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Introduction
°

The problem setting

We want to observe the behaviour of the linear mappings

P,:fr—q@-f
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°

The problem setting

We want to observe the behaviour of the linear mappings
P,:fr—q@-f

and
D,:f—foyp,

where f is an element of a function space (Besov, Triebel-Lizorkin
type) and ¢ is a suitably smooth function.
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Introduction
°

The problem setting

We want to observe the behaviour of the linear mappings
P,:fr—q@-f

and
D,:f—foyp,

where f is an element of a function space (Besov, Triebel-Lizorkin
type) and ¢ is a suitably smooth function.

The aim:

If ¢ fulfils ..., then P, resp. D, maps the function space A into A.
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Introduction
[ Jelelelolote}

The spaces C*

Let Ck be the space of all k-times differentiable functions
f :R" — R such that

|£]CK|| = Z sup |Df(x)| < 0.

o] <k
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Introduction
[ Jelelelolote}

The spaces C*

Let Ck be the space of all k-times differentiable functions
f :R" — R such that

|£]CK|| = Z sup |Df(x)| < 0.

lal<k
Then

f.g € Ch=f-ge Chand||f-g|CK| < I fICK|| - lg|C¥|
and
(VfeCk:f-geCf)=ge Crand |P;: CK— CK|| > ||g|CH].

Proof: Leibniz rule and 1 € Ck.
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Introduction
[o] Ielelolole}

The Holder spaces C*

Let 0 <o <1and f:R"” — R be continuous. We define

5 f(x)—f
Al = sup IO

xyeRnxty X —y|7

Let s >0 and s = [s| + {s} with |s] € Z and {s} € (0,1]. Then
the Holder space with index s is given by

)

cs = {f e Clloyifles = iFctE )+ > o flipt|| < OO}-
jol=s)
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Introduction
[o] Ielelolole}

The Holder spaces C*

Let 0 <o <1andf:R"— R be continuous. We define
5 f(x)—fF

Al = sup IO
x,yERM x+£y |X - }/’

Let s >0 and s = [s| + {s} with |s] € Z and {s} € (0,1]. Then
the Holder space with index s is given by

)

cs = {f e Clloyifles = iFctE )+ > o flipt|| < OO}-
jol=s)

It holds
f,g€C°=f geC®and |f g[C° <cllfIC°] - llg]C?|.

and
(VfeC®:f-gelC’)=geC’and ||Py:C°—C°| > |glC°
Proof: Leibniz rule for Holder spaces and 1 € C*.
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Introduction
00®0000

The Lebesgue spaces L,

Let 0 < p < oo and L, the usual set of equivalence classes of
measurable functions f with finite

1
1f|Lpll := (Jan If(X)|P dx)? 0 < p< oo
ess sup |f(x)] p =00
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Introduction
00®0000

The Lebesgue spaces L,

Let 0 < p < oo and L, the usual set of equivalence classes of
measurable functions f with finite

1
(AL o= { Use PO )20 < p < o0
ess sup |f(x)] p =00

Then
felpg€lo="f gelyand|f g|lpl| <|[/f[Lp] - [[f]Lcsll

and
(Vfelp,:f-gelpy)=g€ Lo and ||Py: Ly, = Lp|| > ||g|Lss]]
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Introduction
[eleleY Yolole}

The Sobolev spaces Wy (i)

Let 1 < p< o0, ke Npand Wlﬁ‘ the set of equivalence classes of
measurable functions f with finite

W=D 1D F(x) L]l
ol <k

Pointwise multipliers and diffeomorphisms in function spaces Benjamin Scharf



Introduction
[eleleY Yolole}

The Sobolev spaces Wy (i)

Let 1 < p< o0, ke Npand Wlﬁ‘ the set of equivalence classes of
measurable functions f with finite

W=D 1D F(x) L]l
ol <k

Then
feWs,geCh=rf-geWfand |f- g|WyK| < |[fIWs| - |fICK|.

The converse is not true!
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The Sobolev spaces Wy (ii)

Theorem (Sobolev embedding)
Let k1 < ko andkl—— ko — 2. Then

ko ki
sz — Wp1 .
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[eleleleY Tole}

The Sobolev spaces Wy (ii)

Theorem (Sobolev embedding)
Let k1 < ko andkl—— ko — 2. Then

ko ki
sz — Wp1 .

