 1 and the last condition if n > 1.
Now assume that kzk1 ≤ ρ/2. Then clearly, there exists no n ∈ {1, . . . , L} such that
(A.18) is satisfied. Thus, either u = 0 or kuk∞ > 2θρ. If kuk∞ > 2θρ then v = 0 and
u = (1 + ω)−1 z. Consequently, kzk∞ = (1 + ω)−1 kuk∞ > 2ρθ(1 + ω) which yields a
contradiction to the assumption as kzk∞ ≤ kzk1 ≤ ρ/2 < 2ρθ(1 + ω) by (3.7). Thus, u = 0
if kzk1 ≤ ρ/2.
We assume next that kzk∞ > 2θρ(1 + ω). In this case condition
Pn−1 (A.19) is certainly not
satisfied
for
n
=
1.
However,
there
might
exist
n
>
1
such
that
j=1 |zℓj | > 2ρθ(1+ω)(n−1)
P
but nj=1 |zℓj | ≤ 2ρθ(1 + ω)n. A straightforward computation shows then that |zℓn | <
2θρ(1 + ω). Furthermore,


n−1
X
ρ
4θ(1 + ω)

|zℓj | − 
sn−1 (z) =
4θ(1 + ω)(n − 1) − 1
2
j=1

>

4θ(1 + ω)
(2θρ(1 + ω)(n − 1) − ρ/2) = 2θρ(1 + ω).
4θ(1 + ω)(n − 1) − 1

Hence, condition (A.21) is not satisfied for this particular n. We now argue that then also
for n′ > n (A.21) cannot be satisfied. To this end we claim that |zℓm | ≥ sm (z) implies
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sm (z) ≥ sm−1 (z) for arbitrary m. Then |zℓn+1 | ≥ sn (z) would imply |zℓn | ≥ |zℓn+1 | ≥
sn (z) ≥ sn−1 (z), a contradiction to what we have just shown, and by induction (A.21)
cannot hold for arbitrary n′ > n. To prove the claim we estimate
1
(sn (z) − sn−1 (z))
4θ(1 + ω)


 X

n
ρ
1
|zℓn |
1

|zℓj | −  +
−
=
4θ(1 + ω)n − 1 4θ(1 + ω)(n − 1) − 1
2
4θ(1 + ω)(n − 1) − 1
j=1


n
X
4θ(1 + ω)
ρ
sn (z)

≥ −
|zℓj | −  +
= 0.
(4θ(1 + ω)n − 1)(4θ(1 + ω)(n − 1) − 1)
2
4θ(1 + ω)(n − 1) − 1
j=1

We conclude that either u = 0 or kuk1 > 2θρ. The former case is impossible since u = 0
implies z ∈ B 1 (ρ/2), i.e., kzk1 < ρ/2 < 2ρθ(1 + ω). Thus, kuk1 > 2θρ and consequently
u = (1 + ω)−1 z as already noted above.
We finally assume kzk1 > ρ/2 and kzk∞ ≤ 2ρθ(1 + ω). Then certainly u 6= 0 since this
would imply z ∈ B 1 (ρ/2), i.e., kzk1 ≤ ρ/2. Moreover, kuk∞ ≤ 2θρ since the opposite would
result in z = (1 + ω)u, i.e., kzk∞ > 2ρθ(1 + ω). Hence, by the arguments above there exists
n such that conditions (A.18), (A.19), (A.20) and (A.21) hold. Considering the definition
(∞)
of hθ(1+ω),ρ we conclude that
(∞)

u = (1 + ω)hθ(1+ω),ρ (z),
in all cases.
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RESTORATION OF COLOR IMAGES BY VECTOR VALUED BV
FUNCTIONS AND VARIATIONAL CALCULUS∗
MASSIMO FORNASIER† AND RICCARDO MARCH‡
Abstract. We analyze a variational problem for the recovery of vector valued functions and
compute its numerical solution. The data of the problem are a small set of complete samples of the
vector valued function and some signiﬁcant incomplete information where the former are missing.
The incomplete information is assumed as the result of a distortion, with values in a lower dimensional manifold. For the recovery of the function we minimize a functional which is formed by the
discrepancy with respect to the data and total variation regularization constraints. We show the
existence of minimizers in the space of vector valued bounded variation functions. For the computation of minimizers we provide a stable and eﬃcient method. First, we approximate the functional by
coercive functionals on W 1,2 in terms of Γ-convergence. Then we realize approximations of minimizers of the latter functionals by an iterative procedure to solve the PDE system of the corresponding
Euler–Lagrange equations. The numerical implementation comes naturally by ﬁnite element discretization. We apply the algorithm to the restoration of color images from limited color information
and gray levels where the colors are missing. The numerical experiments show that this scheme is
very fast and robust. The reconstruction capabilities of the model are shown, also from very limited
(randomly distributed) color data. Several examples are included from the real restoration problem
of A. Mantegna’s art frescoes in Italy.
Key words. color image processing, systems of partial diﬀerential equations, calculus of variations, ﬁnite element method
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1. Introduction and examples. This paper concerns the analysis and the
numerical implementation of a variational model for the restoration of vector valued
functions. The restoration is obtained from few and sparse complete samples of the
function and from signiﬁcant incomplete information. The latter is assumed as the
result of a nonlinear distortion and with values in a lower dimensional manifold.
The applications we consider are in the ﬁeld of digital signal and image restoration.
Therefore, we deal with functional analysis in the space of bounded variation (BV)
functions, which are actually considered a reasonable functional model for natural
images and signals, usually characterized by discontinuities and piecewise smooth
behavior. While in the literature on mathematical image processing mainly real valued
BV functions and associated variational problems are discussed (see, for example,
[7, 31]), in this contribution we consider vector valued functions.
Since the work of Mumford and Shah [29] and Rudin, Osher, and Fatemi [30],
variational calculus techniques have been applied in several image processing problems. We refer the reader to the introductory book [6] for a presentation of this ﬁeld,
more details, and an extended literature.
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Fig. 1.1. Fragments of A. Mantegna’s frescoes (1452), destroyed by a bombing in the Second
World War. Computer based reconstruction by using eﬃcient pattern matching techniques [24] is
shown.

Inspired by the fresco problem shown in Figure 1.1, a variational model has been
proposed by one of the authors in [21]. The problem consists in recovering color in
A. Mantegna’s frescoes, which were partially destroyed by a bombing in the Second
World War. Pieces of the frescoes with the original colors remain, while black and
white photos, taken before the war, of the full frescoes are available. Unfortunately,
the surface covered by the original fragments is only 77 m2 , while the original area
was of several hundreds. This means that what we can currently reconstruct is just
a fraction (estimated up to 8%) of what this inestimable artwork was. In particular,
for most of the frescoes, the original color of the blanks is not known. So, natural
questions arise: Is it possible to estimate mathematically the original colors of the
frescoes by using the known fragments’ information and the gray level of the pictures
taken before the damage? And, how faithful is this estimation?
We now introduce some notations. Let Ω be an open, bounded, and connected
subset of RN , and D ⊂ Ω. The fresco problem is modeled as the reconstruction/
restoration of a vector valued function u : Ω → RM from a given observed couple of
functions (ū, v̄). The observed function ū is assumed to represent correct information
on Ω\D, and v̄ is the result of a nonlinear distortion L : RM → R on D.
In particular, a digital image can be modeled as a function u : Ω ⊂ R2 →
3
R+ , so that, with each “point” x of the image, one associates the vector u(x) =
(r(x), g(x), b(x)) ∈ R3+ of the color represented by the diﬀerent channels: red, green,
and blue. In particular, a digitalization of the image u corresponds to its sampling on
a regular lattice τ Z2 , τ > 0. Let us again write u : N → R3+ , u(x) = (r(x), g(x), b(x))
for x ∈ N := Ω ∩ τ Z2 .
Usually the gray level of an image can be described as a submanifold M ⊂ R3 by
M := Mσ = {σ(x) : x = L(r, g, b) := L(αr + βg + γb), (r, g, b) ∈ R3+ },
where α, β, γ > 0, α + β + γ = 1, L : R → R is a nonnegative increasing function,
and σ : R+ → R3+ is a suitable section such that L ◦ σ = idR+ . The function L is
assumed smooth, nonlinear, and normally nonconvex and nonconcave. For example,
Figure 1.2 describes the typical shape of an L function, which is estimated by ﬁtting
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Fig. 1.2. Estimate of the nonlinear curve L from a distribution of points with coordinates given
by the linear combination αr + βg + γb of the (red, green, blue) color fragments (abscissa) and by
the corresponding underlying gray level of the original photographs dated to 1920 (ordinate). The
sensitivity parameters α, β, γ to the diﬀerent frequencies of red, green, and blue are chosen in order
to minimize the total variance of the ordinates.

a distribution of data from the real color fragments in Figure 1.1.
The variational problem proposed in [21] is the following:



arg inf
F (u) = μ
|u(x) − ū(x)|p dx + λ
|L(u(x)) − v̄(x)|p dx
u:Ω→RM

(1.1)

Ω\D

+

 
M



D

φ(|∇ui (x)|)dx ,

Ω i=1

where p ≥ 1. For example, Figure 1.1 illustrates a typical situation where this model
applies. In fact, in this case, there is an area Ω\D of the domain Ω ⊂ R2 of the image,
where some fragments with colors are placed and complete information is available,
and another area D (which we call the inpainting region), where only the gray-level
information is known, modeled as the image of L. The solution of the variational
problem (1.1) produces in this case a new color image that extends the colors of
the fragments in the gray region. Once the extended color image is transformed
by means of L, it is constrained to match the known gray level. We can consider
this problem as a generalization of the well-known image inpainting/disocclusion; see,
e.g., [3, 8, 9, 13, 14, 15, 16]. Several heuristic algorithms have been introduced for
colorization of gray images; we refer the reader to the recently appeared paper [33]
for related literature and to [26] for numerical examples. Nevertheless, our approach
is theoretically founded, more general, and ﬁts with many possible applications, for
example, the recovery of a transmitted multichannel signal aﬀected by a stationary
(nonlinear) distortion.
For N = p = 2, we can compute the Euler–Lagrange equations associated with
the functional F and obtain
 

φ (|∇ui |)
0 = −∇ ·
∇ui
|∇ui |
∂L
(1.2)
(u)1D := Ei (L, u),
+ 2μ(ui − ūi )1Ω\D + 2λ(L(u) − v̄)
∂ui
i = 1, . . . , M , where u = (u1 , . . . , uM ) are the components of the function u. This is
a system of coupled second order equations, and the analysis of the solutions itself

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

[10] Restoration of Color Images by Vector Valued BV Functions
440

MASSIMO FORNASIER AND RICCARDO MARCH

constitutes a problem of independent interest. By using (1.2) and a ﬁnite diﬀerence
approximation, a steepest-descent algorithm can be formulated as in [21].
Encouraged by the numerical evidence in [21], we discuss the existence of minimizers of the functional F in the context of vector valued BV functions. Our second goal
is the formulation of eﬃcient and stable algorithms for the computation of minimizers. Although the steepest-descent scheme recalled above gives appreciable results, it
lacks a rigorous analysis and its convergence is usually very slow. For these reasons,
we introduce new coercive functionals Fh on W 1,2 which approximate F̄ (the relaxed
functional of F with respect to the BV weak-∗-topology) in terms of Γ-convergence.
The computation of minimizers of Fh is performed by an iterative double-minimization
algorithm; see also [12]. The reconstruction performances are very good, also from
very limited (randomly distributed) color data. The virtues of our scheme can be
summarized as follows.
1. It is derived as the minimization of a functional and its mathematical analysis
and foundations are well described.
2. It implements a total variation (TV) minimization. It is well known [14, 15]
that total variation inpainting is aﬀected by two major drawbacks. The ﬁrst
one is that the TV model is only a linear interpolant; i.e., the broken isophotes
are interpolated by straight lines. Thus it can generate corners along the
inpainting boundary. The second one is that TV often fails to connect widely
separated parts of a whole object, due to the high cost in TV measure of
making long-distance connections. Due to the constraint on the gray level in
the inpainting region, our scheme does not extend isophotes as straight lines
and does not violate the connectivity principle.
3. As pointed out in [11, 23], while it is relatively easy to recover at higher resolution image portions with relatively uniform color, it might be diﬃcult to
recover jumps correctly. Not only should we preserve the morphology and enhance the detail of the discontinuities, but these properties must ﬁt through
the diﬀerent color channels. An incorrect or uncoupled recovery in fact produces “rainbow eﬀects” around jumps. In our functional, the constraint on
the gray level in the inpainting region is formulated as a coupled combination of the color channels. In practice, this is suﬃcient to enforce the correct
coupling of the channels at edges.
4. The numerical implementation of our double-minimization scheme is very
simple. Its approximation by ﬁnite elements comes in a natural way. The
scheme is fast and stable.
The paper is organized as follows. In section 2 we introduce the mathematical
setting. We recall the main properties of BV functions and a deﬁnition of the space of
BV functions with vector values. Section 3 is dedicated to results on convex functions
and relaxed functionals of measures. In section 4 we collect the assumptions on the
nonlinear function L we will need in our analysis. In section 5 the representation of the
relaxed functional F̄ of F with respect to the BV topology is given, and the existence
and uniqueness of minimizers of F̄ are discussed. In section 6 we introduce coercive
functionals Fh on W 1,2 which are shown to Γ-converge to the relaxed functional
described above. The double-minimization algorithm to compute minimizers of Fh is
illustrated in section 7. Its numerical implementation is presented in section 8. We
include several numerical experiments and discuss their results.
2. Vector valued BV functions. In this section we want to introduce notations and preliminary results concerning vector valued BV functions.
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We denote by LN (and in the integrals dx) the Lebesgue N -dimensional measure
in RN and by Hα the α-dimensional Hausdorﬀ measure. Let Ω be an open, bounded,
and connected subset of RN . With B(Ω) we denote the family of Borel subsets of
Ω ⊂ RN . For a given vector valued measure μ : B(Ω) → RM , we denote by |μ| its
total variation, i.e., the ﬁnite positive measure
M 


M
|μ|(A) := sup
vj dμj : v = (v1 , . . . , vM ) ∈ C0 (A; R ), v ∞ ≤ 1 ,
j=1

Ω
·∞

, i.e., the sup-norm
for every open set A ⊂ Ω, where C0 (A; RM ) := Cc (A; RM )
closure of the space of continuous function with compact support in A and vector
values in RM . The set of the signed measures on Ω with bounded total variation is
denoted by M(Ω), coinciding in fact with the topological dual of (C0 (A; RM ), · ∞ ).
Thus, the usual
weak-∗-topology on M(Ω) is the weakest topology that makes the

maps μ → Ω f dμ continuous for every continuous function f ∈ C0 (A; RM ). In the
following we will make use of the notations x ∧ y := inf{x, y} and x ∨ y := sup{x, y}
for all x, y ∈ R.
We say that u ∈ L1 (Ω) is a real function of bounded variation if its distributional
derivative Du = (Dx1 u, . . . , DxN u) is in M(Ω). Then the space of bounded variation
functions is denoted by
BV (Ω) := {u ∈ L1 (Ω) : Du ∈ M(Ω)}
and, endowed with the norm u BV (Ω) := u 1 + |Du|(Ω), is a Banach space [20].
More generally, we are interested in vector valued functions with bounded variation
components, whose space is deﬁned by
BV (Ω; RM ) := {u = (u1 , . . . , uM ) ∈ L1 (Ω; RM ) : ui ∈ BV (Ω)}.
To this space it will turn out to be convenient to attach the norm u BV (Ω;RM ) :=
M
u L1 (Ω;RM ) + i=1 |Dui |(Ω). With a slight abuse of notation, for u ∈ BV (Ω; RM )
we denote
(2.1)

|Du| :=

M


|Dui |,

i=1

which again is a ﬁnite positive measure for Ω. The space (BV (Ω; RM ), · BV (Ω;RM ) )
is a Banach space. Of course BV (Ω; RM ) = BV (Ω) for M = 1, and our notations are
consistent with this case.
The product topology of the strong topology of L1 (Ω; RM ) for u and of the weak-∗topology of measures for Dui (for all i = 1, . . . , M ) will be called the weak-∗-topology
of BV (Ω; RM ) or the componentwise BV weak-∗-topology. In the following, whenever
the domain Ω and the dimension M will be clearly understood, we will write L1 instead
of L1 (Ω; RM ) and BV instead of BV (Ω; RM ).
We further recall the main structure properties of BV functions [1, 2, 20]. If
v ∈ BV (Ω), then the Lebesgue decomposition of Dv with respect to the Lebesgue
measure LN is given by
Dv = ∇v · LN + Ds v,
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where ∇u = d(Dv)
∈ L1 (Ω; RN ) is the Radon–Nikodym derivative of Dv and Ds v is
dx
singular with respect to LN .
For a function v ∈ L1 (Ω) one denotes by Sv the complement of the Lebesgue set
of v, i.e.,
Sv := {x ∈ Ω : v − (x) < v + (x)},
where
v + (x) := inf t ∈ R̄ : lim

LN ({v > t} ∩ B(x, ))
N

→0

=0

and
v − (x) := sup t ∈ R̄ : lim

LN ({v < t} ∩ B(x, ))
N

→0

=0 .

