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Problem 1. Let H be a complex vector space and (-,-) be a scalar product on H.
Prove the Cauchy-Schwarz identity, i.e., for every u,v € H it holds

[{w, 0)| < [lull flofl, (1)
where |- = v/(,-)-
Problem 2. Let H be an Hilbert space. Let {us}aca be an orthonormal system,
i.e., {tuq}aca satisfies
(Ua,ug) = 0qp for every a, 5 € A (2)
(where dnp is the Kroenecker’s Delta function). Then prove that the following are
equivalent:

(7) (Completeness) if for every x € H, (x,uq) = 0 for every @ € A, then z = 0.

(1) (Fourier expansion) for every x € H, x = ) . 4 (2, Uq) Ua;
(iii) (Parseval’s identity) for every x,y € H, (z,y) = > ca (T, Ua) (U, Ua);

(iv) (Bessel’s equality) for every z € H, ||z||* = Y aca l(z, ug)|?.

Problem 3. Let A be an Hilbert space and let U = {uq}aca be an orthonormal
system. Recall the definitions of digitalization and recovery maps associated to
{ua}ozeA:

Cu:H — (*(A), Cu(z) = {(z,ua) taca,

Ru:2(A) = H,  Rul{cataca) = Y Calla. (3)

acA
Show that if {uq }aca is an orthonormal basis, i.e. an orthonormal system satisfying
(i), then Cy is the only map C : H — ¢2(A) such that
Ry oC = Idy, (4)

where Idy is the identity map on H.
Add now to the orthonormal basis {uq}aca a new element u, € #H, and consider
the set U" = {ua}acaugs}. Show that there exists more than one map C : H —

2(AU {x}) such that
RU/ oC = qu.[ (5)
Furthermore, for every such a map C, find an estimate for the constants A, B > 0
such that
Allzlly < ||C(x)||22(Au{*}) < Bzl - (6)