Theorem (Multiplier algebra)

If k > g, then

If - gIWgll < IIFIW1 - llg Wyl
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Introduction
[eleleleY Tole}

The Sobolev spaces Wy (ii)

Theorem (Sobolev embedding)
Let k1 < ko andkl——<k — 2. Then

ko ki
sz — Wp1 .

Theorem (Multiplier algebra)

If k > g, then

If - gIWgll < IIFIW1 - llg Wyl

Proof: We start with

ID*(F - )ILpll < ¢ Y I(D7F) - (D*g)||Lp]
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0000080

The Sobolev spaces Wy (iii)

ID*(F - g)ILpll < ¢ Y I(D7F) - (D*g)||Lp]
¢ I(D"F)|Lpl - (D" g) Lyl

S IAWR - llglwi =)
AR

VAR VAN

IN
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0000080

The Sobolev spaces Wy (iii)

ID*(F - g)ILpll < ¢ Y I(D7F) - (D*g)||Lp]
¢ I(D"F)|Lpl - (D" g) Lyl

IN

< IAWRN - lglwis
< N FIWE - llglWidl.
Here (|a| < k)
1 1 1
— F — ==
pL P2 P
n n
Bl = — < k——
p1 p
n n
o] = 18] = = < k=~
P2 P

This is possible, if kK > g.
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Introduction
[eleelelolo) }

The Sobolev spaces Wy (iv)

Theorem (see e.g Runst and Sickel 1996)

The spaces W: N Lo, are multiplier algebras, even

£ glWisll < e (IFIWED - llglLooll + gl WAl - 1 FlLccl)
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Introduction
[eleelelolo) }

The Sobolev spaces Wy (iv)

Theorem (see e.g Runst and Sickel 1996)

The spaces W: N Lo, are multiplier algebras, even

£ glWisll < e (IFIWED - llglLooll + gl WAl - 1 FlLccl)

Theorem (see e.g. Triebel 2008)

If W; is a multiplier algebra, then ¢ is a pointwise multiplier for
WX iff

sup [|9(- — m) - p|Ws|| < oo,
meZ

where 1) is a nonnegative Cy°-function with

Z¢(X— =1 for x € R".
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Pointwise multipliers in function spaces
°

Resolution of unity

Let ¢o € S(R") such that supp ¢o C {|x| < 2} and po(x) = 1 for
|x| < 1. We define

(%) = po(x) = o(2x) and g;(x) := p(27/x) for j € N.
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Pointwise multipliers in function spaces
°

Resolution of unity

Let ¢o € S(R") such that supp ¢o C {|x| < 2} and po(x) = 1 for
|x| < 1. We define

(%) = po(x) = o(2x) and g;(x) := p(27/x) for j € N.

Then we have

> e =1
Jj=0

D) < a2,
supp ¢j C {271 < x| < 2}

(1)

A sequence of functions {(;}22, with (1), ; € S(R") and ¢q as
above will be called resolution of unity.
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Pointwise multipliers in function spaces
[ I}

The definition of B; (R")

Let {;}72, be a resolution of unity. Let 0 < p <00, 0 < g < o0
and s € R. For f € S'(R") we define

Q=

11Bp,q(R7)[7 = Z2qu|! otV 1L

modified in case g = 00) and
(
Byi(R") := {f € S'(R") : ||f|B; ,(R")]|¥ < 00} .

Then (Bp§(R"), || - |B; 4(R™)[[#) is a quasi-Banach space. It does
not depend on the choice of the resolution of unity {@j}f.io in the
sense of equivalent norms. So we denote it shortly by B, ,(R").
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Pointwise multipliers in function spaces
oce

The definition of F; (R")

Let {cpj}fio be a resolution of unity. Let 0 < p <00, 0< g < o0
and s € R. For f € §'(R") we define

1
o q
1F1Fs gRDI# = ||| D 2%1(s7)19 ’Lp
j=0
(modified in case g = o) and
Fy2(R") = {f € S'(R") : [|f|F; ,(R")||? < o0} .
Then (Fp 5 (R"), || - |F3 4(R™)[|¥) is a quasi-Banach space. It does

not depend on the choice of the resolution of unity {SDJ}f.io in the
sense of equivalent norms. So we denote it shortly by Fj ,(R").
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Pointwise multipliers in function spaces
[ I}

Atomic characterization of B; (R")

Theorem

Let0<p<oo,0<g<xandseR. Let K,L>0, K> s and
L > o0, —s. Then f € S'(R") belongs to B, (R") if and only if it
can be represented as

o0
f= Z Z Av.m * 3ym with convergence in S'(R").

v=0 meZ"

Here a,, m are (s, p)k,-atoms located at Q,.m and ||A|bp 4| < oo .
Furthermore, we have in the sense of equivalence of norms

I

where the infimum on the right-hand side is taken over all
admissible representations of f.