Then Sv is countably rectiﬁable, and for HN −1 -a.e. x ∈ Ω we can deﬁne the outer
normal ν(x). We denote by ṽ : Ω \ Sv → R the approximate limit of v deﬁned as
ṽ(x) = v + (x) = v − (x).
Following [1, 20] Ds v can be expressed by Ds v = Cv +Jv , where Jv = (v + −v − )ν ·
HN −1 |Sv is the jump part and Cv is the Cantor part of Dv. Therefore, we can express
the measure Dv by
(2.2)

Dv = ∇v · LN + Cv + (v + − v − )ν · HN −1 |Sv ,

and its total variation by


|∇v|dx +
(2.3)
|Dv|(E) =
E

E\Sv


|Cv | +

(v + − v − )dHN −1 ,

E∩Sv

for every Borel set E in the Borel σ-algebra B(Ω) of Ω. For major details we refer
the reader to [1]. By these properties of real BV functions, one obtains the following
result for vector valued BV functions.
Lemma 2.1 (Lebesgue decomposition for vector valued BV functions). For u ∈
BV (Ω; RN ), the positive measure |Du| as deﬁned in (2.1) has the following Lebesgue
decomposition:
|Du| = |Da u| + |Ds u|,

(2.4)
M

M

where |Da u| = i=1 |∇ui |LN is the absolutely continuous part and |Ds u| = i=1
M
−
|Cui | + i=1 (u+
i − ui )HN −1 |Sui is the singular part of |Du| with respect to the
Lebesgue measure LN .
M
Proof. By deﬁnition it is |Du| = i=1 |Dui | and by the Lebesgue decomposition
M
−
(2.3) for each |Dui | it is |Du| = i=1 |∇ui |LN + |Cui | + (u+
i − ui )HN −1 |Sui . Since
M
M
M
+
−
i=1 |∇ui |LN is absolutely continuous and
i=1 |Cui | +
i=1 (u − u )HN −1 |Sui
is singular with respect to LN , one concludes the proof by the uniqueness of the
Lebesgue decomposition.
3. Convex functions and functionals of measures. In the following and
throughout the paper we assume that
(A) φ : R → R+ is an even and convex function, nondecreasing in R+ , such that
the following hold:
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(i) φ(0) = 0;
(ii) there exist c > 0 and b ≥ 0 such that cz − b ≤ φ(z) ≤ cz + b for all z ∈ R.
Under such conditions the asymptotic recession function φ∞ deﬁned by
φ∞ (z) := lim

y→∞

φ(yz)
y

∞
∞
is well deﬁned and bounded. It is c = limy→∞ φ(y)
y = φ (1) and φ (z) = cz · sign(z).
Following [17, 25] we can deﬁne convex functions of measures. In particular, if
μ ∈ M(Ω), then we can deﬁne

φ(|μ|) = φ(|μa |)LN + φ∞ (1)|μs |,
where μa and μs are the absolutely continuous and singular parts of μ, respectively,
with respect to LN . Therefore, according to Lemma 2.1, if u ∈ BV (Ω; RM ), then
M


φ(|Dui |)

i=1

(3.1)

=

M


∞

φ(|∇ui |)LN + φ (1)

M


i=1

|Cui | +

i=1

M



−

(u − u )HN −1 |Sui
+

.

i=1

Definition 3.1. Let (X, τ ) be a topological space satisfying the ﬁrst axiom of
countability and F : X → R̄. The relaxed functional of F with respect to the topology
τ is deﬁned for every x ∈ X as F̄ (x) := sup{G(x) : G is τ -lower semicontinuous and
G ≤ F }. In other words F̄ is the maximal τ -lower semicontinuous functional that is
smaller than F . We may also write


F̄ (u) =
inf τ
lim inf F (u(n) ) .
u(n) ∈X, u(n) →u

n

We have the following result.
Lemma 3.2. If u ∈ BV (Ω; RM ) and φ is as in assumption (A), then
E(u) :=

 
M
Ω i=1

=

 
M
Ω i=1

φ(|Dui |) :=

M


φ(|Dui |)(Ω)

i=1

φ(|∇ui |)dx + c

M 

i=1

Ω\Sui




|Cui | +

(u+
i

−

u−
i )dHN −1

Sui

is lower semicontinuous with respect to the componentwise BV
 weak-∗-topology.

Proof. It is known that ui → Ei (ui ) := Ω φ(|∇ui |)dx+c( Ω\Su |Cui |+ Su (u+
i −
i

i

u−
i )dHN −1 ) is lower semicontinuous for the BV weak-∗-topology on BV (Ω) [25]. One
M
concludes simply by observing that E(u) = i=1 Ei (ui ).
4. Assumptions on the evaluation map L. In the following we assume that
(L1) L : RM → R+ is a nondecreasing continuous function in the sense that
L(x) ≤ L(y) for any x, y ∈ RM such that |xi | ≤ |yi | for any i ∈ {1, . . . , M };
(L2) L(x) ≤ a + b|x|s for all x ∈ RM and for ﬁxed s ≥ p−1 , b > 0, and a ≥ 0.
Moreover, one of the two following conditions holds:
(L3-a) limx→∞ L(x) = +∞;
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(L3-b) L(x) = L(x1 , . . . , xM ) = L(( 1 ∧x1 ∨− 1 ), . . . , ( M ∧xM ∨− M )) for a suitable
ﬁxed vector = ( 1 , . . . , M ) ∈ RM
+.
Observe that condition (L3-a) is equivalent to saying that for every C > 0 the
set {L ≤ C} is bounded. Therefore, there exists A ∈ RM , with Ai ≥ 0 for any
M
i ∈ {1, . . . , M }, such that {L ≤ C} ⊆ i=1 [−Ai , Ai ].
In the following and throughout the paper D denotes a measurable subset of Ω,
and we are given the couple (ū, v̄) of bounded functions such that ū : Ω \ D → RM
and v̄ : D → R.
If condition (L3-a) holds, for any measurable function u : Ω → RM , we deﬁne the
truncation or clipping operator as follows:
(4.1) tr(u, ū, Ω, D)(x) := (( ūi |Ω \ D

∨ Ai ) ∧ ui (x) ∨ (− ūi |Ω \ D ∞ ∧ −Ai ))M
i=1 ,

M
where A ∈ RM is determined so that {L ≤ v̄|D ∞ } ⊆ i=1 [−Ai , Ai ]. Analogously
we deﬁne the truncation operator in the case of condition (L3-b):
∞

(4.2) tr(u, ū, v̄, Ω, D)(x) := (( ūi |Ω \ D

∞

∨ i ) ∧ ui (x) ∨ (− ūi |Ω \ D

∞

∧ − i ))M
i=1 .

In the case when it is clear which of the conditions (L3-a,b) holds and the set D and
the functions ū, v̄ are given, then it will be convenient to use the shorter notation
û := tr(u, ū, v̄, Ω, D).
For any measurable function u : Ω → RM we deﬁne

G1 (u) =
(4.3)
|u(x) − ū(x)|p dx,
Ω\D

G2 (u) =
(4.4)
|L(u(x)) − v̄(x)|p dx.
D

Lemma 4.1. For any u ∈ BV (Ω; RM ) the truncation operator has the property
that û ∈ BV (Ω; RM ), and
(4.5)

Gi (û) ≤ Gi (u),

i = 1, 2,

and E(û) ≤ E(u).

Proof. Let us assume that condition (L3-a) holds. If x ∈ Ω \ D, the deﬁnition
of the truncation operator implies that |û(x) − ū(x)| ≤ |u(x) − ū(x)|, from which it
M
follows that G1 (û) ≤ G1 (u). If x ∈ D is such that u(x) ∈ i=1 [− ūi |Ω \ D ∞ ∧ −Ai ,
M
ūi |Ω \ D ∞ ∨ Ai ], then û(x) = u(x). Otherwise, x ∈
/ i=1 [−Ai , Ai ] and |ui (x)| ≥
|ûi (x)| ≥ |ξi | for any ξ such that L(ξ) ≤ v̄|D ∞ and any i ∈ {1, . . . , M }. Therefore,
by the monotonicity assumption (L1) L(u(x)) ≥ L(û(x)) ≥ v̄|D ∞ , which implies
that |L(û(x)) − v̄(x)| ≤ |L(u(x)) − v̄(x)| for any x ∈ D, and G2 (û) ≤ G2 (u). The
proof is analogous if condition (L3-b) holds.
We now prove the corresponding statement for the functional E. Fix i ∈ {1, . . . , M }.
By deﬁnition of the truncation operator, we have ûi = gi ◦ ui , where gi : R → R is a
Lipschitz function such that
⎧
−ci ≤ t ≤ di ,
⎨ t,
t > di ,
di ,
gi (t) =
⎩
−ci , t < −ci ,
where ci , di > 0 are determined by (4.1), (4.2). Using the chain rule for real valued
BV functions (Theorem 3.99 of [2]), we have that û ∈ BV (Ω; RM ) and
−
Dûi = gi (ui )∇ui · LN + gi (ũi )Cui + gi (u+
i ) − gi (ui ) νi · HN −1 |Sui ,
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where ũi is the approximate limit of ui . Then ∇ûi (x) = ∇ui (x) if −ci < ui (x) < di ,
and ∇ûi (x) = 0 if either ui (x) > di or ui (x) < −ci . Moreover, by Proposition 3.73(c)
of [2] it follows that ∇ui (x) = 0 for a.e. x ∈ {ui (x) = di } and a.e. x ∈ {ui (x) = −ci }.
Hence |∇ûi (x)| ≤ |∇ui (x)| a.e., so that from assumption (A) of the function φ we get


(4.6)
φ(|∇ûi |)dx ≤
φ(|∇ui |)dx.
Ω

Since

u+
i (x)

≥

u−
i (x)

Ω

for any x ∈ Sui , by the deﬁnition of the function gi we have
−
+
−
gi (u+
i (x)) − gi (ui (x)) ≤ ui (x) − ui (x) for any x ∈ Sui .

Sûi ⊆ Sui ,
Then it follows that

(4.7)

−
(û+
i − ûi )dHN −1 ≤

Sûi



−
(u+
i − ui )dHN −1 .

Sui

By the deﬁnition of gi we then have 0 ≤ gi (ũi (x)) ≤ 1 for any x ∈ {x : ũi (x) = di } ∩
{x : ũi (x) = −ci }. Moreover, by Proposition 3.92(c) of [2], the Cantor part Cui
vanishes on sets of the form ũ−1
i (Q) with Q ⊂ R, H1 (Q) = 0. It follows that Cui
vanishes on the set {x : ũi (x) = di } ∪ {x : ũi (x) = −ci }, so that we get |Cûi |(Ω) ≤
|Cui |(Ω), i.e.,


(4.8)
|Cûi | ≤
|Cui |.
Ω\Sûi

Ω\Sui

Collecting the inequalities (4.6)–(4.8) and summing over i = 1, . . . , M , we obtain
E(û) ≤ E(u), which concludes the proof.
Remark 4.2. The truncation operator maps C01 functions into W 1,q ; i.e., for
any u ∈ C01 (Ω; RM ) we have tr(u, ū, v̄, Ω, D) ∈ W 1,q (Ω; RM ) for any 1 ≤ q ≤ ∞.
5. Relaxation and existence of minimizers. The functional F is well deﬁned
in L∞ (Ω; RM ) ∩ W 1,1 (Ω; RM ). Since this space is not reﬂexive, and sequences that
are bounded in W 1,1 are also bounded in BV , we extend F to the space BV (Ω; RM )
in such a way that the extended functional is lower semicontinuous. By using the
relaxation method of the calculus of variations, the natural candidate for the extended
functional is the relaxed functional F̄ of F with respect to the componentwise BV
weak-∗-topology [6].
In the following, without loss of generality, we set μ = λ = 1.
5.1. Relaxation. We set X = {u ∈ BV (Ω; RM ) : ui ∞ ≤ Ki , i = 1, . . . , M },
where, for any i ∈ {1, . . . , M }, the constant Ki > 0 is deﬁned by Ki = max{Ai ,
ūi |Ω\D ∞ } if condition (L3-a) holds, and by Ki = max{ i , ūi |Ω\D ∞ } if condition
(L3-b) holds.
The following theorem extends to our case the relaxation result proved in [6,
Theorem 3.2.1].
Theorem 5.1. The relaxed functional of F in X with respect to the componentwise BV weak-∗-topology is given by


|u(x) − ū(x)|p dx +
|L(u(x)) − v̄(x)|p dx
F̄ (u) =
D

Ω\D

+

 
M
Ω i=1

φ(|∇ui |)dx + c

M 

i=1

Ω\Sui




|Cui | +

(u+
i

−

u−
i )dHN −1

.

Sui
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Proof. Let us deﬁne
f (u) :=

F (u), u ∈ X ∩ W 1,1 (Ω; RM ),
+∞, u ∈ X \ W 1,1 (Ω; RM ).

Observe that f (u) = F̄ (u) for u ∈ W 1,1 (Ω; RM ).
By property (L2) we have that G1 (u), G2 (u) < +∞ for all u ∈ X. By using
Fatou’s lemma the functionals G1 and G2 are lower semicontinuous with respect to
the strong L1 topology and hence with respect to the componentwise BV weak-∗topology. Therefore, by Lemma 3.2, F̄ is lower semicontinuous in X with respect to
such topology.
Let f¯ denote the relaxed functional of f in X with respect to the same topology.
Since F̄ (u) ≤ f (u) for any u ∈ X, and f¯ is the greatest lower semicontinuous functional less than or equal to f , we have f¯(u) ≥ F̄ (u) for any u ∈ X. Then we have to
show that f¯(u) ≤ F̄ (u).
By [17, Theorems 2.2 and 2.3] for any u ∈ X there exists a sequence {u(n) }n ⊂
∞
C0 (Ω; RM ) ∩ W 1,1 (Ω; RM ) such that u(n) converges to u in the componentwise BV
weak-∗-topology and E(u) = limn E(u(n) ).
Let us now consider the sequence {û(n) }n of the truncated functions. By Lemma
4.1 we have
E(u) = lim E(u(n) ) ≥ lim sup E(û(n) ).

(5.1)

n

n

With similar computations as those in the proof of Lemma 4.1


|û(n) (x) − u(x)|dx ≤
|u(n) (x) − u(x)|dx → 0,
Ω

n → ∞.

Ω

Moreover, since the truncated functions û(n) are uniformly bounded in L∞ (Ω; RM ),
then û(n) converges to u in Lq (Ω; RM ) for any 1 ≤ q < ∞.
Now the functional G1 is continuous with respect to the strong Lp (Ω \ D; RM )
topology. Moreover, since L is continuous, the functional G2 is continuous with respect
to the strong Lq (D; RM ) topology, with q = sp ≥ 1 (see [19, Chapter 9, Lemma 3.2]).
Then, using (5.1), the continuity properties of G1 and G2 , and Remark 4.2, we
have û(n) ∈ W 1,1 (Ω; RM ), F̄ (û(n) ) = f (û(n) ), and
F̄ (u) = G1 (u) + G2 (u) + E(u) ≥ lim(G1 (û(n) ) + G2 (û(n) )) + lim sup E(û(n) )
n
n


(n)
(n)
(n)
≥ lim sup f (û ) ≥ lim inf f (û ) ≥
lim
inf
inf
f
(u
)
= f¯(u).
∗
n

n

u(n) ∈BV, u(n)

BV −w

→

u

n

Then we have F̄ (u) = f¯(u) and the statement is proved.
5.2. Existence and uniqueness of minimizers. In this section we shall prove
the existence of minimizers of F̄ in X and state the conditions for the uniqueness.
Theorem 5.2. There exists a solution of the following variational problem:



|u(x) − ū(x)|p dx +

min F̄ (u) =

u∈X

+

 
M
Ω i=1

|L(u(x)) − v̄(x)|p dx
D

Ω\D

φ(|∇ui |)dx + c

M 

i=1

Ω\Sui




|Cui | +

(u+
i

−

u−
i )dHN −1

Sui
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In particular, we have
min F̄ (u) = inf F (u).

u∈X

u∈X

Moreover, if D  Ω and G2 is a strictly convex functional, then the solution is unique.
Proof. Let {u(n) }n be a minimizing sequence in BV . By assumption (A)(ii) in
section 3, there exists a constant C > 0 such that |Du(n) |(Ω) ≤ C uniformly with
respect to n. By Lemma 4.1 we can modify the minimizing sequence by truncation,
obtaining a new minimizing sequence {û(n) }n ⊂ X. By Lemma 4.1 this sequence is
uniformly bounded in BV (Ω; RM ), i.e.,
û(n)

∞

≤

max Ki ,

i=1,...,M

|Dû(n) |(Ω) ≤ C

for any n. Therefore, there exists a subsequence {û(nk ) }k converging with respect
to the componentwise BV weak-∗-topology to a function u ∈ X. Since the relaxed
functional F̄ is lower semicontinuous in X with respect to such a topology, we have
F̄ (u) ≤ lim inf F̄ (u(nk ) ).
k

From the compactness and lower semicontinuity properties of F̄ it follows that u ∈ X
is a minimizer of F̄ . Moreover, if D  Ω and G2 is a strictly convex functional, then F̄
is strictly convex and the solution u is unique. Since F is coercive in X, one concludes
by an application of [27, Theorem 3.8].
6. Approximation by Γ-convergence. In this section we endow the space X
with the L1 strong topology, and we show that minimizers of F̄ can be approximated
in X by minimum points of functionals that are deﬁned in W 1,2 (Ω; RM ).
For a positive decreasing sequence {εh }h∈N such that limh→∞ εh = 0, and for
φ ∈ C 1 (R), we deﬁne
⎧
 
M
⎪
⎨ G (u) + G (u) +
φh (|∇ui (x)|)dx, u ∈ W 1,2 (Ω; RM ),
1
2
(6.1) Fh (u) =
Ω i=1
⎪
⎩
+∞,
u ∈ X \ W 1,2 (Ω; RM ),
where
⎧ 
φ (εh ) 2
εh φ (εh )
⎪
⎪
,
0 ≤ z ≤ εh ,
z
+
φ(ε
)
−
h
⎪
⎪
2εh
2
⎪
⎪
⎨
1
φ(z),
εh ≤ z ≤
,
φh (z) =
ε
⎪
h
⎪


⎪
⎪
φ (1/εh )
1
1
ε φ (1/εh ) 2
⎪
⎪
⎩ h
−
, z≥
.
z +φ
2
εh
2εh
εh


If z → φ z(z) is continuously decreasing, then φh (z) ≥ φ(z) ≥ 0 for any h and any z,
and limh φh (z) = φ(z) for any z.
By means of standard arguments we have that for any h the functional Fh has a
minimizer in X ∩ W 1,2 (Ω; RM ); see, e.g., [31, Proposition 6.1]. Moreover, if D  Ω
and G2 is a strictly convex functional, then the minimizer is unique. The following
theorem extends to our case the Γ-convergence result proved in [31, Proposition 6.1];
see also Theorem 3.2.3 of [6]. We do not introduce the concept of Γ-convergence which
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is used here only as an auxiliary tool. We refer the reader to [27] and the relevant
results therein for more details, in particular, [27, Proposition 5.7, Theorem 7.8,
Corollary 7.20, Corollary 7.24].
Theorem 6.1. Let {u(h) }h be a sequence of minimizers of Fh . Then {u(h) }h is
relatively compact in L1 (Ω; RM ), each of its limit points minimizes the functional F̄ ,
and
min F̄ (u) = lim

min

h→∞ u∈X∩W 1,2

u∈X

Fh (u).

Moreover, if D  Ω and G2 is a strictly convex functional, we have
(6.2)

lim u(h) = u(∞) in X,

h→∞

lim Fh (u(h) ) = F̄ (u(∞) ),

h→∞

where u(∞) is the unique minimizer of F̄ in X.
Proof. We deﬁne
g(u) =

F (u),
+∞,

u ∈ X ∩ W 1,2 (Ω; RM ),
u ∈ X \ W 1,2 (Ω; RM ).

Observe that g is the restriction of F to functions u ∈ W 1,2 (Ω; RM ).
By construction we have that {Fh }h is a decreasing sequence of functionals that
converges pointwise to g in X ∩ W 1,2 (Ω; RM ). Therefore, by [27, Proposition 5.7],
Fh Γ-converges to the relaxed functional ḡ of g in X with respect to the L1 (Ω; RM )
topology. Then we have to show that F̄ = ḡ.
Let {u(n) }n ⊂ X be a sequence such that u(n) → u in L1 (Ω; RM ) and lim inf n
F̄ (u(n) ) < +∞. Up to the extraction of a subsequence we may assume that lim inf n
F̄ (u(n) ) = limn F̄ (u(n) ). Then F̄ (u(n) ) is uniformly bounded with respect to n, so
that {u(n) }n is uniformly bounded in BV . Then, up to a subsequence, u(n) converges to u in the componentwise BV weak-∗-topology and, by Theorem 5.1, we have
lim inf n F̄ (u(n) ) ≥ F̄ (u). Hence F̄ is lower semicontinuous in X with respect to the
L1 (Ω; RM ) topology.
Then, arguing as in the proof of Theorem 5.1, for any function u ∈ X there exists
a sequence of truncated functions û(n) ∈ W 1,2 (Ω; RM ) ∩ X such that
(6.3)

û(n) → u in L1 (Ω; RM )

and F̄ (u) ≥ lim inf g(û(n) ).
n→∞

Since g ≥ F̄ , property (6.3) implies that F̄ ≥ ḡ. Then, by the lower semicontinuity of
F̄ with respect to the L1 (Ω; RM ) topology, we have F̄ = ḡ. Therefore, Fh Γ-converges
to F̄ .
By construction φh (z) ≥ φ(z) for any z ≥ 0, so that Fh (u) ≥ F̄ (u) for any
h and any u ∈ X. Since F̄ is coercive and lower semicontinuous in L1 (Ω; RM ), it
follows that the sequence {Fh }h is equicoercive in L1 (Ω; RM ). In particular, any
family {u(h) }h of minimizers of Fh is relatively compact in L1 (Ω; RM ). Then, using
[27, Theorem 7.8], the limit points of sequences of minimizers of Fh minimize F̄ and
minu∈X F̄ (u) = limh minu∈W 1,2 Fh (u).
Finally, if D  Ω and G2 is a strictly convex functional, by Theorem 5.2 there
exists a unique minimizer of F̄ in X. Therefore the limits (6.2) follow from Corollary 7.24 of [27].
Remark 6.2. So far we have considered evaluation maps L : RM → R. However, the whole analysis can be generalized to the case L : RM → M, L(x) =
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(L1 (x), . . . , LD (x)), where M ⊂ RM is a (D ≤ M )-dimensional submanifold. However, for D = 1 and L usually being an invertible map, it is possible to “reequalize”
1
the gray level so that L(x) = M
(x1 + · · · + xM ). Later in this paper, for simplicity
purposes in numerical implementation, we will use such linearization for L.
7. Euler–Lagrange equations and a relaxation algorithm. In this section
we want to provide an algorithm to compute eﬃciently minimizers of the approximating functionals Fh . First, we want to derive the Euler–Lagrange equations associated
with Fh . In the following we assume that both φh and L are continuously diﬀerentiable and that Ω is an open, bounded, and connected subset of RN with Lipschitz
boundary ∂Ω. Moreover, p = 2 if N = 1 and p = NN−1 for N > 1, 1/p + 1/p = 1. By
standard arguments we have the following result.
Proposition 7.1. If u is a minimizer in W 1,2 (Ω; RM ) of Fh , then u solves the
following system of Euler–Lagrange equations:
⎧
 

φ (|∇u |)
⎪
0 = − div h|∇ui |i ∇ui + p|u − ū|p−2 (ui − ūi )1Ω\D + p|L(u)
⎪
⎪
⎨
⎪
⎪
⎪
⎩

∂L
− v̄|p−2 (L(u) − v̄) ∂u
(u)1D ,
i

φh (|∇ui |)
|∇ui |

∂ui
∂ν

= 0 on ∂Ω,

i = 1, . . . , M.


The former equalities hold in the sense of distributions and in Lp (Ω; RM ).
The previous equations yield a necessary condition for the computation of minimizers of Fh . Again we are not ensured of the uniqueness in general, unless G2 is
strictly convex. The system is composed of M second order nonlinear equations which
φ (|∇u |)
are coupled on terms of order 0. Both the nonlinear term div h|∇ui |i ∇ui and the
coupled terms of order 0 constitute a complication for the numerical solution of these
equations.
Based on the work [12, 18, 32], we propose in the following a method to compute
eﬃciently solutions of the Euler–Lagrange equations, which simpliﬁes the problem of
the nonlinearity. Since we want to illustrate concrete applications for color image
recovery, for simplicity, we limit our analysis to the case N = p = 2 and φ(t) = |t| for
all t ∈ R. Let us introduce a new functional given by
(7.1)

Eh (u, w) := 2 (G1 (u) + G2 (u)) +

 
M 
Ω i=1

1
wi |∇ui (x)| +
wi
2


dx,

where u ∈ W 1,2 (Ω; RM ), and w ∈ L2 (Ω; RM ) is such that εh ≤ wi ≤ ε1h , i = 1, . . . , M .
While the variable u again is the function to be reconstructed, we call the variable w
the gradient weight. In the following, since we assume h ﬁxed, we drop the index h
from the functional Eh .
For any given u(0) ∈ X ∩ W 1,2 (Ω; RM ) and w(0) ∈ L2 (Ω; RM ) (for example,
(0)
w := 1), we deﬁne the following iterative double-minimization algorithm:
⎧ (n+1)
= arg
min
E(u, w(n) ),
⎪
⎨ u
u∈W 1,2 (Ω;RM )
(7.2)
(n+1)
⎪
= arg min 1 E(u(n+1) , w).
⎩ w
εh ≤w≤ ε

h

We have the following convergence result.
Theorem 7.2. The sequence {u(n) }n∈N has subsequences that converge strongly
in L2 (Ω; RM ) and weakly in W 1,2 (Ω; RM ) to a stationary point u(∞) of Fh ; i.e., u(∞)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

[10] Restoration of Color Images by Vector Valued BV Functions
450

MASSIMO FORNASIER AND RICCARDO MARCH

solves the Euler–Lagrange equations in Proposition 7.1. Moreover, if Fh has a unique
minimizer u∗ , then u(∞) = u∗ and the full sequence {u(n) }n∈N converges to u∗ .
Proof. Observe that


E(u(n) , w(n) ) − E(u(n+1) , w(n+1) ) = E(u(n) , w(n) ) − E(u(n+1) , w(n) )





An

+ E(u


(n+1)

,w

(n)


) − E(u(n+1) , w(n+1) ) ≥ 0.


Bn

Therefore, E(u(n) , w(n) ) is a nonincreasing sequence and, moreover, it is bounded from
below, since
 
M 

inf

εh ≤w≤1/εh

wi |∇ui (x)|2 +

Ω i=1

1
wi


dx ≥ 0.

This implies that E(u(n) , w(n) ) converges. Moreover, we can write
Bn =

 
M

(n)

(n+1)

c(wi (x), |∇ui

(n+1)

(x)|) − c(wi

(n+1)

(x), |∇ui

(x)|)dx,

Ω i=1

where c(t, z) := tz 2 + 1t . By Taylor’s formula, we have
(n)

(n+1)

, z) +

(n)

(n+1)

c(wi , z) = c(wi

∂c (n+1)
1 ∂2c
(n)
(n+1)
(n)
(n+1) 2
, z)(wi − wi
)+
(ξ, z)|wi − wi
|
(wi
∂t
2 ∂t2
(n+1)

for ξ ∈ conv(wi , wi
). By deﬁnition of wi
(n+1)
1
≤ εh , we have
εh ≤ wi

and taking into account that

∂c (n+1)
(n+1)
(n)
(n+1)
(w
, |∇ui
(x)|)(wi − wi
) ≥ 0,
∂t i
∂2c
(t, z)
∂t2

and

=

2
t3

≥ 2ε3h , for any t ≤ 1/εh . This implies that

E(u(n) , w(n) ) − E(u(n+1) , w(n+1) ) ≥ Bn ≥ ε3h

 
M

(n)

(n+1)

(x)|2 dx,

(n)

(n+1)

(x)|2 dx → 0

|wi (x) − wi

Ω i=1

and since E(u(n) , w(n) ) is convergent, we have
for n → ∞. In fact it holds that
(7.3)

(n)

wi

(n+1)

− wi

Lq

→ 0,

M 
i=1 Ω

|wi (x) − wi

i = 1, . . . , M,

for n → ∞ and for any 1 ≤ q < ∞. Since u(n+1) is a minimizer of E(u, w(n) ), it solves
the following system of variational equations:
 
(n)
(n+1)
(n+1)
wi ∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
+ 2(L(u(n+1) (x)) − v̄(x))
(7.4)
(u
(x))1D (x) ϕi (x)dx = 0
∂ui
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for i = 1, . . . , M and for all ϕ ∈ W 1,2 (Ω; RM ). Therefore, we can write
 
(n+1)
(n+1)
(n+1)
wi
∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
+ 2(L(u(n+1) (x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx
∂ui

(n+1)
(n)
(n+1)
=
(wi
− wi )∇ui
(x) · ∇ϕi (x)dx.
Ω

For

1
q

+

1
q

+

1
2

= 1, we have

 

(n+1)
(n+1)
(n+1)

wi
∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)

Ω



∂L (n+1)
+ 2(L(u(n+1) (x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx
∂ui
(n+1)

≤ wi

(n)

− wi

Lq

(n+1)

∇ui

Lq

∇ϕi

L2 .

Since u(n+1) is a minimizer of E(u, w(n) ), we may assume without loss of gener(n+1)
(n+1)
ality that ûi
= ui
for all i = 1, . . . , M , where ˆ· is the truncation operator.
(n+1)
Consequently ui
∞ ≤ C < +∞ uniformly with respect to n. We can use the
results in [28] to show that there exists q  > 2 such that
(n+1)

∇ui

Lq

≤ C < +∞

uniformly with respect to n (see also [4, 5, 12] for similar arguments). Therefore,
using (7.3), we can conclude that


∂L (n+1)
(n+1)
(n+1)
(n+1)
− div(wi
∇ui
) + 2 (ui
− ūi )1Ω\D + (L(u(n+1) ) − v̄)
(u
)1D → 0,
∂ui
for n → ∞, in (W 1,2 (Ω; RM )) . This also shows that {u(n) }n is uniformly bounded in
W 1,2 (Ω; RM ). Therefore, there exists a subsequence {u(nk ) }k that converges strongly
(n+1)
in L2 and weakly in W 1,2 (Ω; RM ) to a function u(∞) ∈ W 1,2 (Ω; RM ). Since wi
=
φh (|∇ui

(n+1)

(n+1)
|∇ui
|

|)

, with standard arguments for monotone operators (see the proof of [12,

Proposition 3.1] and [10]), we show that in fact
(7.5) 



(∞)
φh (|∇ui |)
∂L (∞)
(∞)
(∞)
(∞)
− div
+2 (ui − ūi )1Ω\D +(L(u )− v̄)
(u )1D = 0,
∇ui
(∞)
∂ui
|∇ui |
for i = 1, . . . , M , in (W 1,2 (Ω; RM )) . The latter are the Euler–Lagrange equations
associated with the functional Fh , and therefore u(∞) is a stationary point for Fh .
Assume now that Fh has a unique minimizer u∗ . Then necessarily u(∞) = u∗ .
Since every subsequence of {u(n) }n has a subsequence converging to u∗ , the full sequence {u(n) }n converges to u∗ .
Since both Fh and Eh (·, w) admit minimizers, their uniqueness is equivalent to
the uniqueness of the solutions of the corresponding Euler–Lagrange equations. If
uniqueness of the solution is satisﬁed, then the algorithm (7.2) can be reformulated
equivalently as the following two-step iterative procedure:
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Fig. 7.1. The datum (ū, v̄) is illustrated in the top-left position. The image has dimensions
64 × 78 pixels. The ﬁrst four iterations of the algorithms are listed from left to right, starting from
the ﬁrst row. The original color image (A. Mantegna’s frescoes, photo by Alinari dated to 1940) to
be reconstructed is illustrated in the bottom-right position. This image serves as a ground truth for
the numerical experiments. The parameters we have used are εh = 10−4 , λ = μ = 150.

• Find u(n+1) , which solves
 
(n)
(n+1)
(n+1)
wi (x)∇ui
(x) · ∇ϕi (x) + 2(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
+ 2(L(u(n+1) (x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx = 0
∂ui
for i = 1, . . . , M and for all ϕ ∈ W 1,2 (Ω; RM ).
• Compute directly w(n+1) by
(n+1)

wi

= εh ∨

1
(n+1)
|∇ui
|

∧

1
,
εh

i = 1, . . . , M.