I£1Bp,q(R”)[| ~ inf [[Albp,q
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Pointwise multipliers in function spaces
oce

Atomic characterization of FJ (IR")

Theorem

Let0<p<oo,0<g<xandseR. Let K,L >0, K> s and
L>o0pq—s. Then f € S'(R") belongs to F; (R") if and only if
it can be represented as

o0
f= Z Z Av.m * 3ym with convergence in S'(R").

v=0 meZ"

Here a, ,, are (s, p)k,1-atoms located at Q, m and ||A|f, 4| < 0.
Furthermore, we have in the sense of equivalence of norms

I

where the infimum on the right-hand side is taken over all
admissible representations of f.

IF1Fp,q(RT)][ ~ inf [[A[fp,q
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Pointwise multipliers in function spaces
©0000

Treatment of products using atomic decompositions

fe A (R")
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Pointwise multipliers in function spaces
©0000

Treatment of products using atomic decompositions

fe A (R")

f:io: Z A1/,m'ay,m

v=0 meZn
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Pointwise multipliers in function spaces
©0000

Treatment of products using atomic decompositions

fe A (R")

f:io: Z A1/,m'ay,m

v=0 meZn

SD'fZZZAV,m'SO'aV,m

v=0 meZ"
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Pointwise multipliers in function spaces
©0000

Treatment of products using atomic decompositions

f e As ,(R")
1

f:io: Z A1/,m'ay,m

v=0 meZn

I

SD'fZZZAV,m'SO'aV,m

v=0 meZ"

i
If ¢ - a,,m are atoms: - f € A5 (R")
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Pointwise multipliers in function spaces
0®000

The definition of atoms

A function a: R” — R is called classical (s, p)k,i-atom located at

Qu,m if
supp a C d- Qum
Do) < €2 AN o ol < k41, (2)
/ xPa(x) dx =0 for all |B| < L. (3)
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Pointwise multipliers in function spaces
0®000

The definition of atoms

A function a: R” — R is called classical (s, p)k,i-atom located at

Qu,m if
supp a C d- Qum
Do) < €2 AN o ol < k41, (2)
/ xPa(x) dx =0 for all |B| < L. (3)

A function a: R” — R is called (s, p)k, -atom located at Q, , if
instead of (2) and (3) it holds (for all ¢ € CL)

la@77-)cK| < € - 2770

<cC. 2—V(5+L+n(1—%)) ||¢‘CLH

/ P(x)a(x) dx
d-Qu,m
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Pointwise multipliers in function spaces
00®00

Atomic representations revisited

Every classical (s, p)k,.-atom is an (s, p)k,-atom.

Theorem

The atomic representation theorem for By ,(R") and Fj ,(R") is
valid with both forms of atoms. Hence every f which can be
represented as a linear combination of classical (s, p)k, -atom resp.
(s, p)k,L-atom belongs to B; ,(R") resp. F; (R"). Hereby

K>s and

1
L>ap—s:ap:n<—1> — s  resp.
P +

1
L>co —s:n(_—l) —5
P min(p, q) "
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Pointwise multipliers in function spaces
00®00

Atomic representations revisited

Every classical (s, p)k,.-atom is an (s, p)k,-atom.