There are cases for which one can ensure uniqueness of solutions:
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1. If G2 is strictly convex, then the minimizers are unique as well as the solutions
of the equations.
2. Modify the equations by again inserting the parameters λ, μ > 0:
 
(n)
(n+1)
(n+1)
wi ∇ui
(x) · ∇ϕi (x) + 2μ(ui
(x) − ūi (x))1Ω\D (x)
Ω

∂L (n+1)
+ 2λ(L(u(n+1) (x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx = 0
∂ui
for i = 1, . . . , M and for all ϕ ∈ W 1,2 (Ω; RM ). By a standard ﬁxed point argument,
it is not diﬃcult to show that for μ ∼ λ ∼ εh the solution of the previous equations
is unique. Unfortunately the condition μ ∼ λ ∼ εh is acceptable only for those
applications where the constraints on the data are weak, for example, when the data
are aﬀected by a strong noise.
3. In the following section we illustrate the ﬁnite element approximation of the
Euler–Lagrange equations. Since we are interested in color image applications, we
restrict the numerical experiments to the case L(u1 , u2 , u3 ) = 13 (u1 + u2 + u3 ). By
this choice, the numerical results conﬁrm that the linear systems arising from the
ﬁnite element discretization are uniquely solvable for a rather large set of possible
parameters λ, μ.
8. Numerical implementation and results. In this section we want to present
the numerical implementation of the iterative double-minimization algorithm (7.2) for
color image restoration. As the second step of the scheme (which amounts to the update of the gradient weight) can be explicitly done once u(n+1) is computed, we are left
essentially to provide a numerical implementation of the ﬁrst step, i.e., the solution
of the Euler–Lagrange equations.
8.1. Finite element approximation of the Euler–Lagrange equations.
For the solution of the Euler–Lagrange equations we use a ﬁnite element approximation. We illustrate the implementation with the concrete aim of the reconstruction
of a digital color image supported in Ω = [0, 1]2 from few color fragments supported
in Ω \ D and the gray-level information where colors are missing. By the nature of
this problem, we can choose a regular triangulation T of the domain Ω with nodes
distributed on a regular grid N := τ Z2 ∩ Ω, corresponding to the pixels of the image.
Associated with T we ﬁx the following ﬁnite element spaces:
U = {u ∈ C 0 (Ω) : u|T ∈ P1 , T ∈ T },
V = {w ∈ L2 (Ω) : w|T ∈ P0 , T ∈ T }.
The space U induces the ﬁnite element space of color images given by
U := {u ∈ W 1,2 (Ω, R3 ) : ui ∈ U, i = 1, 2, 3}.
The space V induces the ﬁnite element space of gradient weights given by
V := {w ∈ L2 (Ω, R3 ) : wi ∈ V, i = 1, 2, 3}.
In order to avoid the nonlinearity in the coupled terms of order 0, we restrict our
functional to the case L(u1 , u2 , u3 ) = 13 (u1 + u2 + u3 ). For further simplicity we have
not considered truncations which in fact are not necessary in practice.
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For a given w(n) ∈ V , the ﬁrst step of our approximation of the double-minimization
scheme amounts to the computation of u(n+1) ∈ U , which solves, using (7.4),
 
(n)
(n+1)
(n+1)
wi (x)∇ui
(x) · ∇ϕi (x) + 2μ(ui
(x) − ūi (x))1Ω\D (x)
Ω



1 (n+1)
2
(n+1)
(n+1)
(u
(8.1) + λ
(x) + u2
(x) + u3
(x)) − v̄(x) 1D (x) ϕi (x)dx = 0
3
3 1
for i = 1, 2, 3 and for all ϕ ∈ U . To the spaces U and V are attached the corresponding
nodal bases {ϕk }k∈N and {χk }k∈N , respectively. Therefore, we also have that
⎧
⎫
⎧
⎫




⎨
⎬
⎨
⎬


U = u:u=
, V = w:w=
.
ui,k ϕk
wi,k χk
⎩
⎭
⎩
⎭
k∈N

k∈N

i=1,2,3

i=1,2,3

With these bases we can construct the following matrices:


(n+1)
(n)
:=
(8.2)
wi (x)∇ϕk (x) · ∇ϕh (x)dx
Ki

MΩ\D :=

(8.3)





2μ


MD :=

(8.4)

Ω

,

1Ω\D (x)ϕk (x)ϕh (x)dx
Ω

2λ
9

,
k,h∈N

k,h∈N





1D (x)ϕk (x)ϕh (x)dx
Ω

.
k,h∈N

By these building blocks, we can assemble
⎛
⎜
K(n+1) := ⎝

and

(n+1)

K1

+ MΩ\D + MD
MD
MD

MD
(n+1)
K2
+ MΩ\D + MD
MD

⎛

(8.5)

MΩ\D + MD
MD
M := ⎝
MD

MD
MΩ\D + MD
MD

⎞
MD
⎟
MD
⎠
(n+1)
K3
+ MΩ\D + MD

⎞
MD
⎠.
MD
MΩ\D + MD

Furthermore, let us denote the vector of the nodal values of the solution by
(8.6)

(n+1)

(n+1)

(n+1)

(n+1)

(n+1)

(n+1)

u(n+1) = (u1,k1 , . . . , u1,k#N , u2,k1 , . . . , u2,k#N , u3,k1 , . . . , u3,k#N )T

assembled as a column vector containing the nodal values of each channel in order,
where ki ∈ N are nodes which are suitably ordered. In a similar way the nodal values
of the data ū, v̄ are assembled in the vector
(8.7)

ū = (ū1,k1 , . . . , ū1,kj , v̄1,kj+1 , . . . , v̄1,k#N , ū2,k1 , . . . , ū2,kj , v̄2,kj+1 , . . . , v̄2,k#N ,
ū3,k1 , . . . , ū3,kj , v̄3,kj+1 , . . . , v̄3,k#N )T .

For the right-hand side we have the additional requirement that v̄i,k = v̄ ,k for
i = , representing the gray-level values. Moreover, the order of the nodes {kl :
l = 1, . . . , #N } is such that




ūi
0
(MΩ\D + MD )(ūi,k1 , . . . , ūi,kj , v̄i,kj+1 , . . . , v̄i,k#N )T = MΩ\D
.
+ MD
v̄i
0
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With these notations and conventions, the solution of the system of equations (8.1)
is equivalent to the solution of the following algebraic linear system:
K(n+1) u(n+1) = Mū.

(8.8)

8.2. Numerical implementation of the double-minimization algorithm.
We have now all the ingredients to assemble our numerical scheme into the following
algorithm.
Algorithm 1. DOUBLE MINIMIZATION
(0)
Input:
Data vector ū, εh > 0, initial gradient weight w(0) with εh ≤ wi,k ≤
1/εh , number nmax of outer iterations.
Parameters: Positive weights λ, μ ≥ 0.
Output:
Approximation u∗ of the minimizer of Fh
(0)
u := 0;
f := Mū;
for n := 0 to nmax do
Assemble the matrix K(n+1) as in (8.2);
Compute u(n+1) such that K(n+1) u(n+1) := f ;
(n+1)
Assemble the solution u(n+1) = ( k∈N ui,k ϕk )i=1,2,3 ;
(n+1)
Compute the gradient ∇u(n+1) = ( k∈N ui,k ∇ϕk )i=1,2,3 ;
(n+1)
1
1
wi
:= εh ∨
i = 1, . . . , M ;
(n+1) ∧ ε ,
h
|∇ui

|

endfor
u∗ := u(n+1) .
8.3. Numerical experiments in color image restoration and results. In
this section we show numerical results dealing with applications of the algorithm
to color image restoration. We assume as in Figure 1.1 to have available few color
fragments of the image and the gray levels of the missing parts. In all the experiments
we report, we also furnish a corresponding ground truth image for comparison. The
support of the image is Ω = [0, 1]2 , where we construct a grid of dimensions h×w, and
w and h are the width and height of the image in pixels, respectively. On this grid a
regular triangulation is deﬁned. The values of the images are in [0, 255] channelwise.
The algorithm converges to a stationary situation in a limited number of iterations. In our numerical tests 3–4 iterations are suﬃcient; see Figures 7.1 and 8.4.
The quality of the reconstruction increases for increasing the amount of correct color
information of the datum. Nevertheless we observe that the geometrical distribution
of the color datum is more crucial for a better reconstruction. A remarkable result is
illustrated in Figures 8.1 and 8.2. In the bottom-left positions we illustrate data with
only 3% of the original color information, randomly distributed. From this very limited complete information the algorithm still produces a rather good reconstruction
of the original color images. Let us emphasize this once more:
It is suﬃcient to have a very limited guess of possible colors which are nicely
distributed in the image to recolor all of the image.
This result has a signiﬁcant impact for several possible applications. Besides the
problem of the restoration of the fresco colors (where we have available 8% of the
total color surface), we can use this algorithm in old black and white video and image
restoration and for extreme compression of color images. For the sake of further reference, in Figure 8.3 we illustrate a comparison between the algorithm proposed in [26]
and our reconstruction. In our experiments the results appear visually equivalent, although our method tends to reproduce more accurately the luminosity of the image,
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Fig. 8.1. The ﬁrst column illustrates a sequence of diﬀerent data. The second column illustrates
the corresponding 10th iteration of the algorithm. The original color image to be reconstructed is
illustrated in Figure 7.1 in the bottom-right position. The parameters we have used are εh = 10−4 ,
λ = μ = 150. In the bottom-left position we illustrate a datum with only 3% of the original color
information, randomly distributed.

because of the enforced constraint of the gray-level reproduction in the inpainting
region. The method proposed in [26] can perform slightly better pick signal-to-noise
ratios (PSNRs), though in most of the cases they do not diﬀer signiﬁcantly. For a
more speciﬁc discussion on ﬁdelity in recolorization, we refer the reader to [22]. We
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Fig. 8.2. The ﬁrst column illustrates a sequence of diﬀerent data. The second column illustrates
the corresponding 10th iteration of the algorithm. The parameters we have used are εh = 10−4 ,
λ = μ = 150. In the bottom-left position we illustrate a datum with only 3% of the original color
information, randomly distributed. The original color image to be reconstructed is illustrated in the
top-right position of Figure 8.3. This image serves as a ground truth for the numerical experiments.

conclude with a brief discussion on the parameters λ, μ, εh . In Figure 8.4 we show
the history of the residual error with respect to the original color image for increasing
choices of the parameters λ, μ. These numerical results conﬁrm the regularization effect due to the total variation constraint. The choice of εh has a twofold function. It
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Fig. 8.3. The ﬁgure on the top-left reports the initial data, and on the top-right we have
the original image. The ﬁgure on the bottom-left is the recolorization by means of the algorithm
presented in [26] generated by the MATLAB code provided at http://www.cs.huji.ac.il/∼yweiss/
Colorization/colorization.zip. On the bottom-right we again report the reconstruction due to our
algorithm. The PSNR of a color image u with respect to a ground truth image ū is deﬁned by
2552
PSNR = 10 log10
1
3
2 , where h, w are the height and width of the image, respec3hw

i=1

ui −ūi 2

tively. Although the PSNRs are 31.61 dB and 29.48 dB, respectively, particularly visible is a more
accurate luminosity restoration, e.g., in the yellow region, due to our algorithm.

serves as a regularization parameter; i.e., the visual smoothness of the reconstruction
depends on εh . The larger values of εh give smoother reconstructed images. This
eﬀect is due to the fact that if εh gets large, then the corresponding diﬀerential operφ (|∇u |)
ator ∇ · h|∇ui |i ∇ui becomes more and more isotropic. Moreover, since in discrete
images the gradients are always bounded, if εh is smaller than a threshold T > 0
depending on the mesh size τ —in our experiments T = (255 max{h, w})−1 —then the
lower bound on the gradient weight becomes irrelevant in the algorithm. However, the
second purpose of this parameter is also for the sake of numerical stability. Depending
on the size of the image, this parameter cannot be too small (i.e., minimal); otherwise
the corresponding stiﬀness matrices K(n) might be signiﬁcantly ill-conditioned, and
suitable preconditioners (multigrid and subspace correction/domain decomposition
methods) should be invoked in this case.
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Fig. 8.4. The plots illustrate the PSNR for diﬀerent iterations of the algorithm applied to the
image in Figure 7.1 and for diﬀerent values of the parameters λ, μ.
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Abstract
On March 11, 1944, the famous Eremitani Church in Padua (Italy) was destroyed in an
Allied bombing along with the inestimable frescoes by Andrea Mantegna et al. contained
in the Ovetari Chapel. In the last 60 years, several attempts have been made to restore
the fresco fragments by traditional methods, but without much success. One of the authors
contributed to the development of an efficient pattern recognition algorithm to map the
original position and orientation of the fragments, based on comparisons with an old gray
level image of the fresco prior to the damage. This innovative technique allowed for the
partial reconstruction of the frescoes. Unfortunately, the surface covered by the colored
fragments is only 77 m2 , while the original area was of several hundreds. This means that
we can reconstruct only a fraction (less than 8%) of this inestimable artwork. In particular
the original color of the blanks is not known. This begs the question of whether it is possible
to estimate mathematically the original colors of the frescoes by making use of the potential
information given by the available fragments and the gray level of the pictures taken before
the damage. Moreover, is it possible to estimate how faithful such a restoration is? In
this paper we retrace the development of the recovery of the frescoes as an inspiring and
challenging real-life problem for the development of new mathematical methods. Then we
shortly review two models recently studied independently by the authors for the recovery
of vector valued functions from incomplete data, with applications to the recolorization
problem. The models are based on the minimization of a functional which is formed by the
discrepancy with respect to the data and additional regularization constraints. The latter
refer to joint sparsity measures with respect to frame expansions, in particular wavelet or
curvelet expansions, for the first functional and functional total variation for the second.
We establish relations between these two models. As a major contribution of this work we
perform specific numerical test on the real-life problem of the A. Mantegna’s frescoes and
we compare the results due to the two methods.
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1
1.1

Introduction
Mathematical imaging in art restoration

We address the problem of the faithful reconstruction of vector valued functions from incomplete
data, with special emphasis in color image recovery. We are inspired by a real-life problem, i.e.
the rebirth of one of the most important masterpieces of the Italian Renaissance, by making
use of mathematical imaging techniques. We refer to the decorative cycle in the Ovetari Chapel
in the Eremitani Church in Padua. The chapel was seriously damaged by an air strike in 1944
and a large section of the contained frescoes were sparsely fragmented. A digital cataloging
of pictures of the remaining fragments made it possible to count the number (78.561) of those
with an area larger than 1 cm2 . The distribution of the areas shows that most of them are
relatively small (5-6 cm2 ). There is no information on the possible location of the pieces on
the huge original surface and also unknown is the angle of rotation with respect to the original
orientation. These a priori data demonstrated the lack of contiguous fragments for any given
fragment. These difficulties explain the unsuccessful attempts of recomposition by traditional
methods. In simple words, it is an incomplete puzzle which is too big to be solved by human eyes
only. There exist some fairly good quality black and white photographs of the frescoes dated from
between 1900 and 1920.This heritage gave rise to the hope that a computer-based comparison
between the fresco digital images and those of the fragments could help to recognize their
original location. The request of a fast algorithm excludes the implementation of comparisons
pixel-by-pixel and suggests that methods based on compressed/sparse representations, i.e., basis
or frame expansions, can be more efficient. In [24, 23] a specific pattern recognition algorithm
based on sparse circular harmonic expansions was proposed. This method was implemented for
the solution of the fragment recollocation problem and we illustrate some of the final results in
Figure 1. On the basis of the map produced by this computer assisted anastylosis, parts of the
frescoes have already been physically restored. We refer to the book chapter [9] for more details.
Even though the collocation of one single fragment is of historical and cultural importance, the
success of the computer assisted anastylosis was partially spoiled by the limited surface that the
fragments can cover. This begs the question of whether it is possible to estimate mathematically
the original colors of the missing parts of the frescoes by making use of the potential information
given by the available fragments and the gray level of the pictures taken before the damage.
Can one estimate how faithful such restoration is?

Figure 1: Fragmented A. Mantegna’s frescoes (1452) by a bombing in the Second World War.
Computer based reconstruction by using efficient pattern matching techniques [24].
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1.2

Mathematical inpainting and recolorization

Mathematical inpainting, an artistic synonym for image interpolation, was introduced by Sapiro
et al. [3] with the specific purpose of imitating the basic approaches used by professional
restorers when filling blanks in paintings. Their algorithm amounts to the solution of an evolutionary differential equation whose steady-state is the prolongation of the incomplete image
in the inpainting region to make constant the information along isophotes, for further recent
developments see also [2]. Closely related to inpainting is the contribution by Masnou and Morel
[28, 29] who addressed the so-called disocclusion problem. Essentially it amounts to an application of the principle of good continuation, i.e., without forming undesired T-junctions and
abrupt direction changes, of the image level curves into the region where an occlusion occurred
in order to restore the essential morphology. This work can be seen as a development of the
theory of Euler’s elastica curves by Mumford [30]. Chan and Shen contributed to inpainting
with other models similar or related to the ones previously cited, see [11, 12, 13, 14]. In simple
words, mathematical inpainting is the attempt to guess the morphology of the image in a relatively small missing part from the level curves of the relevant known part.
The recolorization problem, like that of the frescoes, can be viewed as a particular case of inpainting. Nevertheless, in this case two significant differences occur with respect to the classical
problem: 1) The region of missing color is usually much larger than the one with known colors
2) the morphology of the image in the missing part can be determined by the known gray level,
see also [7]. Several approaches to the recovery of colors in gray level images have been recently
proposed based on different intuitions. Assuming that neighboring pixels with similar intensities
should have similar color, an algorithm involving a non-local fitting term has been proposed in
[26] to match the colors. Similarly, a fast algorithm using a weighted distance image blending technique is studied in [39]. From the assumption that the color morphology is essentially
determined by the gradient of the gray level, Sapiro proposed in [34] a recolorization method
based on minimizing the difference between the gradient of gray level and the gradient of color.
The problem reduces to the solution of a (nonlinear) boundary value problem. Based on similar
assumptions two variational approaches are proposed in [25] where the authors minimize the
discrepancy with respect to the color datum and impose a smoothness constraint on the solution out of the gray level discontinuity set. All the proposed solutions show that a very limited
amount of color is sufficient information to recover a pleasant result in ad hoc cases.

1.3

Scope of the paper

In this paper we shortly review two different approaches to recolorization previously proposed
by the authors in [20, 21, 35]. Both the methods were tested on images where we knew the
original color. In these cases, also our methods produced rather successful results which could
be confirmed by comparison with the original images. Differently from previous contributions,
in this paper we present the results of applications of these recolorization models to a real-life
problem, the one of the A. Mantegna’s frescoes. In this case, we face significant difficulties due
to
(i) the unknown color-gray conversion,
(ii) the presence of a very strong noise with unknown statistical distribution,
(iii) and the fact that we have no way to compare the obtained results with an original color
version of the frescoes.
Hence, a positive reconstruction result is indeed far beyond from being obvious. Beside the
cultural and historical importance of the specific application, we want to emphasize that reallife experiments are usually rarely shown and the difficulties related to these experiments are
3
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usually underestimated in the mathematics community. Therefore we think it is an important
task to step beyond academic examples and consider now real-life applications. In particular,
point (iii) of the previous list of significant difficulties motivates us to the comparison of our
proposed methods as a mutual benchmark of the results. Since the methods differ in certain
aspects we hope that they can offer a complementary test of faithfulness.

1.4

The general setting

Since color images are modeled as multichannel signals, the problem is reformulated as the recovery of vector valued functions from incomplete data. The incomplete information is assumed
as the result of a distortion, with values in a lower dimensional manifold. The vector components
are assumed to be coupled. The difference between the proposed methods is the way we couple
the information. For both the approaches, the recovery is realized as the minimization of a functional which is formed by the discrepancy with respect to the data and additional regularization
constraints. The latter refer to joint sparsity measures with respect to frame expansions for the
first functional and functional total variation for the second.
For a clearer understanding of the general setting, we now introduce some notations. Let
Ω be an open, bounded, and connected subset of RN , and D ⊂ Ω. The fresco problem is
modeled as the reconstruction/restoration of a vector valued function u : Ω → RM from a given
observed couple of functions y δ := (ū, v̄). The observed function ū is assumed to represent
correct information on Ω\D, and v̄ the result of a nonlinear distortion L : RM → R on D.
In particular, a digital image can be modeled as a function u : Ω ⊂ R2 → R3+ , so that, to
each “point” x of the image, one associates the vector u(x) = (r(x), g(x), b(x)) ∈ R3+ of the
color represented by the different channels red, green, and blue. In particular, a digitalization
of the image u corresponds to its sampling on a regular lattice τ Z2 , τ > 0. Let us again write
u : N → R3+ , u(x) = (r(x), g(x), b(x)), for x ∈ N := Ω ∩ τ Z2 .
Usually the gray level of an image can be described as a submanifold M ⊂ R3 by
M := Mσ = {σ(x) : x = L(r, g, b) := L(ξ1 r + ξ2 g + ξ3 b), (r, g, b) ∈ R3+ },
where ξ1 , ξ2 , ξ3 > 0, ξ1 + ξ2 + ξ3 = 1, L : R → R is a non-negative increasing function, and
σ : R+ → R3+ is a suitable section such that L ◦ σ = idR+ . The function L is assumed smooth,
nonlinear, and normally nonconvex and nonconcave. For example, Figure 2. describes the
typical shape of an L function, which is estimated by fitting a distribution of data from the real
color fragments, e.g., as in Figure 1.
As first proposed in [20] we would like to minimize the discrepancy with respect to the data
Z
Z
∆(u, L, y δ ) :=
|L(u(x)) − v̄(x)|2 dx + µ
|u(x) − ū(x)|2 dx,
(1)
D
Ω\D
|
{z
} |
{z
}
=:G1 (u)

=:G2 (u)

where µ > 0 is a positive constant which rules the mutual importance of the two terms. For
example, Figure 1 illustrates a typical situation where this model applies. In fact, in this case,
there is an area Ω\D of the domain Ω ⊂ R2 of the image, where some fragments with colors are
placed and complete information is available, and an other area D (which we call the inpainting
region) where only the gray level information is known, modeled as the image of L. The hope
is that by minimizing (1) we can produce a new color image that extends the colors of the
fragments in the gray region. Once the extended color image is transformed by means of L, it
is constrained to match the known gray level.
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Figure 2: Estimate of the nonlinear curve L from a distribution of points with coordinates given
by the linear combination ξ1 r + ξ2 g + ξ3 b of the (r, g, b) color fragments (abscissa) and by the
corresponding underlying gray level of the original photographs dated to 1920 (ordinate). The
sensitivity parameters ξ1 , ξ2 , ξ3 to the different frequencies of red, green, and blue are chosen in
order to minimize the total variance of the ordinates.
Unfortunately the problem (1) is not well-posed. Of course, there exist infinite possible color
solutions which match the same gray level, and thus the map L cannot be inverted uniquely.
Moreover, we have to assume, as clearly shown in Figure 2, that the datum y δ is affected by a
significant and ineliminable noise. As the inversion process is also usually unstable, it is fundamental to enforce a regularization mechanism [19]. Regularization is imposed by adding prior
knowledge of realistic solutions which are not furnished by the sole data. This complementary
information, together with the datum, might be sufficiently characterizing the solution to make
it indeed unique. The regularization methods we proposed are based on the same intuition,
although they differ in terms of the specific realization: Digital images can be characterized by
a very limited amount of information with respect to the dimension of the pixel space. This
information is especially encoded in the morphology of the image given by its significant edges.
Indeed, by assuming a simplified model of an image as a piecewise constant (color) function, it
is sufficient to know where the discontinuities are and the color information of one sole pixel for
each connected component in order to characterize uniquely the image. In this context we say
that an image is sparse. We want to incorporate the prior information as an additional term to
the discrepancy with respect to data, reducing the problem to the minimization of the following
general functional:
Jα,µ (u) = ∆(u, L, y δ ) + 2αΨ(u) ,
(2)
where ∆ stands for the data misfit term involving the nonlinear relation L between the given
partial and noisy gray/color information y δ , with noise level bounded by ky − y δ k ≤ δ, and the
complete color image u and Ψ is a suitable convex function. The positive parameter α weights
the influence of the data misfit term and the penalty functional Ψ. In regularization theory one
aims at parameter choice rules α = α(δ) that ensure a convergence (for δ → 0) of minimizers of
the functional (2) to the true solution of the problem.
The two approaches we want to present here differ mainly in the chosen penalty functional
Ψ and in the proposed minimization strategies for the functionals:
• In the model proposed by Teschke et.al. [35], the function Ψ measures the sparsity of the
image u with respect to a frame expansion, in particular wavelet or curvelet expansions.
This means that we would like to promote solutions whose expansions have only few
nonzero coefficients. Typically Ψ is a suitable weighted `p norm of the sequence of the
wavelet/curvelet coefficients;
• In the model proposed by Fornasier in [20], later analyzed with March in [21], the function
Ψ measures the total variation of the image u. It is well-known that this choice tends to
5
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promote solutions which are piecewise smooth, hence with sparse gradients.
Another difference of the applications of the two methods which appear in this paper is the fact
that in the first approach we analyse the minimization of the fully nonlinear problem, while in
the second case, based on total variation minimization, we linearize the function L by means
of a suitable re-equalization of the gray level. This choice is made in order to facilitate the
numerical solution of the system of nonlinear PDEs which arises in the second case. For both
the approaches we describe the models, the algorithms for the numerical minimization, and their
convergence.
The content of the paper is as follows. In Section 2 the wavelet-based joint sparsity model
is reviewed together with the formulation of an efficient iterative thresholding algorithm for
its solution. In Section 3 we report the mathematical results associated to the total variation
minimization model and its numerical solution. In Section 4 we show the novel numerical
experiments in the real-life case and the comparison of the two methods.

2

Wavelet based recolorization by `p -joint sparsity

A sparse representation of an element in a Hilbert space is a series expansion with respect to
an orthonormal basis or a frame that has only a small number of large/nonzero coefficients.
Several types of signals appearing in nature admit sparse frame expansions and thus, sparsity is
a realistic assumption for a very large class of problems [27]. The recent observation that it is
possible to reconstruct sparse signals from vastly incomplete information [6, 5, 17] stimulated a
new fruitful line of research which is called sparse recovery or compressed sensing. This section
is devoted to the outline of the relations between sparse reconstructions, vector valued functions
and their application to color images. Multi-channel signals (i.e., vector valued functions) may
not only possess sparse frame expansions for each channel individually, but additionally the
different channels can also exhibit common sparsity patterns. Color images are multi-channel
signals, exhibiting a very rich morphology. In particular, discontinuities may appear in all the
channels at the same locations. This will be reflected, e.g., in sparse wavelet/curvelet expansions
[4, 18] with relevant coefficients appearing at the same labels, or in turn in sparse gradients with
supports at the same locations. Hence, an adequate sparsity constraint is a so-called common
or joint sparsity measure that promotes patterns of multi-channel data that do not belong only
to one individual channel but to all of them simultaneously.
This aspect of common sparsity patterns was quite recently under consideration e.g. in
[36, 37]. In the framework of inverse problems this issue was discussed in [22]. In the latter
paper the authors proposed an algorithm for solving vector valued linear inverse problems with
common sparsity constraints. However, as recalled in the introduction, the conversion function
L from colors to gray levels, which should be inverted for recoloring the images, is strongly
nonlinear. Although we could linearize the problem, as we do in the following section, here
we want to address also the fully nonlinear case. The theory developed in [22] is not sufficient
for this purpose and needed to be extended as proposed in [35]. In the following we revise an
iterative thresholding scheme for solving the recolorization ill-posed problem with joint sparsity
constraints.

2.1

Wavelet frames, joint sparsity and recolorization model

Since we aim to represent the image to be reconstructed by means of a wavelet frame, we first
briefly review some basics on frames followed by the detailed formulation of the recolorization
problem.

6

387

388

[11] A comparison of joint sparsity and total variation minimization algorithms
Frames. Let Λ be a countable set of indices and X a separable Hilbert space. Assume we are
given a preassigned set of functions Ψ := {φλ : λ ∈ Λ} ⊂ X The set Ψ is called a frame if there
exist constants A, B with 0 < A ≤ B < ∞ such that for all u ∈ X,
X
Akuk2X ≤
|hu, φλ i|2 ≤ Bkuk2X .
(3)
λ∈Λ

Associated with a frame Ψ, we can consider the bounded operators
F : X → `2 (Λ) : u 7→ (hu, φλ i)λ∈Λ ,
called the analysis operator, and its adjoint
F ∗ : `2 (Λ) → X : u 7→

X

uλ φλ ,

λ∈Λ

called the synthesis operator.
Frames are typically ‘overcomplete’,
i.e., for a given u ∈ X, one may find many different
P
sequences u ∈ `2 such that u = λ∈Λ uλ φλ . A few of them have special properties for which
they are preferred, e.g., a sequence with minimal `p (Λ) norm. Choosing 1 ≤ p < 2 ensures the
reconstruction of a sparser sequence u than the classical choice of p = 2 which corresponds to
the canonical dual coefficients defined by (hu, (F ∗ F )−1 φλ i)λ∈Λ .
Joint sparsity and recolorization model. In order to cast the recolorization problem as an
inverse problem leading to some variational functional of the form (2) with a sparsity constraint,
we firstly have to modify the functional in order to act on frame coefficient sequences. As in
the introduction we assume that u : Ω ⊂ R2 → R3+ is a color (red, green, blu) channel image.
We model u as a square integrable vector valued function, i.e., u ∈ L2 (Ω)3 . We also assume
that Ψ := {φλ : λ ∈ Λ} is frame for L2 (Ω), e.g., a wavelet or curvelet frame. For each channel
component of u = (u1 , u2 , u3 ) we can associate the corresponding sequence of vector frame
coefficients u = (uλ := (u1λ , u2λ , u3λ ))λ∈Λ . We also denote u` = (u`λ )λ∈Λ , ` = 1, 2, 3. With a slight
abuse of notation we can write
X
u = F ∗ u := (F ∗ u1 , F ∗ u2 , F ∗ u3 ) =
uλ φλ .
λ∈Λ

Following the arguments in [22, 36] on joint sparsity, a reasonable measure that forces a
coupling of non–vanishing color components is of the form
X
Ψ(u) =
ωλ kuλ kpq
(4)
λ∈Λ

with q ∈ [1, 2], p ∈ {1, q} and ωλ ≥ c > 0. This penalty term Ψ is a joint sparsity measure.
The choice of this regularization measure was encouraged by the fact that several inpainting
approaches deal with total variation penalties [12, 14]. Since in 2 dimensions, `1 sparse wavelet
expansions are known to give ‘near’ minimal total variation solutions, see, e.g., [15, 16], this
kind of sparsity constraint seems to be well suited for our purpose. Forcing, moreover, for
common sparsity patterns (e.g., edges in color images), a coupling of the different color channels
is advantageous and can be achieved when setting p = 1.
Thus the full functional for the color inpainting problem reads as follows
X
Jα,µ (u) := Jα,µ,q (u) := k(L(F ∗ u) − v̄)k2L2 (Ω) +µ k(F ∗ u − ū)χD k2(L2 (Ω))3 +2α
ωλ kuλ kpq . (5)
|
{z
}
|
{z
}
λ∈Λ
=G1 (u)

=G2 (u)
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In the following, with a slight abuse of notation, we will write L(u) := L(F ∗ u)
An approximation u = F ∗ u to the original color image is now computed by means of
the minimizer u of (5). Unfortunately, a direct approach towards its minimization leads to
a nonlinear optimality system where the frame coefficients are coupled. Instead, we propose to
replace (5) by a sequence of functionals that are much easier to minimize and for which the
sequence of the corresponding minimizers converges at least to a critical point of (5). To be
explicit, for u ∈ `2 (Λ)3 and some auxiliary a ∈ `2 (Λ)3 , we define a surrogate functional
s
Jα,µ,q
(u, a) := Jα,µ,q (u) + Cku − ak2`2 (Λ)3 − kL(u) − L(a)k2L2 (Ω)

(6)

and create an iteration process by:
1. Pick u0 ∈ `2 (Λ)3 and some proper constant C > 0
2. Derive a sequence (uk )k=0,1,... by the iteration:
s
uk+1 = arg min Jα,µ,q
(u, uk )
u∈`2 (Λ)3

k = 0, 1, 2, . . .

(7)

It will turn out that the minimizers of the surrogate functionals are easily computed. In particular, the problem decouple, and every frame coefficient can be treated separately. In order to
ensure existence of global minimizers, norm convergence of the iterates uk , and regularization
properties, some weak assumptions (exhibiting no significant restriction) have to be made, e.g.,
on the function L, see for details [35].

2.2

Minimization, convergence and regularization

In this section we review the basic steps that are required for the minimization of the surrogate
functional (6) and for showing norm convergence and regularization properties.
Minimization. Since the Tikhonov functional is nonconvex (because of the nonlinearity of
the operator L) and nondifferentiable due to the `p sparsity constraint, the proposed algorithm
is based on subdifferential calculus leading to the involvement of nonlinear projections and
delivering (in general) not a global but rather a local optimum of (5). To initialize the algorithm,
we assume that we are given some α > 0 and some initial u0 ∈ `2 (Λ)3 . An important ingredient
for the the convergence of the surrogate functional approach is the choice of the constant C
in (6). If it is chosen too small, then the iteration blows up; chosen too big, however, the
convergence of the algorithm is rather slow. A value for C that ensures the convergence of the
algorithm can be derived directly out of the initial iterate u0 , see [32]. However, we wish to
remark that numerical experiments suggest that C is usually estimated too large, even much
smaller values usually ensure a much faster convergence. In the following, we will always assume
that C was chosen appropriately.
s
The necessary condition for a minimum of Jα,µ,q
(u, a) can be derived via subdifferential
calculus, for the case p = 1, q ≥ 1 in Ψ, it can be rewritten as a fixed point equation


u=

α
C

(I − PC )  (L0 (u)∗ (v̄ − L(a) − µF (F ∗ u − ū)χD )/C + a)) ,
{z
}
C
α|

(8)

=:M (u,a)

where PC is the orthogonal projection onto a convex set C satisfying Ψ∗ = χC (and Ψ∗ denoting
the Fenchel transform of Ψ). By our choice of C it turns out that the associated fixed point
map


α
M (u, a)
Φ(u, a) = (I − PC )
α
C
C
8
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is, for any generic anchor a = uk , k = 0, 1, · · · , a contractive operator, and thus we obtain the
new iterate uk+1 from uk by a fixed point iteration. The computation of the fixed point iterates
requires the evaluation of the operator I − PC :
Lemma 1 Let p = 1, 1 ≤ q ≤ ∞ and let l denote the index of the fixed point iteration. Then,
the coefficients of the fixed point iterates in (8) are given by
(ul+1 )λ = ((u1l+1 )λ , . . . , (unl+1 )λ ) = (I − PBq0 (C −1 αωλ ) )(Mλ (ul , a)) ,
where PBq0 (C −1 αωλ ) denotes the orthogonal projection onto the ball
Bq0 (C −1 αωλ ) = {v ∈ Cn : kvkq0 ≤ C −1 αωλ }
with 1 = 1/q + 1/q 0 .
The proof of this result can be easily retraced in [35]. In general, the evaluation of PBq0 (C −1 αωλ )
is rather difficult and only for individual cases explicitly given , e.g. for q ∈ {1, 2, ∞} the
expression can be found in [22] (see also Section 4.1 for our specific choice). Since for p = q
the variational equations decouple, the necessary conditions can be evaluated directly without
operating with duality arguments. The unique fixed point of Φ(u, uk ) is the unique minimizer
s
of the surrogate functional Jα,µ,q
(u, uk ). Thus, by employing a fixed point iteration, we are able
to reconstruct the new iterate uk+1 .
Convergence. First it can be shown that there exists at least a convergent subsequence ukl
with weak limit u? , which turns out to be a critical point point for the functional Jα,µ . Using
the properties of the functional Ψ it can also be shown that the subsequence converges also in
the `2 (Λ)3 –norm. However, the limits of different convergent subsequences (ukl ) ⊂ (uk ) may
differ, but they will all have the same value of the functional Jα,µ . In the next theorem (where
the first assertion can be directly taken from [31] and the second assertion is just repeating [32,
Lemma 16]) we give a simple criterion that ensures strong convergence of the whole sequence
(uk ) towards a critical point of Jα,µ,q .
Theorem 2 Assume that there exists at least one isolated limit u? of a subsequence (ukl ) ⊂
(uk ). Then uk → u? in norm as k → ∞. The accumulation point u? fulfills a necessary
condition (i.e., the Euler-Lagrange condition) for a minimizer of Jα,µ,q .
Regularization properties. We also briefly discuss the regularization properties of the proposed iterative approach. We consider minimizers uδµkk αk of the functional
Jαk ,µk ,q (u) := kL(u) − v̄ δk k2L2 (Ω) + µk G2 (u) + 2αk Ψ(u) .