Theorem

The atomic representation theorem for By ,(R") and Fj ,(R") is
valid with both forms of atoms. Hence every f which can be
represented as a linear combination of classical (s, p)k, -atom resp.
(s, p)k,L-atom belongs to B; ,(R") resp. F; (R"). Hereby
K>s and
1

L>ap—s:ap:n<—1> — s  resp.
P +

1
L>co —s:n<_—1) —5
P min(p, q) "

The proof for classical atoms goes back to Triebel '97. The modifi-
cations were suggested by Skrzypczak '98, Triebel/Winkelvoss '96.
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Pointwise multipliers in function spaces
000e0

The pointwise multiplier theorem (i)

Now we get

Lemma

There exists a constant ¢ with the following property: For all
v eNg, meZ, all (s, p)k,-atoms a, m with support in d - Q, m
and all ¢ € CP with p > max(K, L) the product

c-llele?l™ - ¢ ay,m

is an (s, p)k,L-atom with support in d - Q. m.
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Pointwise multipliers in function spaces
000e0

The pointwise multiplier theorem (i)

Now we get

Lemma

There exists a constant ¢ with the following property: For all
v eNg, meZ, all (s, p)k,-atoms a, m with support in d - Q, m
and all ¢ € CP with p > max(K, L) the product

c-llele?l™ - ¢ ay,m

is an (s, p)k,L-atom with support in d - Q. m.

Proof: Use that C” is a multiplication algebra.

This does not work for classical atoms (s, p)k,(-atoms with L > 1,
since in general moment conditions are destroyed when multiplying

by ¢!
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Pointwise multipliers in function spaces

(efejole] )

The pointwise multiplier theorem (ii)

We get as a Corollary

Theorem

Lets e R and 0 < g < oo.
(i) Let 0 < p < 00 and p > max(s,op, —s). Then there exists a
positive number ¢ such that

lpf1Bp o (R™) | < clllCl - [[£1Bg o (Rl

for all p € C? and all f € B, ,(R").
(ii) Let 0 < p < 0o and p > max(s,op g — 5). Then there exists a
positive number ¢ such that

lf|Fpq(RTI < cll@lC?ll - [£]Fp o(RT)]

for all p € C? and all f € Fj (R").
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Diffeomorphisms in function spaces
®00

The diffeomorphism theorem (i)

In the same way we can treat the mapping D,:

fZi Z Av,m - dum = f0¢:§: Z Avm - (ay,m © @)-

v=0 meZn v=0 meZn
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Diffeomorphisms in function spaces
®00

The diffeomorphism theorem (i)

In the same way we can treat the mapping D,:
oo [e.e]
=22 A aum = Fo =23 > dum(avmo )
v=0 meZn v=0 meZn

Hence we have to investigate if a, m o ¢ is an (s, p)k -atom when
ay,m is an (s, p)k,-atom.

Definition

Let p > 1. We say that the one-to-one mapping ¢ : R” — R" is a
p-diffeomorphism if the components of p(x) = (v1(x), ..., ¥n(x))
have classical derivatives up to order |r| with g—fg € ! and if

| det p.| > ¢ > 0 for some ¢ and all x € R". Here @, stands for
the Jacobian matrix.
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Diffeomorphisms in function spaces
oeo

The diffeomorphism theorem (ii)

(i) Let 0 < p< o0, p>1andp>max(s,op —s). Ifpisa
p-diffeomorphism, then there exists a constant ¢ such that

1F(e(IBp,g (R < cl[f|Bj q(R")]-

for all f € B, ,(R"). Hence D, maps B, ,(R") onto B; ,(R").
(ii) Let 0 < p <00, p>1andp>max(s,opq—5). Ifpisa
p-diffeomorphism, then there exists a constant ¢ such that

IF(L(IFpq(R)| < cllfIF5 o (R™)]-

for all f € Fj ,(R"). Hence D, maps F; ,(R") onto Fj ,(R").
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Diffeomorphisms in function spaces
oeo

The diffeomorphism theorem (ii)

(i) Let 0 < p< o0, p>1andp>max(s,op —s). Ifpisa
p-diffeomorphism, then there exists a constant ¢ such that

1F(e(IBp,g (R < cl[f|Bj q(R")]-

for all f € B, ,(R"). Hence D, maps B, ,(R") onto B; ,(R").
(ii) Let 0 < p <00, p>1andp>max(s,opq—5). Ifpisa
p-diffeomorphism, then there exists a constant ¢ such that

IF(L(IFpq(R)| < cllfIF5 o (R™)]-

for all f € Fj ,(R"). Hence D, maps F; ,(R") onto Fj ,(R").

Proof: Show that a, m is an (s, p)k,-atom and control the
support of the atoms.
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Diffeomorphisms in function spaces
ooe

The end

Thank you for your attention

Questions?
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