(9)

For some a–priori parameter choice rule for µ and α it is shown in [35] that the sequence of
minimizers of (9) (for δ → 0) contains a convergent subsequence for which the limit is a solution
for L(u) = v̄ with minimal value of G2 + Ψ.
Theorem 3 Let v̄ δk ∈ L2 (Ω) be given with kv̄ δk − v̄k ≤ δk and δk → 0 for k → ∞, and
X
Ψ(u) =
ωλ kuλ kpq .
λ∈Λ

If the regularization parameters are chosen such that µk → 0, αk → 0, δk2 / min{µk , αk } → 0
and max{µk , αk }/ min{µk , αk } → 1 as k → ∞, then every sequence of minimizers uαδkk of (9)
has a convergent subsequence in `2 (Λ)3 . Every limit is a solution of the equation L(u) = v̄ with
minimal value of G2 + Ψ. If the solution of the equation is unique, then the whole sequence
converges.
9
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This results answers the question of a faithful reconstruction at least partially. If we have
reasonable data available, and the color to gray converter is known, then the reconstruction will
be close to a solution of the equation L(u) = v̄, which means that only these colors will be
exactly reconstructed where L is invertible.

2.3

Numerical Implementation

Summarizing the theoretical results in the wavelet–based approach, an approximation of the
original color image is computed as a numerical approximation of a minimizer of (5), which is
realized by the suggested iterative approach (7). As we have seen in formula (8), each iterate
uk has to be derived via a fixed point equation finally leading to the following
Algorithm WAVELET-JOINT-SPARSE
Input:

Parameters:

Output:

nonlinear operator L (estimated on the basis of the given color fragments);
data y δ = (ū, v̄); initial guess u0 ∈ (`2 )n (can be chosen arbitrarily, a good
choice the given by the gray image); precision accuracy εf ixed > 0 for the
inner fixed point iteration; maximal number nmax of outer iterations; proper
constant C (in dependence on u0 ∈ (`2 )n ); weight sequence {wλ } (a simple
choice is wλ = 1 for all λ)
parameter µ > 0, regularization parameter α > 0, p and q (a good choice to
ensure a reasonable coupling of the three color components is p = 1, q = 2);
wavelet (e.g. Daubechies’ wavelet of order 3)
numerical approximation ũ? of an accumulation point u? of (5)

Initialize u0
for n = 0 to nmax − 1
%Initialize the fixed point iteration:
(un+1 )0 := un
while dist{(un+1 )l , (un+1 )l+1 }< εf ixed
%Evaluation of the fixed point map:
(un+1 )l+1 = Ψ((un+1 )l , un ))
end while
un+1 := (un+1 )l∗
end for
ũ? = unmax

3

Total variation minimization model and nonlinear PDEs

Total variation minimization was first introduced in image processing for the denoising problem
by the well-known Rudin-Osher-Fatemi model [33]. In several successive contributions, see, e.g.,
[10, 1, 38], total variation was considered also as a regularization tool for inverse problems.
Following the tracks of these fundamental contributions, we reformulated the recolorization
model by choosing the function Ψ as follows:
Ψ(u) :=

Z X
M
Ω `=1

10

|∇u` (x)|dx.
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Note that this function measures the total variation of the vector components of the function
u = (u1 , . . . , uM ). Hence, the recolorization is modeled as the minimum solution of the functional
Jα,µ (u) = ∆(u, L, y δ ) + 2αΨ(u)
Z
Z X
Z
M
|u(x) − ū(x)|2 dx +2α
|L(u(x)) − v̄(x)|2 dx +µ
|∇u` (x)|dx,
=
Ω\D
Ω `=1
D
|
{z
}
|
{z
}
=G1 (u)

=G2 (u)

where we want to reconstruct the vector valued function u := (u1 , . . . , uM ) : Ω ⊂ R2 → RM
(M = 3 for RGB images) from a given observed couple of color/gray level functions (ū, v̄).
Again, α acts as regularization parameter, whereas µ weights the influence of the two fitting
terms. For the model to make sense, in the following we assume that
(L1) L : RM → R+ is a non-decreasing continuous function in the sense that L(x) ≤ L(y) for
any x, y ∈ RM such that |xi | ≤ |yi | for any i ∈ {1, . . . , M };
(L2) L(x) ≤ a + b|x|s , for all x ∈ RM and for fixed s ≥ 1/2, b > 0, and a ≥ 0.
Moreover, one of the two following conditions holds
(L3-a) limx→∞ L(x) = +∞;
(L3-b) L(x) = L(x1 , ..., xM ) = L((`1 ∧ x1 ∨ −`1 ), ..., (`M ∧ xM ∨ −`M )), for a suitable fixed vector
` = (`1 , ..., `M ) ∈ RM
+.
Observe that condition (L3-a) is equivalent to say that for every C > 0 the set {L ≤ C} is
bounded. Therefore
there exists A ∈ RM , with Ai ≥ 0 for any i ∈ {1, . . . , M }, such that
Q
{L ≤ C} ⊆ M
[−A
,
i Ai ].
i=1
Under these conditions, the functional Jα,µ is well defined in L∞ (Ω; RM ) ∩ W 1,1 (Ω; RM ).
Since this space is not reflexive, and sequences that are bounded in W 1,1 are also bounded
in BV (bounded variation function space), we extend Jα,µ to the space BV (Ω; RM ) of vectorvalued functions in such a way that the extended functional is lower semicontinuous. By using
the relaxation method of the Calculus of Variations, the natural candidate for the extended
functional is the relaxed functional J¯α,µ of Jα,µ with respect to the componentwise BV weak∗-topology. We set X = {u ∈ BV (Ω; RM ) : kui k∞ ≤ Ki , i = 1, . . . , M }, where, for any
i ∈ {1, . . . , M }, the constant Ki > 0 is defined by Ki = max{Ai , kūi |Ω \ Dk∞ }, if the condition
(L3-a) holds, and by Ki = max{`i , kūi |Ω \ Dk∞ }, if the condition (L3-b) holds. The relaxed
functional of Jα,µ in X with respect to the componentwise BV weak-∗-topology is given by
J¯α,µ (u) =

Z

|L(u(x)) − v̄(x)|2 dx + µ

D

Z

|u(x) − ū(x)|2 dx + α

Ω\D

M
X

|D(ui )|(Ω),

i=1

where |D(v)|(Ω) is the total variation of the BV function v. We have the following result.
Theorem 4 There exists a solution of the following variational problem:
min J¯α,µ (u)
u∈X

In particular we have
min J¯α,µ (u) = inf Jα,µ (u).
u∈X

u∈X

Moreover, if D ( Ω and G2 is a strictly convex functional then the solution is unique.
11

[11] A comparison of joint sparsity and total variation minimization algorithms

393

For the computation of minimizers, we use a similar approach as in [10]. Let us introduce a new
functional given by
Eh (u, w) :=

1
(G1 (u) + µG2 (u)) +
α


Z X
M 
1
w` |∇u` (x)|2 + ` dx,
w
Ω

(10)

`=1

where u ∈ W 1,2 (Ω; RM ), and w ∈ L2 (Ω; RM ) is such that εh ≤ w` ≤ ε1h , ` = 1, . . . , M , εh → 0
for h → ∞. While the variable u is again the function to be reconstructed, we call the variable
w the gradient weight. For any given w(0) ∈ L2 (Ω; RM ) (for example w(0) := 1), we define the
following iterative double-minimization algorithm:

 u(n+1) = arg
min
Eh (u, w(n) )
u∈W 1,2 (Ω;RM )
(11)
 w(n+1) = arg minε ≤w≤ 1 Eh (u(n+1) , w).
h
εh

We have the following convergence result [21].
Theorem 5 The sequence (u(n) )n∈N has subsequences that converge strongly in L2 (Ω; RM ) and
(∞)
(∞)
weakly in W 1,2 (Ω; RM ) to a function uh . We have that (uh )h converges for h → ∞ in
M
BV (Ω; R ) to a minimizer of J¯α,µ .
Since Eh (·, w) admits minimizers, their uniqueness is equivalent to the uniqueness of the solutions of the corresponding Euler-Lagrange equations. If uniqueness of the solution is satisfied,
then the algorithm (11) can be equivalently reformulated as the following two-step iterative
procedure:
• Find u(n+1) which solves
Z 

µ (n+1)
(u
(x) − ūi (x))1Ω\D (x)
α i

1
∂L (n+1)
(L(u(n+1) (x)) − v̄(x))
(u
(x))1D (x) ϕi (x)dx = 0
α
∂ui
(n)

(n+1)

wi (x)∇ui

(x) · ∇ϕi (x) +

Ω

+

for i = 1, ..., M , for all ϕ ∈ W 1,2 (Ω; RM ).
• Compute directly w(n+1) by
(n+1)

wi

= εh ∨

1
(n+1)
|∇ui
|

∧

1
,
εh

i = 1, . . . , M.

There are cases for which one can ensure uniqueness of solutions:
1. If G2 is strictly convex then the minimizers are unique as well as the solutions of the
equations.
2. In the following section we illustrate the finite element approximation of the EulerLagrange equations. Since we are interested in color image applications, we restrict the numerical
experiments to the case L(u1 , u2 , u3 ) = 13 (u1 + u2 + u3 ). By this choice, the numerical results
confirm that the linear systems arising from the finite element discretization are uniquely solvable
for a rather large set of possible parameters α, µ.

3.1

Numerical implementation

In this section we want to present the numerical implementation of the iterative double-minimization
algorithm (11) for color image restoration. As the second step of the scheme (which amounts
in the up-date of the gradient weight) can be explicitly done once u(n+1) is computed, we are
12
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left essentially to provide a numerical implementation of the first step, i.e., the solution of the
Euler-Lagrange equations.
For the solution we use a finite element approximation. We illustrate the implementation
with the concrete aim of the reconstruction of a digital color image supported in Ω = [0, 1]2
from few color fragments supported in Ω \ D and the gray level information where colors are
missing. By the nature of this problem, we can choose a regular triangulation T of the domain
Ω with nodes distributed on a regular grid N := τ Z2 ∩ Ω, corresponding to the pixels of the
image. Associated to T we fix the following finite element spaces:
U

= {u ∈ C 0 (Ω) : u|T ∈ P1 , T ∈ T },

V = {w ∈ L2 (Ω) : w|T ∈ P0 , T ∈ T }.
The space U induces the finite element space of color images given by
U := {u ∈ W 1,2 (Ω, R3 ) : ui ∈ U, i = 1, 2, 3}.
The space V induces the finite element space of gradient weights given by
V := {w ∈ L2 (Ω, R3 ) : wi ∈ V, i = 1, 2, 3}.
In order to simplify the solution of the equation and avoid the nonlinearity in the coupled
terms of order 0, we can restrict our functional to the case L(u1 , u2 , u3 ) = 13 (u1 + u2 + u3 ).
Indeed, usually in practice the functions L which define L are increasing functions which can
be inverted. Therefore we can always re-equalize the gray level in order to have the linear
dependence.
For a given w(n) ∈ V , the first step of our approximation of the double-minimization scheme
amounts in the computation of u(n+1) ∈ U which solves
Z 
µ (n+1)
(n)
(n+1)
wi (x)∇ui
(x) · ∇ϕi (x) + (ui
(x) − ūi (x))1Ω\D (x)
α
Ω

(12)
1 1 (n+1)
(n+1)
(n+1)
(x) + u2
(x) + u3
(x)) − v̄(x))1D (x) ϕi (x)dx = 0
+ ( (u1
3α 3
for i = 1, 2, 3, for all ϕ ∈ U . To the spaces U and V are attached the corresponding
{ϕk }k∈N and {χk }k∈N respectively. Therefore, we have also that



!
!



X
X
U =
ui,k ϕk
, V = w:w=
wi,k χk
u:u=



k∈N

k∈N

i=1,2,3

i=1,2,3

With these bases we can construct the following matrices:
Z

(n+1)
(n)
:=
Ki
wi (x)∇ϕk (x) · ∇ϕh (x)dx
Ω


MΩ\D :=

MD :=

µ
α

,




.



(13)

k,h∈N



Z

1
9α

nodal bases

1Ω\D (x)ϕk (x)ϕh (x)dx
Ω

,

(14)

k,h∈N



Z
1D (x)ϕk (x)ϕh (x)dx
Ω

.

(15)

k,h∈N

By these building blocks, we can assemble
 (n+1)

K1
+ MΩ\D + MD
MD
MD


(n+1)
K(n+1) := 
,
+ MΩ\D + MD
MD
MD
K2
(n+1)
MD
MD
K3
+ MΩ\D + MD
13

[11] A comparison of joint sparsity and total variation minimization algorithms
and

395




MΩ\D + MD
MD
MD
.
MD
MΩ\D + MD
MD
M := 
MD
MD
MΩ\D + MD

(16)

Furthermore, let us denote the vector of the nodal values of the solution by
(n+1)

(n+1)

(n+1)

(n+1)

(n+1)

(n+1)

u(n+1) = (u1,k1 , ..., u1,k#N , u2,k1 , ..., u2,k#N , u3,k1 , ..., u3,k#N )T

(17)

assembled as a column vector containing the nodal values of each channel in order, where ki ∈ N
are nodes which are suitably ordered. In a similar way the nodal values of the data ū, v̄ are
assembled in the vector
ū = (ū1,k1 , ..., ū1,kj , v̄1,kj+1 , ..., v̄1,k#N , ū2,k1 , ..., ū2,kj , v̄2,kj+1 , ..., v̄2,k#N , ū3,k1 , ..., ū3,kj , v̄3,kj+1 , ..., v̄3,k#N )T .
(18)
For the right-hand side we have the additional requirement that v̄i,k = v̄`,k for i 6= `, representing
the gray level values. Moreover, the order of the nodes {kl : l = 1, . . . , #N } is such that




ūi
0
(MΩ\D + MD )(ūi,k1 , ..., ūi,kj , v̄i,kj+1 , ..., v̄i,k#N )T = MΩ\D
.
+ MD
v̄i
0
With these notations and conventions, the solution of the system of equations (12) is equivalent
to the solution of the following algebraic linear system
K(n+1) u(n+1) = Mū.

3.2

(19)

Numerical implementation of the double-minimization algorithm

We have now all the ingredients to assemble our numerical scheme into the following algorithm.
Algorithm 6 DOUBLE-MINIMIZATION
(0)
Input:
Data vector ū, εh > 0, initial gradient weight w(0) with εh ≤ wi,k ≤ 1/εh ,
number nmax of outer iterations.
Parameters: positive weights α, µ > 0.
Output:
Approximation u∗h of the minimizer of J¯α,µ
u(0) := 0;
f := Mū;
for n := 0 to nmax do
Assemble the matrix K(n+1) as in (13);
Compute u(n+1) such that K(n+1) u(n+1) := f ;
P
(n+1)
Assemble the solution u(n+1) = ( k∈N ui,k ϕk )i=1,2,3 ;
P
(n+1)
(n+1)
Compute the gradient ∇u
= ( k∈N ui,k ∇ϕk )i=1,2,3 ;
(n+1)

wi

:= εh ∨

1
(n+1)
|∇ui
|

∧

1
εh ,

i = 1, . . . , M ;

endfor
u∗h := u(n+1) .

4

Comparison of the methods in the real-life problem

In this section, we show the numerical results that we obtained with the two methods. We
assume as in Figure 1 to have available few color fragments of the image and the gray levels of
the missing parts. In order to guarantee a reasonable comparison of methods, not only the data
14
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basis is required to be the same, but also the estimated color-to-gray conversion map L (which is
nonlinear). In the wavelet approach, this map with its full nonlinearity is implemented whereas
in the total variation approach a “linearization” of this map is used, by inverting the function
L. In Figures 3 and 4 we show the estimated curves L computed by suitable averaging of the
color information provided by the localized fragments and from the corresponding underlying
gray levels. By inverting these increasing maps we can re-equalize the gray level (as shown in
the bottom-right of Figures 3 and 4) in order to obtain the desired linearization.
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396

200

150

100

50

50

100

150

200

250

Gray values

Figure 3: On the top-left we show the estimated curve L on the basis of the information provided
by the true colors of the localized fragments and the corresponding gray levels of the image of
the fresco prior to the damage. The fragment relocated in their original position are show on
the top-right figure, while the original gray level is shown on the bottom-left. The re-equalized
gray level in shown on the bottom-right.

4.1

Numerical experiments for the Wavelet based recolorization

In order to derive recolored images, we first have to define the setup of the WAVELET-JOINTSPARSE algorithm. After generating our wavelet frame by Daubechies’ wavelet of order 3, the
initial wavelet frame coefficient vector u0 is derived just by applying the frame operator F to
each of the channels of the given gray value image. The precision accuracy εf ixed for the fixed
point iteration is chosen to be 0.00001 (since for a contraction factor less or equal than 0.5, the
fixed point iteration converges rather quickly - typically 5-10 iterations are enough to reach the
preassigned accuracy). As a reasonable value for the number of maximal outer iterations we
15

[11] A comparison of joint sparsity and total variation minimization algorithms
have chosen nmax = 200. For our estimated map L and the chosen initial guess u0 , our theory
allows to pick C = 0.8. For a quickly converging fixed point iteration a large value of C would
be preferable, but this on the contrary reduces the speed of convergence of the outer iteration.
Therefore, we made in advance a few experiments with different values of C. The penalization
parameter µ and the regularization parameter α were experimentally chosen - we end up with
µ = 0.1 and α = 0.0099. The coupling was ensured by picking p = 1 and q = 2. In this situation
the projection PB2 (C −1 αω) (acting on the 3 channels) on the `2 -ball is explicitly given by

qP
 u
3
−1 αω
i
2
if kuλ k2 =
λ
λ
i=1 |(u )λ | ≤ C
PB2 (C −1 αω) (uλ ) =
.
−1
 C αωλ uλ otherwise
kuλ k2

The results can be seen in on the bottom-left of Figures 5 and 6.

4.2

Numerical experiments for the total variation minimization based recolorization

The support of the image is Ω = [0, 1]2 where we construct a grid of dimensions h × w, w and h
are the width and hight of the image in pixels respectively. On this grid a regular triangulation
is defined. The values of the images are in [0, 255] channelwise. The algorithm converges to
a stationary situation in a limited number of external iterations. In our numerical tests 3-4
iterations are sufficient. However the linear system K(n+1) u(n+1) := f to be solved at each
iteration is usually non-symmetric and hence we needed to implement BiCGStab. The choice of
εh has a twofold function. It serves as a regularization parameter, i.e., the visual smoothness of
the reconstruction depends on εh . The larger values of εh give smoother reconstructed images.
This effect is due to the fact that if εh gets large, then the corresponding differential operator
becomes more and more isotropic. Moreover, since in discrete images the gradients are always
bounded, if εh is smaller than a threshold T > 0 depending on the mesh size τ – in our
experiments T = (255 max{height, width})−1 – then the lower bound on the gradient weight
becomes irrelevant in the algorithm. However, the second purpose of this parameter is also for
the sake of numerical stability. Depending on the size of the image, this parameter cannot be too
small (i.e., minimal), otherwise the corresponding stiffness matrices K(n) might be significantly
ill-conditioned and suitable pre-conditioners should be invoked in this case. Indeed, it can
be observed a significant increase of number of iterations in BiCGStab in order to get to an
acceptable accuracy. The results in the real-life cases are shown on the bottom-right of Figures
5 and 6.

4.3

Comparison and conclusion

The recolorized images due to the two methods may differ in certain aspects. The numerical
results suggest that the total variation minimization method tends to preserve the edges better.
At the same time it does not annihilate the information provided by the real fragments which
are not completely merged with the final color restoration. On contrary, the wavelet based
recolorization tends to blur more the image (which can be partly explained by the smoothness
of the chosen wavelet), edges are less preserved, but the fragments are nicely merged in the
context of the resulting image. These differences can be simply attributed just due a stronger
regularization due to the choice of the regularization in the experiments with the wavelet based
method. However, it is very difficult to tune the regularization parameters in such a way to
obtain the same results, being the methods significantly different in nature. The differences in
terms of edge reproduction are particularly visible in the green channel, as Figures 7 and 8 show.
Indeed, the green channel usually encodes more morphological information than the others.
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However, if we check the number of pixels which differ in terms of relative error less than
a prescribed threshold, we can produce the curve shown in Figure 9. From this curve we can
easily see that the 90% of the pixels of the computed images differ less than 0.045 of mutual
relative 
error. We finally report
the mutual Peak Signal-to-Noise Ratio, i.e., PSNR(u1 , u2 ) :=

10 log10

2

1
3hw

P3 255 1
2 2
i=1 kui −ui k2

, where h, w are the hight and width of the images respectively. In

the first case (compare Figure 5) the PSNR between the resulting images is 30.166 dB and for
the second case (compare Figure 6) is 29.4167 dB.
These latter observations suggest that, if we ignore the differences due to possible edge
blurring, the reconstructed color is essentially the same. Due to the significant differences of the
proposed methods in terms of extension of the colors (the first is based on wavelet sparsity, the
second on non-isotropic diffusion), we believe that this near equivalence is an indirect indicator
of the fact that any possible recolorization method will give in practice very similar results to
the one presented in this paper. The results depend on the quantity of color information and,
in a very significant way, on its distribution. Previous results in [21, 35] showed that even a
minimal color information randomly distributed is sufficient in order to achieve reconstructions
with PSNR over 35 dB.

Acknowledgement
Gerd Teschke gratefully acknowledges the partial support by Deutsche Forschungsgemeinschaft
Grants TE 354/1-2, TE 354/3-1, TE 354/4-1, TE 354/5-1. Massimo Fornasier acknowledges
the financial support provided by the European Union’s Human Potential Programme under
contract MOIF-CT-2006-039438. The paper also contributes to the Fornasier’s project WWTF
Five senses-Call 2006, Mathematical Methods for Image Analysis and Processing in the Visual
Arts. He thanks Rocco Cazzato for the efficient implementation of Algorithm 6 [8], Domenico
Toniolo and the colleagues of the Laboratory of the Mantegna Project at the University of
Padova for the nice joint-work on the fragment recollocation.

References
[1] G. Aubert and L. Vese. A variational method in image recovery. SIAM J. Numer. Anal.,
34(5):1948–1979, 1997.
[2] C. Ballester, M. Beltramio, V. Caselles, G. Sapiro, and J. Verdera. Filling-in by joint
interpolation of vector fields and gray levels. IEEE Trans. Image Process., 10(8):1200–
1211, 2001.
[3] M. Beltramio, G. Sapiro, V. Caselles, and B. Ballester. Image inpainting. In SIGGRAPH
2000, July, 2001.
[4] E.J. Candès and D.L. Donoho. New tight frames of curvelets and optimal representations of
objects with piecewise C 2 singularities. Commun. Pure Appl. Math., 57(2):219–266, 2004.
[5] E.J. Candès, J. Romberg, and T. Tao. Exact signal reconstruction from highly incomplete
frequency information. IEEE Trans. Inf. Theory, 52(2):489–509, 2006.
[6] E.J. Candès and T. Tao. Near Optimal Signal Recovery From Random Projections And
Universal Encoding Strategies. IEEE Trans. Inf. Theory, to appear.

17

[11] A comparison of joint sparsity and total variation minimization algorithms
[7] V. Caselles, V. Coll, and V. J.-M. Morel. Geometry and color in natural images. Journal
of Mathematical Imaging and Vision, 16(2):89–105, 2002.
[8] R. Cazzato. Un Metodo per la Ricolorazione di Immagini e Altri Strumenti per il Restauro.
Il Progetto Mantegna e gli Affreschi nella Chiesa degli Eremitani. Master thesis, University
of Padova, 2007.
[9] R. Cazzato, G. Costa, A. Dal Farra, M. Fornasier, D. Toniolo, D. Tosato, and C. Zanuso.
Il Progetto Mantegna: storia e risultati. In Domenico Toniolo Anna Maria Spiazzi, Alberta De Nicolò Salmazo, editor, Andrea Mantegna e i Maestri della Cappella Ovetari: La
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Figure 4: On the top-left we show the estimated curve L on the basis of the information provided
by the true colors of the localized fragments and the corresponding gray levels of the image of
the fresco prior to the damage. The fragment relocated in their original position are show on
the top-right figure, while the original gray level is shown on the bottom-left. The re-equalized
gray level in shown on the bottom-right.
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Figure 5: On the top of the figure we show the data, i.e., the gray level and the colored fragments.
On the bottom-left we show the result of the recolorization via the sparsity promoting method
based on wavelet discretization, and on the bottom-right the result due to the method based on
total variation minimization.
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Figure 6: On the top of the figure we show the data, i.e., the gray level and the colored fragments.
On the bottom-left we show the result of the recolorization via the sparsity promoting method
based on wavelet discretization, and on the bottom-right the result due to the method based on
total variation minimization.
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Figure 7: Mutual differences of the first example (see Figure 5) in red, green, and blue channels
of the recolorized images by the means two methods.
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Figure 8: Mutual differences of the second example (see Figure 6) in red, green, and blue channels
of the recolorized images by the means two methods.
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Figure 9: In ordinate it is indicated the percentage of number of colored pixels for which the
mutual relative error between the images is less than the corresponding abscissa. From this
graphics we see that the 90% of the pixels has a mutual relative error less than 0.045.

Figure 10: We illustrate a recolorization (three iterates of the WAVELET-JOINT-SPARSE
algorithm) of a part of Figure 1. In this case the color-to-gray conversion map cannot be very
well estimated due to a limited color palette furnished by the few localized fragments. The
result is less satisfactory, but still very important in terms of giving a seeming impression of the
original frescoes.
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Abstract
We provide fast and accurate adaptive algorithms for the spatial resolution of current densities in MEG. We assume that vector
components of the current densities possess a sparse expansion with respect to preassigned wavelets. Additionally, different
components may also exhibit common sparsity patterns. We model MEG as an inverse problem with joint sparsity constraints,
promoting the coupling of non-vanishing components. We show how to compute solutions of the MEG linear inverse problem by
iterative thresholded Landweber schemes. The resulting adaptive scheme is fast, robust, and significantly outperforms the classical
Tikhonov regularization in resolving sparse current densities. Numerical examples are included.
c 2007 Elsevier B.V. All rights reserved.
MSC: 65J22; 65K10; 65T60; 52A41; 49M30; 68U10
Keywords: Magnetoencephalography; Inverse problems; Iterative thresholding; Adaptive algorithms; Matrix compression; Wavelets

1. Introduction
The aim of magnetoencephalography (MEG) is the analysis of brain functionality through the measurements of the
tiny magnetic fields generated by neuronal currents (see, for instance, [6] and the references therein). As a matter of
fact, since neuron cell functioning is mediated by electric currents, to understand brain functionality it is important to
gain knowledge about the current distribution within the head. Therefore, looking from the physics side, the final goal
of MEG is to accurately determine (in combination with other measurements, e.g., EEG) the current density flowing
within the volume of the head in the working human brain. Among the available functional imaging techniques, such
as Positron Emission Tomography (PET) or functional Magnetic Resonance Imaging (fMRI), MEG is a non-invasive
technique with a high temporal resolution, typically of the order of milliseconds [6]. For this reason MEG technology
appears particularly attractive. Nevertheless, the neuromagnetic field is only in the order of 10−13 T in magnitude, that
is more than one billion times smaller than the Earth’s steady magnetic field and about one million times smaller than
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the magnetic fields generated by even distant moving metal objects (e.g., cars and elevators) or electric power lines.
To successfully resolve the current density flowing within the brain it is mandatory to use low noise superconducting
magnetometers as well as sophisticated signal processing. In addition, the magnetic field measured externally of the
head has a poor spatial resolution – at present MEG devices have at most a few hundred sensors – and can be generated
by several possible current density configuration. Hence, the identification of a specific electric source configuration
from the measured distribution of magnetic fields is an ill-conditioned inverse problem, and one of the challenging
aspects of this technology. The main goal of this paper is to give an efficient and stable numerical scheme to compute
the solution of the MEG inverse problem assuming that the currents flowing in the brain satisfy a sparsity constraint.
In fact, according to Barlow [1], an important characteristic of sensory processing in the brain is the “redundancy
reduction”: the brain activity is represented as a sum of vectors of neurons, weighted by their activity, under the
assumption that only a small number of neuronal areas are activated at the same time. For this reason, the sparsity
assumption in the MEG model seems sufficiently realistic. Since our aim is to recover the current density, which
is a vector-valued function, the joint sparsity constraint introduced in [7] to reconstruct multichannel signals seems
particularly attractive.
The paper is organized as follows. In Section 2 we describe the MEG inverse problem, which involves the
Biot–Savart operator, in a simplified geometry. In Section 3 we show how to transform the MEG problem into an
inverse problem with joint sparsity constraints. In Section 4 we present the algorithm for its solution and prove its
convergence. Section 5 is devoted to numerical implementation issues and examples.
2. The MEG inverse problem
The MEG inverse problem consists in deriving the current density J, flowing within the brain, from the measured
components of the neuromagnetic field outside the scalp.
To solve the inverse problem we need to introduce a model for the forward problem. The model is as follows.
For simplicity, we assume that the current sources are confined in a spherical region V0 , centered at the origin.
Thus, the magnetic field B generated by the bioelectric current is given by the Biot–Savart law
Z
J(y) × (x − y)
µ0
d(y).
(2.1)
B(x) := B(x, J) =
4π V0 kx − yk3 3
R
We assume that the magnetic field is measured by sensors located on a surface ∂Ω external to the head where Ω ⊃ V0
is a sphere concentric to V0 with δ := dist(V0 , ∂Ω ) > 0. Thus, the extracellular currents flowing in the tissue
surrounding the neurons can be neglected and J is just the intracellular current flowing within the neurons (see [9] for
details).
The Biot–Savart operator B is known to have non-trivial kernel [8] since there exist infinitely many current densities
J which generate the same magnetic field. In addition, due to the fact that B is a compact operator, its generalized
inverse is unbounded.
A well-known technique to stabilize the inversion is by Tikhonov regularization, i.e., by minimizing the functional
Kα (J) := kB(·, J) − B0 k22 + αkJk22 ,

α > 0,

where B0 is the observed magnetic field. The minimization has the unique solution
Jα := (αI + B ∗ B)−1 B ∗ B0 ,
with the property that
lim Jα ∈ ker(B)⊥ ,

α→0

and kB(·, Jα ) − B0 k22 is a non-decreasing function of α. However, J ∈ ker(B)⊥ cannot be a meaningful property for
our problem. Therefore, the use of a simple Tikhonov regularization will risk to reconstruct incorrect current densities,
while the sparsity assumption is more realistic.
Then we may assume that J = (J1 , J2 , J3 )T is a function with compact support which is the union of few local
disjoint compact volumes. By expanding the components of J with respect to a suitable basis of compactly supported
Please cite this article in press as: M. Fornasier, F. Pitolli, Adaptive iterative thresholding algorithms for magnetoencephalography (MEG),
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functions Ψ = {ψλ : λ ∈ Λ} we may obtain the series
X
jλ` ψλ , ` = 1, 2, 3,
J` =

(2.2)

λ∈Λ

where only few coefficients jλ` are non-vanishing.
For later convenience we denote j := ( j 1 , j 2 , j 3 )T ∈ `2 (Λ, R3 ), j ` := ( jλ` )λ∈Λ ∈ `2 (Λ, R), ` = 1, 2, 3.
Here, the index ` denotes the label for the vector components, λ denotes the basis index, and in the following
jλ := ( jλ1 , jλ2 , jλ3 )T ∈ R3 . In this situation we will say that J is sparsely represented by the basis elements Ψ .
The sparsity with respect to a basis can be indeed measured directly by the ` p norm for 0 < p ≤ 1: the smaller
!1/ p
X
p
kjλ kR3
k(jλ )λ∈Λ k p :=
λ

is, the fewer non-vanishing coefficients we have.
3. The MEG problem with joint sparsity constraints
Now, let us describe the MEG inverse problem with joint sparsity constraints in detail.
The data g = (g1 , . . . , g N )T ∈ R N provided by MEG are the normal components Br of the magnetic field
measured at some points x1 , . . . , x N ∈ ∂Ω . If er (x) is the radially oriented unit vector at a point x ∈ ∂Ω , then
Br (x, J) := B(x, J) · er (x) is given by
Z
J(y) × (x − y) · er (x)
µ0
d(y).
(3.1)
Br (x) := Br (x, J) =
4π V0
kx − yk3R3
This formula relates the radial component of the magnetic field directly to the current density J.
For a given current density J = (J1 , J2 , J3 )T we define the operator A : L 2 (V0 ; R3 ) → R N as
A J = (Br (x1 , J), . . . , Br (x N , J))T ∈ R N .
Now, by using in (3.1) the relation v × w · z = −z × w · v, holding for any v, w, z ∈
component of the magnetic field at the sensor location xk ∈ ∂Ω is given by
!
Z
µ0
er (xk ) × (y − xk )
Br (xk , J) =
· J(y) d(y)
4π V0
ky − xk k3R3
!
Z
3
X
µ0
er (xk ) × (y − xk )
=
J` (y) d(y)
4π V0
ky − xk k3R3
`=1
`
=

3
X

A`,k J` ,

k = 1, . . . , N ,

(3.2)
R3 ,

it follows that the radial

(3.3)

`=1

where A`,k : L 2 (V0 ; R) → R is the operator
A`,k

µ0
f :=
4π

er (xk ) × (y − xk )

Z

ky − xk k3R3

V0

!
f (y) d(y),

(3.4)

`

where f ∈ L 2 (V0 ; R).
Due to the assumption δ > 0, one can easily check that the operator A is bounded from L 2 (V0 ; R3 ) to R N .
Let us now assume that the space L 2 (V0 ; R) disposes of a stable wavelet basis {ψλ : λ ∈ Λ} [4,13]; in particular,
this means that there exist constants C1 , C2 > 0 such that
X
C1 k f k2L 2 (V0 ;R) ≤
|h f, ψλ i|2 ≤ C2 k f k2L 2 (V0 ;R)
(3.5)
λ∈Λ

for all f ∈ L 2 (V0 ; R).
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We do not enter into the details of these bases; we will just recall some of their useful properties: (i) the index
λ = (|λ|, k, e) encodes several different properties, respectively,
the scale |λ|, the spatial location k ∈ R3 , and the
R
wavelet label e; (ii) ∆λ := supp(ψλ ), |∆λ | ∼ 2−|λ| ; (iii) V0 y α ψλ (y) dy = 0, α = 0, . . . , d ∗ ∈ N; (iv) ψλ ∈ C β (V0 );
(v) |ψλ | ≤ C 23/2|λ| . We refer to [13] for more details on the construction of multivariate wavelets.
Every component of a given J ∈ L 2 (V0 ; R3 ) can be decomposed in a stable way as
X
J` =
jλ` ψλ , ` = 1, 2, 3.
(3.6)
λ∈Λ

Let us denote by S : `2 (Λ; R) → L 2 (V0 ; R) the synthesis operator
X
u λ ψλ ,
S u :=

(3.7)

λ∈Λ

where u = (u λ )λ∈Λ ∈ `2 (Λ; R). Due to the stability inequalities (3.5) the synthesis operator S is bounded.
We define the operator T`,k : `2 (Λ; R) → R as
(3.8)

T`,k := A`,k S,
so that
`

T`,k j =

X
λ∈Λ

jλ`

µ0
4π

er (xk ) × (y − xk )

Z
V0

ky − xk k3R3

!

!
ψλ (y) d(y) ,

(3.9)

`

and
(T j)k :=

3
X

T`,k j ` ,

k = 1, . . . , N ,

(3.10)

`=1

where j is the sequence of the wavelet coefficients associated to the components of J.
Thus, the MEG inverse problem can be stated as follows.
Given a set of data g we would like to compute the wavelets coefficients j ∈ `2 (Λ; R3 ) such that
T j ∼ g.

(3.11)

As mentioned, we can assume that J ∈ L 2 (V0 ; R3 ) is a function with compact support which is the union of
few local disjoint compact volumes. Since ψλ are also compactly supported, only few non-vanishing coefficients
jλ = ( jλ1 , jλ2 , jλ3 )T should be relevant to reconstruct J = Sj. Additionally, different components of J should be
assumed to be mutually correlated. A way to incorporate such correlation is the assumption of joint sparsity [12].
By this we mean that the pattern of non-zero coefficients representing J is (approximately) the same for all the
components, i.e.
X
J` ≈
jλ` ψλ , ` = 1, 2, 3,
(3.12)
λ∈Λ0

where Λ0 ⊂ Λ is the same finite set for all J` ’s.
Thus, following [7], the solution of our problem can be modeled as the minimizer of the functional
(q)

Jθ,ρ,ω (j, v) := kT j − gk2R N + Φ (q) (j, v),

(3.13)

where
Φ (q) (j, v) :=

X
λ∈Λ

vλ kjλ kq +

X
λ∈Λ

ωλ kjλ k22 +

X

θλ (ρλ − vλ )2 ,

(3.14)

λ∈Λ

restricted to vλ ≥ 0. Here, (θλ )λ∈Λ , (ρλ )λ∈Λ , and (ωλ )λ∈Λ are some suitable positive parameter sequences. The task
(q)
is to minimize Jθ,ρ,ω (j, v) jointly with respect to both the variables j and v. The first belongs to the space of signals
(current densities) to be reconstructed, the second belongs to the space of sparsity indicator weights. We refer to [7]
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for a detailed description of this functional. Let us only emphasize that the minimization of the term Φ (q) (j, v) do
promote joint sparsity.
Observe that at the minimizer we will always have 0 ≤ vλ ≤ ρλ . Therefore, we can assume the domain of
(q)
Jθ,ρ,ω to be `2 (Λ, R3 ) × `∞,ρ −1 (Λ)+ , where `∞,ρ −1 (Λ)+ denotes the (convex) cone of all non-negative sequences
(vλ )λ∈Λ ∈ `∞,ρ −1 (Λ).
4. An efficient numerical minimization
(q)

First, let us recall the convexity conditions for the functional Jθ,ρ,ω (j, v). For notational simplicity let us denote

(q)
Jθ,ρ,ω (j, v)

just by J (j, v).

Proposition 4.1 ([7, Prop. 2.1]). Let q ∈ {1, 2, ∞}. If ωλ θλ ≥
then J is convex. In the case of a strict inequality ωλ θλ >

φq
4 ,

φq
4

for all λ ∈ Λ, where φ1 = 3, and φ2 = φ∞ = 1,

J is strictly convex.

An algorithm for the minimization of J (j, v) is as follows. For some initial choice v (0) , for example v (0) = (ρλ )λ∈Λ ,
the algorithm for the computation of the minimizer (j∗ , v ∗ ) of the functional J (j, v) defined in (3.13) is given by

(n+1)

:= arg min J (j, v (n) )
j
j∈`2 (Λ,R3 )
n ≥ 0.
(4.1)
(n+1)
J (j(n+1) , v)
v
:=
arg
min


v∈`
−1 (Λ)+
∞,ρ

The minimization of J (j, v (n−1) ) with respect to j can be done by means of a fast thresholded Landweber algorithm,
similar to that presented in [5]. The minimizer v (n) of J (j(n) , v) for fixed j(n) can be computed explicitly. Indeed, it
follows from elementary calculus that

1 (n)

ρλ −
kj λ kq , if kj(n) λ kq < 2θλ ρλ ,
(n)
vλ =
(4.2)
2θλ
0,
otherwise.
From [7] we have the following result about the convergence of the above algorithm.
Theorem 4.2 ([7, Th. 3.1]). Let 1 ≤ q ≤ ∞ and assume that J is strictly convex (see Proposition 4.1). Moreover,
we assume that `2,ω1/2 (Λ, R3 ) is embedded into `2 (Λ, R3 ), i.e., there exists a constant γ such that ωλ ≥ γ > 0 for
all λ ∈ Λ. Then, the sequence (j(n) , v (n) )n∈N converges to the unique minimizer (j∗ , v ∗ ) ∈ `2 (Λ, R3 ) × `∞,ρ −1 (Λ)+
of J . The convergence of j(n) is weak in `2 (Λ, R3 ) and that of v (n) holds componentwise.
For the most interesting cases q ∈ {1, 2, ∞}, if, in addition, there exists a constant σ such that θλ ωλ ≥ σ > φq /4
for all λ ∈ Λ, where φ1 = 3, φ2 = φ∞ = 1, then the convergence of j(n) to j∗ is also strong in `2 (Λ, R3 ) and v (n) − v ∗
converges to 0 strongly in `2,θ (Λ).
To implement the algorithm above we need a method to approximate the solution of the minimization with respect
to the first variable j. To this end we introduce the thresholding operator.
Definition 4.3. Let 1 ≤ q ≤ ∞ and j ∈ `2 (Λ; R3 ). We define the thresholding operator by


(q)
Uv,ω
(j) := (1 + ωλ )−1 Sv(q)
(jλ ),
λ
λ

where
Sv(q) (w) = arg min kz − wk22 + vkzkq ,
z∈R3

w ∈ R3 .

(4.3)

(q)

The operator Sv is given by
q0

Sv(q) (w) = x − Pv/2 (w),

(4.4)
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q0

where Pv/2 denotes the orthogonal projection onto the norm ball of radius v/2 with respect to the dual norm of k · kq ,
i.e., the k · kq 0 -norm with q 0 denoting the dual index, 1/q + 1/q 0 = 1.
(q)

The explicit form of Sv for q = 1, 2, ∞ and v ≥ 0 can be found in [7].
With the thresholding operator at hand the numerical scheme to compute j(n) is given by
( (n,0)
j
given


(q)
m ≥ 0.
j(n,m+1) := Uv (n) ,ω j(n,m) + T ∗ g − T ∗ T j(n,m)

(4.5)

In [7, Theorem 4.9] it is shown that for a fixed v (n) the previous iteration is convergent in `2 (Λ, R3 ) to the minimizer
(q)
j(n) . Nevertheless, observe that each iteration involves an application of T ∗ T and of the thresholding operator Uv,ω .
The latter can be applied faster on finite sequences. Since in general T ∗ T is represented as an infinite matrix, its
evaluation might not be exactly numerically implementable. In this paper we deal in fact with the case that Λ is
not finite and, in order to realize fast and convergent schemes also in this situation, we need an algorithm for the
approximate evaluation of infinite matrices. This can be done following the techniques given in [2,3,10,11]. This issue
will be addressed in detail in a forthcoming paper. For now, we assume that we have the following procedure APPLY
at our disposal:
• APPLY[ε, N , j] → jε : determines for N ∈ L(`2 (Λ, R3 )) and for a finitely supported j ∈ `2 (Λ, R3 ) a finitely
supported jε such that
kN j − jε k`2 (Λ,R3 ) ≤ ε;

(4.6)

Moreover, in the following we can assume without loss of generality that T ∗ g is also a finitely supported vector. We
want to substitute the exact iteration (4.5) with the following inexact one
"
#!
ε (n,m) ∗
(q)
j(n,m+1) := Uv (n) ,ω j(n,m) + T ∗ g − APPLY
, T T, j(n,m)
.
(4.7)
K
For a suitable choice of the approximations ε (n,m) > 0 and for the constant K > 0 large enough, we derive a fully
implementable and convergent scheme. In the following we assume without loss of generality that kT k < 1 which is
always achievable by suitable rescaling of T and g.
Proposition 4.4. Assume that ωλ ≥ γ > 0 for all λ ∈ Λ and kT k < 1. Let us denote α := (1 + γ )−1 ( K1 + kI −
T ∗ T k) < 1 for K > 0 large enough, and


(q)
j(n,∞) := Uv (n) ,ω j(n,∞) + T ∗ (g − T j(n,∞) ) .
If kj(n,∞) − j(n,m) k2 ≤ ε (n,m) and ε (n,m+1) := αε(n,m) < ε(n,m) , then
"
#!
ε (n,m) ∗
(q)
(n,m+1)
(n,m)
∗
(n,m)
, T T, j
j
:= Uv (n) ,ω j
+ T g − APPLY
K
is such that
kj(n,∞) − j(n,m+1) k2 ≤ ε (n,m+1) .

(4.8)

(q)

Proof. By non-expansiveness of Sv (see [7, Lemma 4.4] and its proof) we obtain




(q)
(q)
kj(n,∞) − j(n,m+1) k2 ≤ Uv (n) ,ω j(n,∞) + T ∗ (g − T j(n,∞) ) − Uv (n) ,ω j(n,m) + T ∗ (g − T j(n,m) )
+

(q)
Uv (n) ,ω
(q)

2



j(n,m) + T ∗ (g − T j(n,m) )

−Uv (n) ,ω j(n,m) + T ∗ g − APPLY

"

ε (n,m) ∗
, T T, j(n,m)
K

#!
2
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R
(x−y)⊥
j (y)dy, with respect to
Fig. 1. Left: Compressed matrix T ∗ T associated to the Biot–Savart operator in 2D, i.e., B(x, j) := V
0 k(x−y)⊥ k2
2
R

Daubechies wavelets with d ∗ = 4 vanishing moments. We retain only the entries which exceed 10−6 . Only the 5.97% of the matrix is non-zero.
Right: 2D model of MEG. Sensors are distributed on a semicircle around the area where current densities are distributed.

X

≤

(1 + ωλ )−2 kSv(q)
(j(n,∞) + T ∗ (g − T j(n,∞) )λ ) − Sv(q)
(j(n,m)
λ
λ

λ∈Λ

(n,m)

+T (g − T j
∗

!1/2
)λ )k22

+ sup (1 + ωλ )−1
λ∈Λ

(n,∞)

ε (n,m)
)k2 +
K
!

≤ sup (1 + ωλ )

−1

≤ (1 + γ )−1

ε (n,m)
+ kI − T ∗ T k kj(n,∞) − j(n,m) k2
K

λ∈Λ

k(I − T T )(j

(n,m)

ε(n,m)
K

∗

−j

!

≤ ε (n,m+1) .
This establishes the claim.



Let q ∈ {1, 2, ∞}. Assume that θλ ωλ ≥ σ > φq /4 for all λ ∈ Λ, where φ1 = 3, φ2 = φ∞ = 1, implying that
J (j, v) is strictly convex (see Proposition 4.1). Moreover, let us assume that ωλ ≥ γ > 0 for all λ ∈ Λ. Suppose
kT k < 1 resulting in kI − T ∗ T k ≤ 1. Denote
φq
φq
≤
< 1.
∗ T k)
4θ
ω
+
4θ
(1
−
kI
−
T
4σ
λ λ
λ
λ∈Λ

β := sup

(4.9)

With this previous result and notations, we formulate the fully implementable and convergent scheme.
Theorem 4.5. The algorithm
reads as follows. We fix the initial sequences j(0) = j(0,0) = 0 ∈ `2 (Λ, R3 ), v (0) with
q
(0) )
(0)
J
(0,v
0 ≤ vλ ≤ ρλ , ε(0) :=
. Under the assumptions and notations so far considered, for all n ∈ N we choose
γ

L n ∈ N such that α L n + β < 1, and we denote j(n+1,0) := j(n+1) := j(n,L n ) , ε (n+1,0) := ε (n+1) := (α L n + β)ε (n) .
Then the algorithm converges strongly and in particular we have
kj(n,0) − j∗ k2 ≤ ε (n) .
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Fig. 2. In the first column we illustrate some fictitious spatially localized (sparse) current densities as in the 2D model of Fig. 1. In the second
column we illustrate the result of the reconstruction due to our algorithm for suitable choices of the parameters. The third column shows
the corresponding reconstruction due to Tikhonov regularization. The use of JOINTSPARSE significantly outperforms the classical Tikhonov
regularization, improving the spatial resolution of the current densities.

Proof. We prove the statement by induction. We have
P
(0,0)

kj

− j∗ k22

=

kj∗ k22

≤

λ

ωλ kj∗λ k22
γ
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J (j∗ , v ∗ )
J (0, v (0) )
≤
= (ε(0) )2 .
γ
γ

Assume then that kj(n−1,0) − j∗ k2 ≤ ε(n−1) .
From Proposition 4.4 and [7, Proposition 5.4] we have
kj(n,0) − j∗ k2 ≤ kj(n,0) − j(n−1,∞) k2 + kj(n−1,∞) − j∗ k2
≤ α L n−1 ε (n−1) + βkj(n−1,0) − j∗ k2


≤ α L n−1 + β ε(n−1) = ε (n) .
This concludes the proof.



5. Numerical implementation
A straightforward computation shows that
∗

T Tj



λ,`

3
N
XX
X

=

µ∈Λ m=1

!
(A`,k ψλ )(Am,k ψµ )

jµm ,

λ ∈ Λ, ` = 1, 2, 3.

(5.1)

k=1

PN
Let us denote by M the matrix associated to T ∗ T in wavelet coordinates whose entries are (M)(λ,`),(µ,m) := ( k=1
(A`,k ψλ )(Am,k ψµ )). With similar arguments as in [10, Lemma 8.1] we can show that
∗

|M(λ,`),(µ,m) | ≤ C2−(|λ|+|µ|)(3/2+d +1)

−(d ∗ +3)

 N dist(Ωλ , Ωµ )
N
× X
−(d ∗ +3)

 (dist(xk , Ωλ ) dist(xk , Ωµ ))

dist(Ωλ , Ωµ ) > 0
otherwise,

k=1

where d ∗ is the number of vanishing moments of the wavelets. These latter estimates allow for the formulation of an
efficient APPLY routine (compare [10, Section 8]). In Fig. 1 we show the compressibility properties of the matrix M
for the corresponding 2D model of the Biot–Savart inversion. Fig. 2 shows some numerical results and the comparison
with the classical Tikhonov regularization. The 2D model corresponds to the 3D situation where the current densities
are furthermore constrained to be vectors oriented along the orthogonal axis to the plane where the 2D magnetic
field lies on, J(x1 , x2 , x3 ) = (0, 0, j (x1 , x2 )). Of course, this model does not represent a realistic situation. However,
despite its simplicity, it exhibits all the interesting mathematical and numerical features of the more general 3D case,
and it is simple to implement.
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